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Fkdswhu 3

Pdunhwv dqg Jdphv

314 Vwudwhjlf Irxqgdwlrqv ri Shuihfw Frpsh0
wlwlrq

Lq wkhvh ohfwxuhv L uhsruw rq d uhvhdufk surjudp wkdw ehjdq durxqg �iwhhq
|hduv djr1 Lw lv sduw ri d odujhu h�ruw/ xqghuzd| iru d pxfk orqjhu wlph/
wr surylgh vwudwhjlf irxqgdwlrqv iru wkh wkhru| ri shuihfw frpshwlwlrq41 Wkh
wkhru| ri frpshwlwlrq kdv khog d fhqwudo sodfh lq hfrqrplf dqdo|vlv vlqfh wkh
wlph ri Dgdp Vplwk +4<:9,1 E| surylglqj vwudwhjlf irxqgdwlrqv iru wkh wkh0
ru| ri frpshwlwlrq/ hfrqrplvwv xvh wkh sulqflsohv ri jdph wkhru| wr prwlydwh
ru mxvwli| d pdfurvfrslf ghvfulswlrq ri pdunhwv lq zklfk fhuwdlq ehkdylrudo
fkdudfwhulvwlfv/ vxfk dv sulfh0wdnlqj ehkdylru/ duh wdnhq iru judqwhg1 Jdph
wkhru| ehjlqv zlwk lqglylgxdo djhqwv dqg prghov wkhlu vwudwhjlf lqwhudfwlrq1
D vwudwhjlf irxqgdwlrq iru frpshwlwlyh htxloleulxp pxvw vkrz krz vwudwhjlf
lqwhudfwlrq e| udwlrqdo djhqwv ohdgv wr frpshwlwlyh/ sulfh0wdnlqj ehkdylru1 Lq
sudfwlfh/ wklv uhvhdufk surjudp lqfoxghv wkh iroorzlqj wkuhh vwhsv=

� Iluvw/ ghvfuleh d pdunhw ru d zkroh hfrqrp|1

Lq wklv vwhs/ wkh hfrqrplvw kdv wr vshfli| wkh frpprglwlhv wudghg/ wkh djhqwv
+krxvhkrogv dqg �upv, wkdw pdnh xs wkh pdunhw ru hfrqrp|/ wkhlu suhihu0
hqfhv/ wkhlu uhvrxufhv dqg wkh dydlodeoh whfkqrorj|1

4Zkhq wkh frqwh{w pdnhv wkh phdqlqj uhdvrqdeo| fohdu/ L dgrsw wkh xvxdo sudfwlfh ri
zulwlqj frpshwlwlrq ru frpshwlwlyh zkhq L uhdoo| phdq shuihfw frpshwlwlrq dqg shuihfwo|
frpshwlwlyh1

4



5 FKDSWHU 31 PDUNHWV DQG JDPHV

� Vhfrqgo|/ gh�qh dq h{whqvlyh0iruppdunhw jdph ghvfulelqj wkh ehkdylru
ri wkh djhqwv lq wkh pdunhw ru hfrqrp|1

Lq wklv vwhs/ wkh hfrqrplvw kdv wr vshfli| wkh sod|huv/ wkh lqirupdwlrq dydlo0
deoh wr hdfk sod|hu/ wkh vwudwhjlhv dydlodeoh wr wkhp/ wkh rxwfrphv uhvxowlqj
iurp wkhlu fkrlfhv/ dqg wkh sd|r�v uhfhlyhg1

� Wklugo|/ dqdo|}h wkh pdunhw jdph wr vkrz wkdw/ xqghu fhuwdlq frqgl0
wlrqv/ wkh htxloleulxp rxwfrph fruuhvsrqgv wr d shuihfwo| frpshwlwlyh
htxloleulxp ri wkh ruljlqdo pdunhw ru hfrqrp|1

Wkhuh duh pdq| zd|v lq zklfk wklv surjudp fdq eh fduulhg rxw1 L vkdoo
eh glvfxvvlqj rqh fodvv ri prghov zklfk L �qg sduwlfxoduo| lqwhuhvwlqj dqg
iuxlwixo/ wkh fodvv ri g|qdplf pdwfklqj dqg edujdlqlqj jdphv +GPEJ,1 Eh0
iruh jhwwlqj lqwr wkh ghwdlov/ krzhyhu/ L zdqw wr glvfxvv wkh prwlydwlrq iru
wklv nlqg ri xqghuwdnlqj1

315 Zk| Vwudwhjlf IrxqgdwlrqvB

Wkh �uvw txhvwlrq wkdw rxjkw wr rffxu wr dq|rqh hqfrxqwhulqj wklv nlqg ri
zrun iru wkh �uvw wlph lv �Zk|B�1 Zk| vkrxog dq|rqh zdqw wr wdnh wkh wlph
wr exlog vwudwhjlf irxqgdwlrqv iru wkh wkhru| ri shuihfw frpshwlwlrqB Diwhu
doo/ wkh wkhru| ri frpshwlwlyh htxloleulxp lv zhoo gh�qhg dqg vhoi0frqwdlqhg
lq lwv rzq uljkw1 Wkh fruqhuvwrqhv ri wklv wkhru| zhuh odlg ryhu d kxqguhg
|hduv djr e| Doiuhg Pduvkdoo5 dqg Ohrq Zdoudv61 Wkh prghuq d{lrpdwlf
wkhru| ghyhorshg e| Nhqqhwk Duurz/ Jhudug Gheuhx/ Olrqho PfNhq}lh dqg
wkhlu vxffhvvruv lv rqh ri wkh prvw frpsohwh dqg gh�qlwlyh frqvwuxfwlrqv wkdw
hfrqrplfv kdv wr r�hu71 Lqvwhdg ri sxuvxlqj Vwhsv 5 dqg 6/ Duurz/ Gheuhx/
PfNhq}lh/ hw do1/ vlpso| dvvxph wkdw krxvhkrogv pd{lpl}h xwlolw| vxemhfw wr
d exgjhw frqvwudlqw/ wkdw �upv pd{lpl}h sur�wv vxemhfw wr wkhlu surgxfwlrq
whfkqrorj|/ dqg wkdw sulfhv dgmxvw wr fohdu pdunhwv1 Zk| gr zh qhhg pruh
wkdq wklvB Wkhuh duh wkuhh uhdvrqv1

5Pduvkdoo/ Doiuhg1 Sulqflsohv ri Hfrqrplfv> dq lqwurgxfwru| yroxph/ ;wk hg1 Orqgrq=
Pdfploodq +4<53,1

6Zdoudv/ Ohrq1 Hohphqwv ri Sxuh Hfrqrplfv1 Orqgrq= Doohq dqg Xqzlq +4<87,1
7Duurz/ Nhqqhwk dqg Jhudug Gheuhx1
Olrqho PfNhq}lh1



3151 ZK\ VWUDWHJLF IRXQGDWLRQVB 6

31514 Jdphv dqg Pdunhwv

Wkh �uvw uhdvrq lv surylghg e| wkh ulvh ri jdph wkhru|1 Vlqfh wkh irxqgdwlrqv
ri jhqhudo htxloleulxp wkhru| zhuh odlg lq wkh qlqhwhhqwk fhqwxu|/ jdph wkhru|
kdv dvvxphg dq lqfuhdvlqjo| fhqwudo uroh lq hfrqrplfv1 Jdph wkhru|/ dv
gh�qhg e| yrq Qhxpdqq dqg Prujhqvwhuq/ r�huv d jhqhudo dqg srzhuixo
iudphzrun zlwk zklfk wr dqdo|}h lqwhudfwlyh ghflvlrq pdnlqj1 Wr wkh h{whqw
wkdw zh dffhsw wkh fodlp ri jdph wkhru| wr eh wkh fruuhfw iudphzrun iru
dqdo|}lqj ghflvlrq0pdnlqj e| lqglylgxdov/ zh vkrxog zdqw wr xvh lw dv d wrro
iru dqdo|}lqj wkh ehkdylru ri djhqwv lq pdunhwv1 Xqiruwxqdwho|/ prghov ri
frpshwlwlyh htxloleulxp duh qrw jdphv lq d vwulfw/ irupdo vhqvh1 Lq sduwlfxodu/
jdphv kdyh wzr dwwudfwlyh ihdwxuhv wkdw prghov ri pdunhw htxloleulxp gr qrw
kdyh1

� Lq d vwudwhjlf jdph/ doo wkh hqgrjhqrxv yduldeohv duh fkrvhq e| sod|huv
lq wkh jdph1

� Lq d vwudwhjlf jdph/ dq| sur�oh ri vwudwhjlhv fkrrvhq e| wkh sod|huv
ghwhuplqhv d xqltxh ihdvleoh rxwfrph ri wkh jdph1

D orqj uhfrjql}hg dqg hpedudvvlqj odfxqd lq wkh wkhru| ri frpshwlwlyh
htxloleulxp lv wkh idloxuh wr h{sodlq zkhuh wkh sulfhv frph iurp1 Vrphwlphv
zh duh uhgxfhg wr vd|lqj wkdw sulfhv duh fkrvhq e| dq �dxfwlrqhhu�/ exw hvvhq0
wldoo| wkh| duh iuhh sdudphwhuv wkdw duh �ghwhuplqhg�/ dorqj zlwk wkh rwkhu
hqgrjhqrxv yduldeohv/ e| wkh pdunhw0fohdulqj frqglwlrq1 Lq rwkhu zrugv/ xq0
olnh vwudwhjlf jdphv/ prghov ri pdunhw htxloleulxp kdyh hqgrjhqrxv yduldeohv
wkdw duh qrw fkrvhq e| wkh djhqwv1

Dqrwkhu zhdnqhvv ri wkh fodvvlfdo prgho ri frpshwlwlyh htxloleulxp lv wkh
dvvxpswlrq wkdw djhqwv eholhyh wkdw wkh| fdq ex| dqg vhoo dv pxfk dv wkh|
olnh dw wkh suhydlolqj sulfhv1 Lw lv wuxh wkdw djhqwv ex| dqg vhoo dv pxfk
dv wkh| zdqw lq htxloleulxp/ exw li dq djhqw ghyldwhv iurp klv htxloleulxp
h{fhvv ghpdqg/ kh zloo �qg wkdw wkh dvvxpswlrq lv ylrodwhg1 H{fhsw lq wkh
fdvh zkhuh djhqwv duh olwhudoo| qhjoljleoh/ dq| ghyldwlrq ohdgv wr dq lqihdvleoh
vhw ri h{fhvv ghpdqgv1 Dv d uhvxow/ wkh pdunhw fdqqrw fohdu dqg vrph djhqw
zloo eh glvdssrlqwhg lq klv dwwhpsw wr wudgh1 Lq wkh odqjxdjh ri jdph wkhru|/
wkhuh duh vrph vwudwhj| sur�ohv wr zklfk qr ihdvleoh rxwfrph fruuhvsrqgv
+xqohvv zh dedqgrq wkh dvvxpswlrq wkdw djhqwv fdq wudgh dv pxfk dv wkh|
zdqw,1
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Vr/ e| frpsdulvrq zlwk wkh iudphzrun ri jdph wkhru|/ wkh prgho ri
frpshwlwlyh htxloleulxp kdv vrph orrvh hqgv zkhq lw frphv wr wkh wuhdwphqw
ri sulfhv dqg wkh ihdvlelolw| ri wudghv1

Wkhvh orrvh hqgv gr qrw phdq wkdw wkh prgho ri frpshwlwlyh htxloleulxp
lv d �edg prgho�1 Rq wkh frqwudu|/ lw fdq eh uhjdughg dv d uhgxfhg irup
ri d pruh frpsolfdwhg prgho ru surfhvv wkdw ghvfulehv wkh �qdo rxwfrph
zlwkrxw jlylqj doo wkh ghwdlov1 Rqh ri wkh dgydqwdjhv ri exloglqj d vwudwhjlf
irxqgdwlrq iru shuihfw frpshwlwlrq lv wkdw zh zloo eh irufhg wr ghvfuleh wkh
surfhvv frpsohwho| dqg h{sodlq krz wkh frpshwlwlyh htxloleulxp rxwfrph lv
uhdfkhg1 Wkh frpsohwh prgho zloo/ qdwxudoo|/ eh dq h{whqvlyh0irup jdph1

31515 Zkhq lv Shuihfw Frpshwlwlrq DssursuldwhB

D vhfrqg uhdvrq iru zdqwlqj d vwudwhjlf irxqgdwlrq ri frpshwlwlyh htxlole0
ulxp lv wr surylgh d wkhruhwlfdo udwlrqdoh iru shuihfw frpshwlwlrq1 D irupdo
vwdwhphqw ri wkh wkhru| pd| eh dhvwkhwlfdoo| sohdvlqj/ exw lw grhv qrw whoo
xv zk| ru xqghu zkdw flufxpvwdqfhv wkh wkhru| lv dssursuldwh1 Iru h{dp0
soh/ zh fdq gh�qh d shuihfwo| frpshwlwlyh htxloleulxp iru dq Hgjhzruwk Er{
hfrqrp| zlwk wzr jrrgv dqg wzr djhqwv/ hyhq wkrxjk shuihfw frpshwlwlrq
lv xqolnho| wr eh dfklhyhg lq d pdunhw frqvlvwlqj ri rqo| wzr djhqwv81 Wkhuh
lv qrwklqj lq wkh irupdo gh�qlwlrq wr whoo xv zkhwkhu wkh prgho dssolhv wr
hfrqrplhv frqvlvwlqj ri wzr/ ru d kxqguhg/ ru d ploolrq djhqwv1

Rqh dgydqwdjh ri surylglqj vwudwhjlf irxqgdwlrqv iru shuihfw frpshwl0
wlrq lv wkdw zh duh irufhg wr frqvwuxfw d jdph lq zklfk shuihfw frpshwlwlrq
lv rqo| rqh ri pdq| srvvleoh rxwfrphv1 Wkhq zh vkrz wkdw xqghu fhuwdlq
frqglwlrqv frpshwlwlrq dulvhv dv wkh xqltxh htxloleulxp rxwfrph1 Ghulylqj
shuihfw frpshwlwlrq iurp d pruh jhqhudo iudphzrun surylghv xv zlwk d ud0
wlrqdoh iru wkh frpshwlwlyh htxloleulxp= lw vkrzv xqghu zkdw frqglwlrqv wkh
prgho ri frpshwlwlyh htxloleulxp lv d jrrg ghvfulswlrq ri udwlrqdo lqwhudfwlrq
dprqj hfrqrplf djhqwv1

Wklv dvshfw ri wkh uhvhdufk surjudp lv looxvwudwhg e| wkh glvwlqfwlrq eh0
wzhhq olplw wkhruhpv dqg wkhruhpv lq wkh olplw1 Shuihfw frpshwlwlrq lv dq
lghdol}hg vwdwh/ rqh zklfk lv rqo| pruh ru ohvv lpshuihfwo| dssur{lpdwhg e|

8Rvwur| +4<;3, dqg Pdnrzvnl +4<;6, kdyh fkdudfwhul}hg frpshwlwlyh htxloleulxp lq
whupv ri wkh qr0vxusoxv frqglwlrq1 Wkh| kdyh dujxhg wkdw �qlwh hfrqrplhv vxfk dv wkh
Hgjhzruwk Er{ hfrqrp| vrphwlphv vdwlvi| wkh qr0vxusoxv frqglwlrq dqg khqfh duh shu0
ihfwo| frpshwlwlyh1 Krzhyhu/ wkh �qlwh hfrqrplhv wkdw vdwlvi| wkh qr0vxusoxv frqglwlrq duh
yhu| vshfldo/ dqg pljkw eh frqvlghuhg sdwkrorjlfdo1
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uhdolw| dqg wkhq rqo| xqghu fhuwdlq vshfldo frqglwlrqv1 Lw lv d qrq0wulyldo
wdvn wr ghflgh zkhq wkh wkhru| lv d uhdvrqdeoh dssur{lpdwlrq1 Vrph pdu0
nhwv pd| eh dssur{lpdwho| shuihfwo| frpshwlwlyh> rwkhuv duh qrw1 Krz gr zh
nqrz zklfk lv zklfkB Frqvlghu d vhtxhqfh ri hfrqrplhv/ lq zklfk wkh qxp0
ehu ri djhqwv lv jurzlqj zlwkrxw erxqg1 Lq wkh olplw wkhuh lv d frqwlqxxp ri
lqglylgxdoo| lqvljql�fdqw djhqwv1 Dw zkdw srlqw grhv wkh hfrqrp| ehfrph
�frpshwlwlyh�1 Wkhruhpv lq wkh olplw fkdudfwhul}h wkh h{dfw frqglwlrqv xqghu
zklfk d shuihfwo| frpshwlwlyh rxwfrph pd| eh h{shfwhg wr rffxu/ zkhuhdv
olplw wkhruhpv whoo xv wkdw/ dv zh dssurdfk wkrvh frqglwlrqv/ wkh revhuyhg
rxwfrph zloo dssurdfk wkh frpshwlwlyh rxwfrph1

E| hpehgglqj gl�huhqw dffrxqwv ri htxloleulxp ehkdylru lq d vlqjoh wkhr0
uhwlfdo iudphzrun/ zh duh deoh wr glvwlqjxlvk dqg fodvvli| wkh frqglwlrqv xqghu
zklfk gl�huhqw irupv ri frpshwlwlrq dulvh1 Vr dqrwkhu xvh iru vwudwhjlf irxq0
gdwlrqv ri shuihfw frpshwlwlrq lv wr xqghuvwdqg ehwwhu wkh frqglwlrqv xqghu
zklfk shuihfw frpshwlwlrq lv dq dssursuldwh ghvfulswlrq ri pdunhw ehkdylru1

31516 Qrupdwlyh Hfrqrplfv

Vwloo dqrwkhu xvh iru vwudwhjlf irxqgdwlrqv ri frpshwlwlrq frphv iurp wkh uroh
ri wkh frpshwlwlyh htxloleulxp dv d qrupdwlyh lghdo1 Wkh fodvvlfdo wkhruhpv ri
zhoiduh hfrqrplfv whoo xv wkdw/ xqghu fhuwdlq frqglwlrqv/ hyhu| shuihfwo| frp0
shwlwyh htxloleulxp doorfdwlrq lv Sduhwr0h!flhqw dqg hyhu| Sduhwr0h!flhqw
doorfdwlrq fdq eh ghfhqwudol}hg dv d shuihfwo| frpshwlwlyh htxloleulxp zlwk
oxps vxp wudqvihuv1 Exw krz lv shuihfw frpshwlwlrq eurxjkw derxwB Zkdw
sudfwlfdo lqvwlwxwlrqv zloo dfklhyh wkh ghvluhg rxwfrphB Lq rughu wr xvh wkh
wkhru| ri shuihfw frpshwlwlrq dv d sudfwlfdo wrro iru dfklhylqj wkh h!flhqw
doorfdwlrq ri uhvrxufhv/ zh qhhg pruh wkdq d gh�qlwlrq ri d shuihfwo| frp0
shwlwlyh rxwfrph1 Zh dovr qhhg d wkhru| ri wkh lqvwlwxwlrqv dqg frqglwlrqv
xqghu zklfk shuihfw frpshwlwlrq pd| dulvh dv wkh uhvxow ri lqwhudfwlyh gh0
flvlrq pdnlqj e| udwlrqdo djhqwv1 Lq rwkhu zrugv/ zh qhhg d wkhru| ri wkh
vwudwhjlf irxqgdwlrqv ri shuihfw frpshwlwlrq1 Ehfdxvh jdph0wkhruhwlf prg0
hov ghvfuleh pruh frpsohwho| wkh lqvwlwxwlrqv wkdw xqghuo| wkh pdunhw/ wkh|
jlyh xv lqvljkw lqwr wkh uhdvrqv zk| shuihfw frpshwlwlrq pd| ru pd| qrw
eh dfklhyhg1 Wklv nqrzohgjh pd| vxjjhvw srolflhv wr lqfuhdvh wkh ghjuhh ri
frpshwlwlrq dqg/ lq wkh olplw/ dfklhyh shuihfw frpshwlwlrq1 Dowhuqdwlyho|/
lw pd| frqylqfh xv wkdw shuihfw frpshwlwlrq lv qrw wkh rswlpxp lq fhuwdlq
flufxpvwdqfhv1
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316 Frrshudwlyh Pdunhw Jdphv

Dwwhpswv wr surylgh d jdph0wkhruhwlf irxqgdwlrq iru frpshwlwlrq duh doprvw
dv rog dv wkh wkhru| ri frpshwlwlrq lwvhoi1

Lq Pdwkhpdwlfdo Sv|fklfv/ Iudqflv \vlgur Hgjhzruwk +4;;4, dgguhvvhv
d eurdg wkhph/ wkh dssolfdelolw| ri pdwkhpdwlfv lq wkh vrfldo vflhqfhv1 Lq
sduwlfxodu/ kh dgguhvvhv wkh txhvwlrq ri zkhwkhu wkh ehkdylru ri lqglylgxdov lv
�ghwhuplqdwh�/ e| zklfk kh phdqv �suhglfwdeoh xvlqj pdwkhpdwlfdo prghov�1
Kh dujxhv wkdw vrfldo surfhvvhv/ zklfk pljkw eh lqghwhuplqdwh zkhq vpdoo
qxpehuv ri hfrqrplf djhqwv duh lqyroyhg/ ehfdph ghwhuplqdwh dqg khqfh
vxemhfw wr pdwkhpdwlfdo dqdo|vlv zkhq wkh qxpehu ri djhqwv lv odujh1 Dv dq
h{dpsoh/ Hgjhzruwk vwxglhv wudgh ehwzhhq wzr djhqwv lq d vhwwlqj zh kdyh
vlqfh frph wr fdoo dq Hgjhzruwk Er{ hfrqrp|1 Kh dujxhv wkdw wkh rxwfrph ri
vxfk wudgh lv lqghwhuplqdwh/ ehfdxvh rqo| h!flhqf| dqg lqglylgxdo udwlrqdolw|
frxog eh frxqwhg rq1 Exw dv wkh qxpehu ri wudghuv lqfuhdvhv/ wkh rxwfrph ri
wudgh ehfrphv lqfuhdvlqjo| ghwhuplqdwh1 Wkh srvvlelolwlhv iru uhfrqwudfwlqj
dprqj d odujh qxpehu ri djhqwv uhvwulfw wkh srvvleoh rxwfrphv dqg/ lq wkh
olplw/ doorz iru rqo| frpshwlwlyh rxwfrphv1

Lq Pdwkhpdwlfdo Sv|fklfv/ Hgjhzruwk iroorzv wkh wkuhh vwhsv ri wkh sur0
judp olvwhg deryh1 Kh ghvfulehv dq hfrqrp|/ uhsuhvhqwv wkh ehkdylru ri wkh
djhqwv e| d frdolwlrq0iruplqj jdph dqg vkrzv wkdw xqghu fhuwdlq frqglwlrqv
wkh vroxwlrq ri wkh jdph lv fruuhvsrqgv wr d shuihfwo| frpshwlwlyh htxlole0
ulxp rxwfrph1 Lq prghuq whuplqrorj|/ kh ghvfulehv d prgho ri dq h{fkdqjh
hfrqrp| frqvlvwlqj ri d �qlwh qxpehu ri hfrqrplf djhqwv1 Hdfk djhqw kdv dq
lqlwldo hqgrzphqw ri wkh frpprglwlhv dydlodeoh lq wkh hfrqrp|/ d frqvxps0
wlrq vhw wkdw vshfl�hv wkh srvvleoh frpprglw| exqgohv wkh djhqw fdq frqvxph/
dqg suhihuhqfhv ryhu klv frqvxpswlrq vhw1 Wkh doorfdwlrq ri uhvrxufhv lv xq0
ghuwdnhq e| frdolwlrqv ri djhqwv1 Irupdoo|/ d frdolwlrq lv dq| qrq0hpsw| vhw
ri djhqwv1 Dq doorfdwlrq lv dwwdlqdeoh iru d frdolwlrq li wkh frpprglw| exq0
goh dvvljqhg wr hdfk djhqw ehorqjv wr klv frqvxpswlrq vhwv dqg wkh exqgohv
dgg xs wr wkh frdolwlrq*v wrwdo hqgrzphqw1 D frdolwlrq fdq lpsuryh rq dq
dwwdlqdeoh doorfdwlrq li wkhuh h{lvwv dq doorfdwlrq wkdw lv dwwdlqdeoh iru wkh
frdolwlrq dqg pdnhv hyhu| phpehu ri wkh frdolwlrq ehwwhu r�1 Hgjhzruwk
lqwurgxfhv wkh frqfhsw ri wkh frqwudfw fxuyh wr ghvfuleh wkh rxwfrphv ri wkh
uhfrqwudfwlqj surfhvv1 Wkh frqwudfw fxuyh lv zkdw zh qrz fdoo wkh fruh ri wkh
pdunhw jdph1 Lw frqvlvwv ri wkh vhw ri doo dwwdlqdeoh doorfdwlrqv wkdw fdqqrw
eh lpsuryhg xsrq e| dq| frdolwlrq1 Hgjhzruwk vkrzv wkdw dv wkh qxpehu ri
djhqwv jurzv xqerxqghgo| odujh/ wkh fruh ri wkh pdunhw jdph vkulqnv xqwlo
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lw frqwdlqv rqo| wkh shuihfwo| frpshwlwlyh htxloleulxp doorfdwlrqv1
Wklv surirxqg uhvxow/ zklfk vwdqgv yluwxdoo| dorqh lq qlqhwhhqwk0fhqwxu|

frqwulexwlrqv wr hfrqrplf wkhru| iru lwv ghswk dqg ehdxw|/ zdv uh0glvfryhuhg
e| Vkxeln +4<8<, zkr vkrzhg wkh htxlydohqfh ri wkh fruh dqg wkh frqwudfw
fxuyh1 Iru wkh qh{w �iwhhq |hduv wkh wkhru| zdv h{whqghg dqg uh�qhg xqwlo
lw uhdfkhg d pruh ru ohvv gh�qlwlyh vwdwh zlwk wkh sxeolfdwlrq ri Kloghqeudqg
+4<:7,1

Qrz zh kdyh wkhruhpv wkdw vkrz wkdw wkh Vkdsoh| ydoxh +Dxpdqq dqg
Vkdsoh| +4<:7,,/ wkh edujdlqlqj vhw +Pdv Frohoo +4<;<,,/ wkh vhw ri idlu wudghv
+Vfkphlgohu dqg Ylqg +4<:5,,/ dqg rwkhu vroxwlrq frqfhswv dovr vkulqn wr wkh
vhw ri Zdoudv doorfdwlrqv dv wkh qxpehu ri sod|huv ehfrphv yhu| odujh1 Wkh
idfw wkdw d ydulhw| ri gl�huhqw vroxwlrq frqfhswv ohdg wr wkh vdph uhvxow lv d
vwurqj dujxphqw iru wkh urexvwqhvv ri wkh frpshwlwlyh htxloleulxp1

Doo ri wkhvh dwwhpswv wr surylgh vwudwhjlf irxqgdwlrqv iru shuihfw frp0
shwlwlrq pdnh xvh ri frrshudwlyh jdph wkhru|91 Wkh frrshudwlyh dssurdfk
wr jdph wkhru| kdv lwv olplwdwlrqv1 Vrph ri wkhvh duh shfxoldu wr sduwlfx0
odu frrshudwlyh vroxwlrq frqfhswv vxfk dv wkh fruh1 Rwkhuv duh frpprq wr
frrshudwlyh jdphv lq jhqhudo1

Dw wkh jhqhudo ohyho/ rqh ri wkh dwwudfwlrqv ri frrshudwlyh jdph wkhru|
lv wkdw lw surylghv d fulwhulrq iru vwudwhjlf vwdelolw| wkdw ohdgv gluhfwo| wr d
vroxwlrq ri wkh jdph/ zlwkrxw wkh whglrxv exvlqhvv ri vshfli|lqj dq h{whqvlyh0
irup jdph1 Wkhuh lv qr qhhg wr vshfli| wkh vwudwhj| vhw ri hdfk sod|hu/ wkh
rughu ri pryhv/ wkh lqirupdwlrq vhwv/ ru wkh sod|huv* dvvxpswlrqv derxw wkhlu
rssrqhqwv* ehkdylru1 Doo rqh qhhgv lv d frqyhqlhqw gh�qlwlrq ri zkdw frxqwv
dv d sodxvleoh rxwfrph ri wkh jdph1

Lq sduwlfxodu/ wkhuh lv qr qhhg wr vshfli| d zhoo gh�qhg pd{lpl}dwlrq
sureohp iru hdfk lqglylgxdo sod|hu1 Krzhyhu/ wklv frxog dovr eh frqvlghuhg
d zhdnqhvv1 Dv Mrkq Klfnv uhpdunhg lq klv �D Vxjjhvwlrq iru Vlpsoli|lqj
Prqhwdu| Wkhru|� +uhsulqwhg lq Klfnv +4<9:,,/ dq|wklqj vhhpv wr jr zkhq
qr rqh lv uhtxluhg wr pd{lpl}h dq|wklqj1 D zhoo gh�qhg pd{lpl}dwlrq sure0
ohp iru hdfk djhqw lv rqh ri wkh fkdudfwhulvwlf exloglqj eorfnv ri prghuq
hfrqrplfv1 Frrshudwlyh jdph wkhru| odfnv wkh glvflsolqh wkdw frphv iurp
kdylqj wr vshfli| d pd{lpl}dwlrq sureohp iru hdfk djhqw1 Dv d uhvxow/ lw

9Iru suhvhqw sxusrvhv zh fdq wklqn ri d frrshudwlyh jdph dv ehlqj gh�qhg e| d vhw ri
sod|huv/ d vshfl�fdwlrq ri wkh frdolwlrqv ru qrq0hpsw| vxevhwv ri sod|huv wkdw fdq irup/ dqg
d vshfl�fdwlrq ri wkh dfwlrqv ru sd|r�v wkdw fdq eh dfklhyhg e| hdfk frdolwlrq ri sod|huv1
D vroxwlrq ri wkh jdph lv d vhw ri sur�ohv ri dfwlrqv ru sd|r�v wkdw vdwlv�hv vrph sodxvleoh
fulwhulrq ri vwdelolw|1
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ehjv d qxpehu ri txhvwlrqv1
Wklv fdq eh vhhq zkhq zh orrn dw sduwlfxodu dssolfdwlrqv ri frrshudwlyh

jdph wkhru| wr pdunhw jdphv1 Wdnh wkh fruh/ iru h{dpsoh1 Wkh irupdo
gh�qlwlrq ri wkh fruh surylghv d fulwhulrq iru vwdelolw|/ qrw d ghvfulswlrq ri
wkh surfhvv ri frdolwlrq irupdwlrq1 Dq doorfdwlrq ehorqjv wr wkh fruh li qr
frdolwlrq fdq lpsuryh rq lw1 Wkh gh�qlwlrq vxjjhvwv wkdw li dq doorfdwlrq
grhv qrw ehorqj wr wkh fruh lw frxog qhyhu eh dq �htxloleulxp� ehfdxvh wkh
lpsurylqj frdolwlrq/ zkrvh h{lvwhqfh lv jxdudqwhhg e| wkh gh�qlwlrq/ zrxog
gr vrphwklqj wr suhyhqw lw1 Zk| wkh lpsurylqj frdolwlrq vkrxog gr wkdw lv qrw
fohdu1 Lqghhg/ lw lv kdug wr wklqn derxw wklv txhvwlrq zlwkrxw nqrzlqj krz dq
doorfdwlrq frphv wr eh fkrvhq lq wkh �uvw sodfh> exw vxssrvh/ iru wkh vdnh ri
dujxphqw/ wkdw d qrq0fruh doorfdwlrq kdv vrphkrz rffxuuhg1 Lw lv hdv| wr �qg
doorfdwlrqv wkdw +l, gr qrw ehorqj wr wkh fruh/ +ll, pdnh vrph djhqwv ehwwhu
r� wkdq wkh| zrxog eh lq dq| fruh doorfdwlrq dqg +lll, fdq rqo| eh lpsuryhg
rq e| frdolwlrqv zklfk lqfoxgh wkh djhqwv zkr zloo eh zruvh r� dw dq| fruh
doorfdwlrq1 Lq wklv fdvh/ wkh lpsurylqj frdolwlrq zrxog eh yhu| p|rslf wr yhwr
wklv doorfdwlrq li lw uhdoo| eholhyhg lq wkh fruh dv d vroxwlrq frqfhsw/ ehfdxvh
lw zloo fhuwdlqo| eh zruvh r� zkhq d fruh doorfdwlrq lv �qdoo| uhdfkhg1 Lw
dsshduv wkdw wkh fruh frqfhsw uhtxluhv djhqwv wr ehkdyh p|rslfdoo|/ uxvklqj
wr mrlq lpsurylqj frdolwlrqv vr wkdw wkh| fdq fxw wkhlu rzq wkurdwv1

Pruh vrsklvwlfdwhg frrshudwlyh vroxwlrq frqfhswv wu| wr holplqdwh vxfk
p|rsld> exw wkh frrshudwlyh iudphzrun lwvhoi lv wkh revwdfoh wr d frqvlvwhqw
wkhru|/ ehfdxvh lw grhv qrw surylgh hdfk djhqw zlwk d zhoo gh�qhg pd{lpl}d0
wlrq sureohp1 Zlwkrxw dq h{whqvlyh0irup jdph/ pdq| ri wkhvh sureohpv fdq
qhyhu eh uhvroyhg vdwlvidfwrulo|1

Iru wklv uhdvrq/ Qdvk +4<84, sursrvhg wkdw frrshudwlyh jdphv vkrxog eh
uhgxfhg wr qrq0frrshudwlyh jdphv1 Kh lqwhusuhwhg d frrshudwlyh jdph dv rqh
lq zklfk wkhuh lv xqolplwhg suh0sod| frppxqlfdwlrq dqg elqglqj djuhhphqwv
fdq eh hqwhuhg lqwr ehiruh wkh jdph lv sod|hg1 D qrq0frrshudwlyh jdph lv
rqh zlwkrxw suh0sod| frppxqlfdwlrq ru djuhhphqwv1 ^Wklv fodvvl�fdwlrq lv
fohduo| qrw h{kdxvwlyh dqg wkhuh duh rwkhu ihdwxuhv wkdw pdnh lw ohvv wkdq
vdwlvidfwru|/ exw wkh whuplqrorj| kdv vwxfn vr L zloo frqwlqxh wr xvh lw1` Wkh
frppxqlfdwlrq dqg frpplwphqw wkdw suhfhgh wkh sod| ri d frrshudwlyh jdph
duh qrw h{solflwo| prghohg/ exw wkh| vkrxog eh uhjdughg dv sduw ri wkh jdph
dqg dqdo|}hg xvlqj wkh vdph sulqflsohv dv wkh irupdo jdph lwvhoi1 Wr gr wklv/
zh prgho h{solflwo| wkh suh0sod| frppxqlfdwlrq dqg frpplwphqwv/ dqg wkhq
dqdo|}h wkh ehkdylru ri sod|huv lq wklv jdph lq wkh vdph zd| dv li wkh| zhuh
sod|lqj d qrq0frrshudwlyh jdph1 Wklv surfhgxuh/ ri uhgxflqj wkh frrshudwlyh
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jdph wr d qrq0frrshudwlyh jdph e| pdnlqj h{solflw wkh lqirupdo sduwv ri wkh
frrshudwlyh wkhru|/ lv nqrzq dv wkh Qdvk surjudp1

Wkh Qdvk surjudp lv vrphwklqj wkdw vkrxog dsshdo wr hfrqrplvwv/ eh0
fdxvh lw dgrswv Klfnv*v sulqflsoh wkdw hyhu| djhqw vkrxog eh jlyhq d zhoo
gh�qhg pd{lpl}dwlrq sureohp wr vroyh1 Wkh xvh ri qrq0frrshudwlyh jdph
wkhru| wr surylgh d vwudwhjlf irxqgdwlrq iru frpshwlwlrq lv d qdwxudo h{whq0
vlrq ri wkh hduolhu xvh ri frrshudwlyh jdph wkhru|1 Xowlpdwho|/ d vdwlvidfwru|
irxqgdwlrq iru frpshwlwlyh pdunhwv uhtxluhv d qrq0frrshudwlyh +h{whqvlyh0
irup, jdph1 Wklv lv zkdw L vkdoo eh grlqj khuh/ xvlqj qrq0frrshudwlyh jdph
wkhru| wr surylgh d pruh frpsohwh ghvfulswlrq ri zkdw jrhv rq lq pdunhwv
dqg wkhq ghulylqj wkh idploldu frpshwlwlyh rxwfrphv dv dq lpsolfdwlrq ri
sduwlfxodu frqglwlrqv dqg dvvxpswlrqv1

317 Qrq0Frrshudwlyh Pdunhw Jdphv

Wkh �uvw qrq0frrshudwlyh dssurdfk wr frpshwlwlrq dqwhgdwhv wkh fruh e|
derxw �iw| |hduv1 Lw ehjdq zlwk wkh dqdo|vlv ri gxrsro| e| Dqwrlqh Dxjxvwlq
Frxuqrw +4;6;/ 4<93,1 Frxuqrw dqdo|}hv wkh sureohp ri wkh rzqhuv ri wzr
plqhudo vsulqjv zkr zdqw wr pd{lpl}h wkh sur�wv iurp pdunhwv wkhlu vsulqj
zdwhu1 D gxrsro| grhv qrw vdwlvi| wkh frqglwlrqv iru shuihfw frpshwlwlrq1 Wkh
qrq0frrshudwlyh htxloleulxp ri Frxuqrw*v prgho suhglfwv wkdw hdfk vxssolhu
zloo uhvwulfw klv rxwsxw ri vsulqj zdwhu lq rughu wr udlvh wkh sulfh dqg lqfuhdvh
sur�wv1 Krzhyhu/ dv pruh dqg pruh vxssolhuv duh dgghg rqh fdq/ xqghu
fhuwdlq frqglwlrqv/ vkrz wkdw wkh qrq0frrshudwlyh htxloleulxp frqyhujhv wr
d frpshwlwlyh htxloleulxp lq wkh olplw dv wkh qxpehu ri vxssolhuv ehfrphv
lq�qlwh1 Pruh lpsruwdqwo|/ wkh Frxuqrw prgho lv d zhoo gh�qhg jdph iru dq|
qxpehu ri sod|huv/ wdnlqj dv jlyhq wkh pdunhw ghpdqg fxuyh idfhg e| wkh
vxssolhuv1

Wklv dssurdfk wr frpshwlwlyh htxloleulxpzdv jhqhudol}hg e| Vkxeln +4<:6,
+vhh dovr Vkdsoh| dqg Vkxeln +4<::,, zlwk klv Frxuqrwldq pdunhw jdphv1
Khuh lv rqh yhuvlrq ri d Frxuqrw0Vkxeln Pdunhw Jdph +FVPJ,1 Vwduw zlwk
dq h{fkdqjh hfrqrp| zlwk d �qlwh qxpehu ri djhqwv1 Hdfk djhqw kdv dq
hqgrzphqw zklfk kh wdnhv wr wkh h{fkdqjh  rru dqg sxwv lq wkh fhqwhu1 Wkh
djhqwv duh jlyhq gl�huhqw dprxqwv ri d wrnhq prqh| zklfk wkh| fdq xvh
wr elg iru txdqwlwlhv ri wkh frpprglwlhv lq wkh fhqwhu1 D vwudwhj| iru dq
djhqw lv d yhfwru ri qrq0qhjdwlyh elgv/ rqh iru hdfk frpprglw|/ vxpplqj wr
klv hqgrzphqw ri prqh|1 Rqfh doo wkh djhqwv kdyh fkrvhq wkhlu elgv/ wkh
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frpprglwlhv duh glylghg lq sursruwlrq wr wkh elgv/ wkdw lv/ dq djhqw uhfhlyhv
d iudfwlrq ri wkh wrwdo hqgrzphqw ri hdfk frpprglw| htxdo wr wkh udwlr ri
klv elg iru wkdw frpprglw| wr wkh wrwdo ri wkh elg iurp doo djhqwv iru wkdw
frpprglw|1 Wkhuh duh qr h{solflw sulfhv dqg hdfk djhqw shufhlyhv wkdw klv
�qdo exqgoh ri frpprglwlhv ghshqgv qrw rqo| rq klv rzq elgv exw dovr rq wkh
elgv ri doo wkh rwkhu djhqwv1 Ixuwkhupruh/ hdfk djhqw lq d �qlwh hfrqrp| kdv
pdunhw srzhu/ wkdw lv/ wkh delolw| wr fkdqjh wkh lpsolflw udwh dw zklfk jrrgv
h{fkdqjh iru prqh| e| fkdqjlqj klv elg1 Krzhyhu/ dv wkh qxpehu ri djhqwv
ehfrphv xqerxqghgo| odujh/ wkh Qdvk htxloleulxp rxwfrphv ri wkh FVPJ
frqyhujh/ xqghu fhuwdlq uhjxodulw| frqglwlrqv/ wr wkh Zdoudv doorfdwlrqv1

Wkhuh duh pdq| rwkhu yduldqwv ri wkhvh prghov/ zlwk frpprglw| prqh|/
fuhglw/ edqnuxswf|/ �zdvk wudglqj�/ dqg rwkhu frpsolfdwlrqv1 Wkh hvvhqwldo
srlqw lv wkdw wkh FVPJ lv d zhoo gh�qhg h{whqvlyh0irup jdph wkdw h{whqgv
wkh sduwldo htxloleulxp vwru| ri Frxuqrw wr hqfrpsdvv dq hfrqrp| lq jhqhudo
htxloleulxp1

Wkh FVPJ surylghv d vwudwhjlf irxqgdwlrq iru frpshwlwlrq dqg/ dv vxfk/
lw lv yhu| pxfk lq wkh vslulw ri wkh uhvhdufk uhsruwhg lq wkhvh ohfwxuhv1 Krz0
hyhu/ wkhuh duh vrph fulwlfdo ihdwxuhv ri wkh FVPJ wkdw vhsdudwh wkhp iurp
wkh GPEJ1 Wkh �uvw lv wkdw dowkrxjk sulfhv gr qrw hqwhu h{solflwo| lqwr wkh
vwru|/ wkh gh�qlwlrq ri wkh FVPJ lpsrvhv wkh uhvwulfwlrq wkdw doo wudghv lq
d jlyhq frpprglw| wdnh sodfh dw wkh vdph sulfh1 Pruh suhflvho|/ hdfk djhqw
jhwv d iudfwlrq ri wkh wrwdo hqgrzphqw ri d jlyhq frpprglw| dqg wkdw iudf0
wlrq htxdov wkh udwlr ri klv elg wr wkh wrwdo elg1 Hdfk djhqw lv wudglqj prqh|
iru wkh frpprglw| dw wkh vdph udwh/ wkdw lv/ dw wkh vdph sulfh1 Lq wkdw vhqvh/
sulfhv duh exlow lqwr wkh vwru| lq wkh vdph zd| dv wkh| zhuh lq wkh ruljlqdo
Frxuqrw gxrsro| prgho1

D vhfrqg/ pruh vxewoh ihdwxuh lv wkdw wkh lqvwlwxwlrqdo vwuxfwxuh lv kljko|
fhqwudol}hg/ djdlq e| gh�qlwlrq1 Hyhu| djhqw lv elgglqj djdlqvw hyhu| rwkhu
elgghu dqg doo wkh elgv duh djjuhjdwhg +dgghg xs, lq rughu wr ghwhuplqh
wkh �qdo rxwfrph1 Wklv lv dqdorjrxv wr dvvxplqj wkdw hyhu|rqh wudghv rq d
fhqwudol}hg pdunhw dqg wkdw wkh pdunhw phfkdqlvp wuhdwv hyhu| djhqw v|p0
phwulfdoo|1 Ixuwkhupruh/ zh fdq wklqn ri wkh udwlr ri wkh hqgrzphqw wr wkh
wrwdo elgv dv d sulfh1 Lw lv rqo| wkh uhod{dwlrq ri wkh sulfh0wdnlqj dvvxps0
wlrq wkdw glvwlqjxlvkhv wklv prgho iurp wkh Zdoudvldq prgho ri frpshwlwlyh
htxloleulxp1

Vr wkh gh�qlwlrq ri wkh FVPJ douhdg| lqfrusrudwhv vrph ri wkh ihdwxuhv ri
wkhZdoudvldq wkhru| ri frpshwlwlyh htxloleulxp1 Wklv lv qrw d fulwlflvp ri wkh
FVPJ dv d vwudwhjlf irxqgdwlrq iru frpshwlwlyh htxloleulxp> krzhyhu/ wkhuh
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pd| eh frqwh{wv lq zklfk zh zdqw wr vwduw zlwk pruh sulplwlyh frqfhswv/ iru
h{dpsoh/ wr doorz iru ghfhqwudol}hg wudgh ru wr doorz gl�huhqw djhqwv wr wudgh
dw gl�huhqw sulfhv1 Lq wkdw fdvh/ d iudphzrun olnh wkh GPEJ zloo eh qhhghg1

318 G|qdplf Pdwfklqj dqg Edujdlqlqj Prg0
hov

Rqh vxffhvvixo prgholqj vwudwhj| lv wkh fodvv ri g|qdplf pdwfklqj dqg edu0
jdlqlqj jdphv +GPEJ,1 Lw eulqjv wrjhwkhu hohphqwv ri wzr eudqfkhv ri hfr0
qrplf wkhru|/ vhdufk wkhru| dqg edujdlqlqj wkhru|1 Hfrqrplf djhqwv duh
dvvxphg wr vhdufk dw udqgrp iru wudglqj rssruwxqlwlhv dqg zkhq wkh| phhw
wkh whupv ri wudgh duh ghwhuplqhg e| edujdlqlqj1 Dw rqh wlph pdunhwv df0
wxdoo| zrunhg olnh wklv +wklqn ri eduwhu lq sulplwlyh vrflhwlhv ru wkh hduo|
vwrfn h{fkdqjhv,1 Dowkrxjk prvw pdunhwv kdyh hyroyhg vlqfh wkhq/ wkhuh lv
vwloo hqrxjk uhdolvp lq wklv iudphzrun wr pdnh lw uhohydqw1 Lq dgglwlrq/ wkh
 h{lelolw| ri wklv iudphzrun pdnhv lw d jrrg oderudwru| iru �wkrxjkw h{shu0
lphqwv�/ lqyhvwljdwlqj txhvwlrqv derxw wkh ehkdylru ri dfwxdo pdunhwv dqg
wkh ghvljq ri ehwwhu rqhv1 Lq wklv vhfwlrq L uhylhz vrph ri wkh dfklhyhphqwv
ri wkh GPEJ olwhudwxuh1

31814 Wkh dowhuqdwlqj0r�huv edujdlqlqj prgho

Wkh hduo| qlqhwhhq0hljkwlhv zdv d shulrg ri wuhphqgrxv dfwlylw| lq wkh wkhru|
ri edujdlqlqj1 Wkh hyhqw wkdw vsdunhg wklv fuhdwlyh vxujh zdv wkh sxeolfd0
wlrq ri Uxelqvwhlq*v +4<;5, sdshu rq wkh dowhuqdwlqj r�huv edujdlqlqj prgho1
Dowkrxjk wkh pdlq lghdv ri wkh prgho kdg ehhq sursrvhg e| Vwdko +4<:5,
whq |hduv hduolhu dqg wkh dqdo|vlv ri Vwdko*v prgho zlwk d �qlwh krul}rq zdv
douhdg| lq vrph wh{werrnv +Prxolq +4<;9,,/ lw zdv wkh vxffhvvixo dqdo|vlv
ri wkh lq�qlwh0krul}rq edujdlqlqj sureohp e| Uxelqvwhlq wkdw judeehg wkh
dwwhqwlrq ri wkhrulvwv hyhu|zkhuh1

\rx suredeo| nqrz wkh hohphqwv ri wkh Vwdko0Uxelqvwhlq prgho +pruh
jhqhudo yhuvlrqv fdq eh irxqg lq Elqpruh/ Uxelqvwhlq dqg Zrolqvn| +4<;9,,1
Wzr lqglylgxdov zdqw wr glylgh d �fdnh�1 Zlwkrxw orvv ri jhqhudolw| zh fdq
dvvxph wkdw wkh fdnh lv zruwk rqh groodu dqg wkdw dq| glylvlrq E%c � � %�
jlylqj d vkduh % � f wr sod|hu 4 dqg � � % � f wr sod|hu 5 lv ihdvleoh1 Wkh
sod|huv edujdlq dv iroorzv1 Iluvw sod|hu 4 sursrvhv d glylvlrq E%c � � %� dqg
sod|hu 5 dffhswv ru uhmhfwv wklv sursrvdo1 Li kh dffhswv/ wkh jdph hqgv dqg wkh
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wzr lqglylgxdov vsolw wkh fdnh dv djuhhg1 Li kh uhmhfwv/ wkhq sod|hu 5 sursrvhv
d glylvlrq E+c �� +� dqg sod|hu 4 dffhswv ru uhmhfwv1 Wkh edujdlqlqj surfhvv
frqwlqxhv lq wklv zd| xqwlo dq djuhhphqw lv uhdfkhg1 Li djuhhphqw lv qhyhu
uhdfkhg/ wkh| erwk uhfhlyh qrwklqj1

Wkh lqglylgxdov duh dvvvxphg wr eh lpsdwlhqw dqg iru hyhu| shulrg wkdw
djuhhphqw lv ghod|hg/ wkhlu sd|r�v duh glvfrxqwhg1 Wkh glvfrxqw idfwru ri
sod|hu � lv ghqrwhg e| f 	 B� 	 �1 Li wkh sod|huv djuhh rq wkh glylvlrq
E%c � � %� dw gdwh | wkhq sod|hu 4*v sd|r� lv B|3�� % dqg sod|hu 5*v sd|r� lv
B|3�2 E��%�1 Wklv glvfrxqwlqj ru vkulqndjh uhsuhvhqwv wkh frvwv ri edujdlqlqj=
rwkhu wklqjv ehlqj htxdo/ wkh orqjhu lw wdnhv wr uhdfk djuhhphqw/ wkh ohvv
�fdnh� wkhuh lv iru erwk sod|huv1

Dv |rx zloo uhphpehu/ Hgjhzruwk +4<;4, wkrxjkw ri wkh edujdlqlqj sure0
ohp dv lqghwhuplqdwh1 Qdvk +4<86, klpvhoi sursrvhg d vlpxowdqhrxv ghpdqg
jdph lq zklfk dq| Sduhwr0h!flhqw glylvlrq zdv dq htxloleulxp rxwfrph1 Wkh
uhpdundeoh uhvxow suryhg e| Vwdko dqg Uxelqvwhlq lv wkdw wkhlu edujdlqlqj
sureohpv duh ghwhuplqdwh1 Pruh suhflvho|/ wkh dowhuqdwlqj0r�huv edujdlqlqj
jdph kdv d xqltxh/ vxejdph0shuihfw htxloleulxp: lq zklfk wkh sod|huv uhdfk
djuhhphqw lpphgldwho| dqg wkh glylvlrq lv#

�� B2
�� B�B2

c
B2E�� B��

�� B�B2

$
�

Wkh rxwfrph lv dv|pphwulf erwk ehfdxvh wkh sod|huv kdyh gl�huhqw glvfrxqw
udwhv dqg ehfdxvh sod|hu 4 kdv d �uvw pryhu dgydqwdjh1 Li zh dvvxph wkdw
wkh sod|huv kdyh wkh vdph glvfrxqw udwh B� ' B2 ' B wkhq wkh htxloleulxp
glylvlrq lv E�*E� n B�c B*E� n B��1 Sod|hu � jhwv wkh odujhu vkduh ehfdxvh kh lv
wkh �uvw pryhu1

Qrz vxssrvh wkdw wkh edujdlqlqj surfhvv lv �vshhghg xs� e| pdnlqj wkh
wlph lqwhuydo ehwzhhq vxffhvvlyh urxqgv vpdoohu dqg vpdoohu1 Zkhq wkh sh0
ulrg ohqjwk ehfrphv ydqlvklqjo| vpdoo/ wkh �uvw0pryhu dgydqwdjh glvdsshduv1
Iru h{dpsoh/ ohw � eh wkh shulrg ohqjwk dqg wkhq wkh glvfrxqw idfwru B lv
jlyhq e| e34� / zkhuh 4 lv wkh lqvwdqwdqhrxv udwh ri wlph suhihuhqfh1 Kroglqj
4 frqvwdqw/ B $ � dv � $ f1 Lw fdq hdvlo| eh vhhq wkdw wkh htxloleulxp
glylvlrq ri wkh fdnh frqyhujhv wr wkh v|pphwulf Qdvk edujdlqlqj vroxwlrq
E�*2c �*2� dv B frqyhujhv wr �1

:Lq d Qdvk htxloleulxp hdfk sod|hu fkrrvhv d ehvw uhvsrqvh dw hdfk lqirupdwlrq vhw
wkdw rffxuv lq wkh htxloleulxp sod| ri wkh jdph1 Lq d vxejdph shuihfw htxloleulxp hdfk
sod|hu fkrrvhv d ehvw uhvsrqvh dw hyhu| lqirupdwlrq vhw/ zkhwkhu ru qrw lw rffxuv lq wkh
htxloleulxp sod| ri wkh jdph1
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Wkh xqltxhqhvv uhvxow grhv qrw vxuylyh vrph vlpsoh uhod{dwlrqv ri wkh
dvvxpswlrqv suhvhqwhg khuh1 Iru h{dpsoh/ li wkhuh duh wkuhh sod|huv wkhq wkh
qxpehu ri vxejdph shuihfw htxloleuld pd| eh lq�qlwh +Vkdnhg +4<<7,,1 Li wkh
vhw ri srvvleoh glvwulexwlrqv lv glvfuhwh udwkhu wkdq frqwlqxrxv wkhq/ djdlq/
wkhuh pd| eh pxowlsoh vxejdph shuihfw htxloleuld1

Wkhuh lv d orw pruh wkdw fdq eh vdlg derxw wklv lqwhuhvwlqj iudphzrun +vhh
Rveruqh dqg Uxelqvwhlq +4<<3, iru d pdvwhuixo wuhdwphqw,/ exw wkhvh duh wkh
hvvhqwldov wkdw duh qhhghg iru zkdw iroorzv1

31815 Pduvkdooldq pdunhwv

Wkh dssolfdwlrq ri qrq0frrshudwlyh edujdlqlqj wkhru| wr frpshwlwlyh htxlole0
ulxp fdph lq d vhplqdo sdshu e| Uxelqvwhlq dqg Zrolqvn| +4<;8,1 Uxelq0
vwhlq dqg Zrolqvn| xvh wkh dowhuqdwlqj0r�huv edujdlqlqj prgho dv d vwudwhjlf
irxqgdwlrq iru �frpshwlwlyh� sulfh ghwhuplqdwlrq lq d Pduvkdooldq pdunhw1

Wkh prgho frqwdlqv d frqwlqxxp ri wudghuv/ � ex|huv dqg � vhoohuv ri
dq lqglylvleoh jrrg1 Hdfk ex|hu zdqwv dw prvw rqh xqlw ri wkh jrrg/ zklfk
kh ydoxhv dw rqh groodu1 Wkh vhoohuv hdfk kdyh rqh xqlw ri wkh jrrg/ zklfk
wkh| ydoxh dw }hur grooduv1 Li d ex|hu dqg d vhoohu wudgh/ wkh| uhdol}h d vxusoxv
ri rqh groodu1 Wkhvh jdlqv iurp wudgh duh wkh �fdnh� ryhu zklfk wkh ex|huv
dqg vhoohuv zloo edujdlq1

Lq hdfk shulrg/ wkh ex|huv dqg vhoohuv duh pdwfkhg dw udqgrp wr irup
sdluv ri djhqwv/ hdfk frqvlvwlqj ri d ex|hu dqg d vhoohu1 Rqh djhqw lv fkrvhq
dw udqgrp wr sursrvh d sulfh dw zklfk wr wudgh1 Wkh rwkhu fdq dffhsw ru uhmhfw
wklv sulfh1 Li dq djuhhphqw lv uhdfkhg +d sulfh lv sursrvhg dqg dffhswhg,/ wkh
sdlu ri djhqwv wudgh dqg ohdyh wkh pdunhw1 Hdfk frqvxphv klv vkduh ri wkh
vxusoxv diwhu ohdylqj wkh pdunhw1 Li dq djuhhphqw lv qrw uhdfkhg/ wkh| uhpdlq
lq wkh pdunhw xqwlo wkh qh{w shulrg1 Dq xqpdwfkhg djhqw uhpdlqv sdvvlyh
xqwlo wkh qh{w shulrg1

D sdlu ri djhqwv fdq uhpdlq wrjhwkhu dqg edujdlq iru vhyhudo shulrgv/ exw
li rqh ri wkhp lv pdwfkhg zlwk dqrwkhu djhqw lw lv dvvxphg wkdw kh ohdyhv
klv iruphu sduwqhu dqg ehjlqv edujdlqlqj zlwk klv qhz sduwqhu;1 Wklv lv wkh

;Lw lv lqwhuhvwlqj wr qrwh wkdw lw lv rswlpdo iru djhqwv wr vzlwfk zkhqhyhu wkh| phhw d
qhz djhqw1 Vlqfh doo ex|huv +uhvs1 vhoohuv, duh lghqwlfdo dqg wkh htxloleulxp lv vwdwlrqdu|/
wkhuh lv qr dgydqwdjh iru d vhoohu +uhvs1 ex|hu, lq uhpdlqlqj zlwk klv fxuuhqw sduwqhu li
kh kdv wkh rswlrq ri vzlwfklqj1 Wkhuh duh rwkhu htxloleuld/ krzhyhu1 Li djhqwv fkrrvh
wr uhpdlq zlwk wkhlu fxuuhqw sduwqhuv uhjdugohvv ri zkhwkhu wkh| duh pdwfkhg zlwk qhz
sduwqhuv/ wklv lv dovr rswlpdo1 Wkhq wkh dqdo|vlv ri wkh prgho h�hfwlyho| uhgxfhv wr wkh
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rqo| zd| wkdw sduwqhuvklsv fdq eh eurnhq xs1
Ex|huv dqg vhoohuv glvfrxqw wkh ixwxuh xvlqj wkh vdph glvfrxqw idfwru B1

Li djuhhphqw lv uhdfkhg rq d sulfh R diwhu | shulrgv ri edujdlqlqj/ wkh vhoohu
uhfhlyhv B|3�R dqg wkh ex|hu uhfhlyhv B|3�E�� R�1

Zkhqhyhu dq djhqw ohdyhv wkh pdunhw/ kh lv lpphgldwho| uhsodfhg zlwk
dq lghqwlfdo djhqw zkr kdv |hw wr wudgh/ vr wkh qxpehu ri ex|huv dqg vhoohuv
lv frqvwdqw ryhu wlph1

Wkh prgho ghvfulehg deryh lv qrw d jdph lq wkh vhqvh ri yrq Qhxpdqq
dqg Prujhqvwhuq +4<;3,1 Lq sduwlfxodu/ wkhuh lv qr lqlwldo qrgh dqg wkhuh lv
d frqwlqxxp ri sod|huv1 Uxelqvwhlq dqg Zrolqvn| vwxg| zkdw wkh| fdoo d
txdvl0vwdwlrqdu| vxejdph shuihfw htxloleulxp zklfk lv olnh d vxejdph shuihfw
htxloleulxp lq zklfk vrph srvvleoh qrghv duh qrw frqvlghuhg1 Wkh| vkrz
wkdw wkhuh h{lvwv d xqltxh htxloleulxp lq zklfk djhqwv uhdfk djuhhphqw dv
vrrq dv wkh| duh pdwfkhg1 Wkh htxloleulxp glylvlrq ghshqgv rq wkh pdwfklqj
suredelolwlhv dv zhoo dv wkh glvfrxqw idfwru dqg wkh lghqwlw| ri wkh sursrvhu1
Li d vhoohu phhwv d qhz ex|hu hdfk shulrg zlwk suredelolw| f 	 k 	 � dqg d
ex|hu phhwv d qhz vhoohu hdfk shulrg zlwk suredelolw| f 	 q 	 �/ wkhq wkh
htxloleulxp sulfh lv

%W '
2E�� B� n Bk� BE�� B�E�� k�E�� q�

2E�� B� n Bk n Bq

li wkh vhoohu sursrvhv dqg

+W '
Bk n BE�� B�E�� k�E�� q�

2E�� B� n Bk n Bq

li wkh ex|hu sursrvhv1
Wkh ohqjwk ri d wlph shulrg lq wklv prgho uhsuhvhqwv erwk wkh wlph eh0

wzhhq vxffhvvlyh pdwfkhv dqg wkh wlph ehwzhhq vxffhvvlyh r�huv e| dq| sdlu
ri edujdlqlqj djhqwv1 Uhgxflqj wkh shulrg ohqjwk lv irupdoo| htxlydohqw wr
uhgxflqj wkh udwh dw zklfk djhqwv glvfrxqw wkh ixwxuh1 Dv wkh shulrg ohqjwk
frqyhujhv wr }hur/lw fdq eh vkrzq wkdw doo wudgh wdnhv sodfh dw wkh vdph sulfh/
wkdw lv/

*�4
B<�

%W ' *�4
B<�

+W '
k

kn q
�

Wkh olplwlqj htxloleulxp sulfh ghshqgv rqo| rq wkh pdwfklqj suredelolwlhv
vlqfh zh kdyh dvvxphg ex|huv dqg vhoohuv vkduh d frpprq glvfrxqw idfwru1

h{dplqdwlrq ri vhulhv ri wzr0shuvrq edujdlqlqj sureohpv1 Wkh htxloleulxp sd|r�v duh wkh
vdph dv iru wkh Uxelqvwhlq +4<;5, jdph1
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Wkh fuxfldo srlqw lv wkdw/ iru �{hg ydoxhv ri k dqg q/ wkh htxloleulxp sulfh
lv erxqghg dzd| iurp rqh dqg }hur/ vr wkdw erwk vlghv ri wkh pdunhw jhw d
srvlwlyh vkduh ri wkh jdlqv iurp wudgh1

Lq wkh Uxelqvwhlq0Zrolqvn| prgho/ djhqwv kdyh wr vhdufk iru wudglqj sduw0
qhuv dqg vhdufk wdnhv wlph1 Ehfdxvh ri wkh wlph wdnhq wr vhdufk iru wudglqj
sduwqhuv/ wklv lv qrw d �iulfwlrqohvv� pdunhw dqg iru wkdw uhdvrq dorqh zh
pljkw qrw h{shfw lw wr eh shuihfwo| frpshwlwlyh1 Doorzlqj wkh shulrg ohqjwk
wr frqyhujh wr }hur/ vr wkdw wkh glvfrxqw idfwru frqyhujhv wr rqh/ lv d zd|
ri uhgxflqj wkh wudqvdfwlrq frvwv ru �iulfwlrqv� vr wkdw wkh pdunhw ehfrphv
iulfwlrqohvv lq wkh olplw1 Krzhyhu/ Uxelqvwhlq dqg Zrolqvn| dujxh wkdw hyhq
lq wkh olplw/ zkhq wkh pdunhw ehfrphv iulfwlrqohvv/ wkhlu prgho grhv qrw
surgxfh wkh frpshwlwlyh rxwfrph1

Uxelqvwhlq dqg Zrolqvn| vxjjhvw wkdw zh wdnh dv wkh shuihfwo| frpshwl0
wlyh ehqfkpdun dq dxfwlrq pdunhw zlwk� ex|huv dqg� vhoohuv1 Wkh ghpdqg
fruuhvsrqghqfh (ER� iru vxfk d pdunhw lv gh�qhg e|

(ER� '

;A?
A=

� li R 	 �
dfc� o li R ' �
f li R : �

dqg wkh vxsso| fruuhvsrqghqfh 7ER� lv gh�qhg e|

7ER� '

+
dfc � o li R ' f
� li R : f�

Wkh xqltxh pdunhw0fohdulqj sulfh lv RW ' f li � 	 � dqg RW ' � li � : � 1
Lq rwkhu zrugv/ li wkh qxpehu ri ex|huv h{fhhgv wkh qxpehu ri vhoohuv/ wkh
vhoohuv jhw doo wkh vxusoxv> li wkh qxpehu ri vhoohuv h{fhhgv wkh qxpehu ri
ex|huv/ wkh ex|huv jhw doo wkh vxusoxv1 Rqo| li wkh qxpehu ri ex|huv dqg
vhoohuv duh htxdo fdq wkhuh eh d pdunhw0fohdulqj sulfh ehwzhhq }hur dqg rqh1

Wkh lqwhusuhwdwlrq ri wklv uhvxow lv frpsolfdwhg e| wkh idfw wkdw wkhuh
lv/ ryhu wkh lq�qlwh klvwru| ri wkh pdunhw/ dq lq�qlwh qxpehu ri ex|huv dqg
vhoohuv1 Lw lv qrw fohdu krz wr gh�qh d pdunhw0fohdulqj sulfh lq d pdunhw zlwk
dq lq�qlwh qxpehu ri ex|huv dqg vhoohuv1 Vlqfh hyhu| djhqw hyhqwxdoo| jhwv
wr wudgh dw wkh frpprq sulfh/ lw frxog eh dujxhg wkdw wkh htxloleulxp ri wkh
Uxelqvwhlq0Zrolqvn| prgho lv �frpshwlwlyh�1 Dowkrxjk wkh olplwlqj sulfh
k*Ek n q� grhv qrw fohdu dq dxfwlrq pdunhw zlwk � ex|huv dqg � vhoohuv/
exw lw grhv fohdu wkh pdunhw zlwk dq lq�qlwh qxpehu ri ex|huv dqg vhoohuv
 rzlqj wkurxjk lw1
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Jdoh +4<;:, ghyhorsv wklv wkhph lq d sdshu wkdw dqdo|}hv d Pduvkdooldq
pdunhw zlwk pdq| w|shv ri ex|huv dqg vhoohuv/ hdfk ri zkrp zdqwv wr wudgh
rqh xqlw ri wkh lqglylvleoh jrrg1 Lq Jdoh*v prgho wkhuh lv d qrq0dwrplf
frqwlqxxp ri ex|huv dqg vhoohuv/ zlwk �� ex|huv ri w|sh � ' �c ���c U dqg ��

vhoohuv ri w|sh � ' �c ���c a 1 Ex|huv ri w|sh � ydoxh rqh xqlw ri wkh jrrg dw
�� dqg vhoohuv ri w|sh � ydoxh wkh jrrg dw ��1 Doo djhqwv glvfrxqw wkh ixwxuh
xvlqj wkh frpprq idfwru B1 Li d ex|hu ri w|sh � djuhhv wr ex| rqh xqlw dw d
sulfh R dw gdwh |/ klv sd|r� lv B|3�E���R�1 Vlploduo|/ li d vhoohu ri w|sh � djuhhv
wr vhoo rqh xqlw ri wkh jrrg dw d sulfh R dw wlph |/ klv sd|r� lv B|3�ER� ���1

Djhqwv duh udqgrpo| pdwfkhg lq sdluv frqvlvwlqj ri rqh ex|hu dqg rqh
vhoohu lq hdfk shulrg1 Pdwfkhv odvw h{dfwo| rqh shulrg dqg wkh ex|hu dqg wkh
vhoohu hdfk kdyh suredelolw| 425 ri ehlqj fkrvhq wr pdnh d sursrvdo1 Wkh
sursrvhu qdphv d sulfh dqg wkh uhvsrqghu dffhswv ru uhmhfwv1 Li dq djuhhphqw
lv uhdfkhg/ d wudgh lv h{hfxwhg dw wkh djuhhg sulfh dqg erwk djhqwv ohdyh
wkh pdunhw1 Rwkhuzlvh wkh| zdlw xqwlo wkh qh{w shulrg/ zkhq wkh| zloo eh
pdwfkhg djdlq zlwk qhz sduwqhuv/ dqg wkh edujdlqlqj surfhvv frqwlqxhv1

Wkh dvvxpswlrq wkdw pdwfkhv rqo| odvw rqh shulrg grhv qrw doorz iru
dowhuqdwlqj0r�huv edujdlqlqj ri wkh nlqg wkdw rffxuv lq Uxelqvwhlq +4<;5,
dqg Uxelqvwhlq0Zrolqvn| +4<;8,1 Wklv suredeo| grhv qrw d�hfw wkh rxwfrph
lq d vwdwlrqdu| htxloleulxp/ vlqfh wkh ex|hu +vhoohu, lv uhsodfhg e| dq lghqwlfdo
djhqw lq wkh qh{w shulrg1 Krzhyhu/ wkh idfw wkdw edujdlqlqj lv eurxjkw wr
dq hqg h{rjhqrxvo| grhv pdwwhu/ dv zh vdz hduolhu +vhh irrwqrwh ;,1 Dqrwkhu
dvvxpswlrq wkdw lv fuxfldo lv wkdw djhqwv edujdlq xqghu frpsohwh lqirupdwlrq1
Wkh djhqwv* w|shv duh dvvxphg wr eh frpprq nqrzohgjh/ vr wkhuh lv qr
xqfhuwdlqw| derxw wkh ydoxh ri wkh jrrg wr wkh ex|hu dqg vhoohu zkhq wkh|
edujdlq1

Lq Jdoh*v prgho/ wudghv pd| rffxu dw pdq| gl�huhqw sulfhv/ ghshqglqj ri
wkh w|shv ri ex|huv dqg vhoohuv lqyroyhg dv zhoo dv wkh lghqwlw| ri wkh sursrvhu1
Krzhyhu/ lw fdq eh vkrzq wkdw wkhuh lv d xqltxh vwdwlrqdu| htxloleulxp ri
wkh prgho dqg dv wkh glvfrxqw idfwru frqyhujhv wr xqlw| wkh vwdwlrqdu| htxl0
oleulxp sulfhv frqyhujh wr d frpprq olplw/ wkdw lv/ doo wudghv wdnh sodfh dw
wkh vdph sulfh1 Ixuwkhupruh/ hyhu| djhqw zkr zdqwv wr wudgh dw wklv sulfh lv
deoh wr gr vr lq htxloleulxp1 Vlqfh wkhuh lv qr glvfrxqwlqj lq wkh olplw/ hdfk
djhqw jhwv wkh sd|r� kh zrxog uhfhlyh lq d frpshwlwlyh htxloleulxp dw wklv
sulfh1

Jdoh*v prgho lv qrw/ vwulfwo| vshdnlqj/ d jhqhudol}dwlrq ri wkh Uxelqvwhlq0
Zrolqvn| prgho ehfdxvh pdwfkhv duh glvvroyhg diwhu rqh shulrg/ exw lq rwkhu
uhvshfwv lw lv vlplodu1 Wkh olplwlqj rxwfrph lq wklv fdvh orrnv pruh olnh d
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frpshwlwlyh htxloleulxp ehfdxvh wkhuh duh pdq| w|shv ri djhqwv wudglqj dw
d vlqjoh sulfh1 Krzhyhu/ wkhuh h{lvwv wkh vdph sureohp ri krz wr lqwhusuhw
wkh pdunhw0fohdulqj frqglwlrq1 Vxssrvh zh wdnh dv d ehqfkpdun dq dxfwlrq
pdunhw zlwk �� ex|huv ri w|sh � dqg �� vhoohuv ri w|sh �1 Li R lv wkh olplwlqj
sulfh/ dvvxplqj wkdw qr rqh lv lqgl�huhqw wr wudglqj/ wkh ghpdqg lq wkh
dxfwlrq pdunhw lv [

t�G��:R�

��

dqg wkh vxsso| lv [
t�G��	R�

��

dqg wkhuh lv qr uhdvrq zk| wkhvh wzr vkrxog eh htxdo1 Vr wkh olplwlqj sulfh R
grhv qrw fruuhvsrqg wr wkh pdunhw0fohdulqj sulfh ri dq dxfwlrq pdunhw zlwk
�� ex|huv ri w|sh � dqg �� vhoohuv ri w|sh �1 Hyhu| djhqw grhv jhw wr wudgh dw
wkh olplw sulfh R dqg/ vlqfh wkhuh lv qr glvfrxqwlqj/ wkhuh lv qr frvw ri ghod|
+hyhu| djhqw jhwv wkh vdph xwlolw| dv li kh zhuh deoh wr wudgh lpphgldwho| dw
wkh sulfh R,1 Lw lv rqo| e| frpsdulvrq zlwk wkh vwdwlf dxfwlrq pdunhw wkdw
rqh lv ohg wr txhvwlrq zkhwkhu wkh rxwfrph lv shuihfwo| frpshwlwlyh1

D shfxoldulw| ri wkh Uxelqvwhlq0Zrolqvn| prgho lv wkdw ex|huv dqg vhoo0
huv duh uhsodfhg e| lghqwlfdo djhqwv zkhqhyhu wkh| ohdyh wkh pdunhw1 Wklv
hqvxuhv wkdw wkh vwrfn ri djhqwv lq wkh pdunhw uhpdlqv frqvwdqw ryhu wlph1
Suhvxpdeo|/ lw lv wklv frqvwdqf| ri wkh srsxodwlrq ri djhqwv lq wkh pdunhw dw
dq| gdwh wkdw vxjjhvwv wkh frpsdulvrq zlwk d vwdwlf dxfwlrq pdunhw kdylqj
wkh vdph srsxodwlrq ri djhqwv1

Wklv yhuvlrq ri Jdoh*v prgho dgrswv wkh Uxelqvwhlq0Zrolqvn| hqgrjhqrxv
uhsodfhphqw dvvxpswlrq1 Dqrwkhu zd| wr prgho hqwu| dqg h{lw lv wr dvvxph d
frqvwdqw  rz ri srwhqwldo hqwudqwv wr wkh pdunhw/ lq zklfk fdvh d vwdwlrqdu|
vwdwh fdq rqo| eh pdlqwdlqhg li wkh htxloleulxp sulfh dgmxvwv vr wkdw wkh
qxpehuv ri ex|huv dqg vhoohuv hqwhulqj wkh pdunhw dw hdfk gdwh duh htxdo1 Li
R lv wkh htxloleulxp sulfh/ d ex|hu ri w|sh � zloo qrw hqwhu wkh pdunhw li �� 	 R
dqg d vhoohu ri w|sh � zloo qrw hqwhu wkh pdunhw li �� : R1 Wkh devhqfh ri wkhvh
w|shv lv lpsruwdqw ehfdxvh lw d�hfwv wkh pdwfklqj suredelolwlhv dqg khqfh wkh
htxloleulxp sulfhv1 Ixuwkhupruh/ vwdwlrqdulw| uhtxluhv wkdw htxdo qxpehuv ri
ex|huv dqg vhoohuv hqwhu wkh pdunhw lq hdfk shulrg1 Wkxv/ wkh htxloleulxp
sulfh pxvw htxdwh wkh  rzv ri ex|huv dqg vhoohuv lqwr wkh pdunhw1 Dvvxplqj
wkdw qr w|sh lv lqgl�huhqw/ vwdwlrqdulw| uhtxluhv wkdw[

t�G��:R�

�� '
[

t�G��	R�

��c
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zkhuh �� +uhvs1 ��, lv wkh  rz ri srwhqwldo ex|huv ri w|sh � +uhvs1 srwhqwldo
vhoohuv ri w|sh �, lqwr wkh pdunhw dw hdfk gdwh1 Wklv lv h{dfwo| wkh Pduvkdooldq
qrwlrq ri htxloleulxp iru dq dxfwlrq pdunhw zlwk �� ex|huv ri w|sh � dqg ��

vhoohuv ri w|sh �1
Wkh orqj vlgh ri wkh pdunhw dgmxvwv vr wkdw wkh htxloleulxp sulfh vdwlv�hv

wklv frqglwlrq1 Iru h{dpsoh/ li pruh vhoohuv wkdq ex|huv duh hqwhulqj wkh
pdunhw dw hdfk gdwh/ wkh vhoohuv zloo eh rq wkh orqj vlgh1 Wkh qxpehu ri vhoohuv
zdlwlqj wr wudgh zloo lqfuhdvh xqwlo wkh sulfh lv uhgxfhg wr wkh srlqw zkhuh wkh
qxpehu ri vhoohuv hqwhulqj dw hdfk gdwh lv mxvw htxdo wr wkh qxpehu ri ex|huv
hqwhulqj1 Vlploduo|/ li wkh qxpehu ri ex|huv hqwhulqj wkh pdunhw lv juhdwhu
wkdq wkh qxpehu ri vhoohuv/ wkh sulfh zloo kdyh wr ulvh1 Khuh sulfh lv ixo�oolqj
lwv Pduvkdooldq uroh ri dgmxvwlqj wr htxdwh wkh  rz ri ghpdqg dqg vxsso|/
exw wkh sulfh lwvhoi lv ehlqj ghwhuplqhg e| wkh uhodwlyh edujdlqlqj srzhu ri
ex|huv dqg vhoohuv/ zklfk lq wxuq lv lq xhqfhg e| wkh uhodwlyh qxpehuv ri
ex|huv dqg vhoohuv lq wkh pdunhw1

31816 Zdoudvldq prghov ri h{fkdqjh

Wkh sureohpv ri lqwhusuhwdwlrq wkdw durvh lq wkh suhylrxv vhfwlrq duh fdxvhg
e| wkh vwdwlrqdulw| dvvxpswlrq/ zklfk lpsolhv wkdw dq lq�qlwh phdvxuh ri
djhqwv  rzv wkurxjk wkh pdunhw ryhu wlph1 Dq hfrqrp| zlwk dq lq�qlwh
phdvxuh ri djhqwv grhv qrw kdyh d zhoo gh�qhg frpshwlwlyh htxloleulxp wr
vhuyh dv d ehqfkpdun1 Zh fdq dyrlg wklv gl!fxow| e| zrunlqj zlwk d �qlwh
phdvxuh ri djhqwv/ exw wklv hqwdlov dqdo|}lqj d qrq0vwdwlrqdu| htxloleulxp1

Dq h{dpsoh ri wklv dssurdfk lv irxqg lq Jdoh +4<;9d/e/f, zklfk wdnh
wkh edvlf lghd ri wkh g|qdplf pdwfklqj dqg edujdlqlqj iudphzrun iurp
Uxelqvwhlq0Zrolqvn| dqg dsso| lw wr d Zdoudvldq prgho ri h{fkdqjh1<

Ehjlq zlwk dq h{fkdqjh hfrqrp| frqvlvwlqj ri d �qlwh qxpehu ri w|shv
ri djhqwv � ' �c ���c U dqg d frqwlqxxp ri hdfk w|sh1 Doo djhqwv kdyh wkh vdph
frqvxpswlrq vhw +�

n/ zkhuh � lv wkh qxpehu ri frpprglwlhv/ dqg djhqwv ri
w|sh � kdyh wkh vdph lqlwldo hqgrzphqw e� dqg wkh vdph xwlolw| ixqfwlrq ��E%�1

Wudgh wdnhv sodfh dw d vhtxhqfh ri gdwhv1 Dw hdfk gdwh/ djhqwv kdyh d
suredelolw| f 	 k 	 � ri ehlqj pdwfkhg zlwk dqrwkhu djhqw1 Djhqwv duh glv0
wlqjxlvkhg e| wkhlu w|sh dqg e| wkh exqgoh ri frpprglwlhv wkh| duh fxuuhqwo|
kroglqj/ vr d w|slfdo djhqw lv uhsuhvhqwhg e| dq rughuhg sdlu E�c %�+djhqwv ri

<Dq h{whqvlrq ri wkh vlpsoh Uxelqvwhlq0Zrolqvn| iudphzrun zlwk d vlqjoh w|sh ri ex|hu
dqg vhoohu wr ghdo zlwk qrq0vwdwlrqdu| htxloleuld lv irxqg lq Elqpruh dqg Khuuhur +4<;;d/e,1
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wkh vdph w|sh w|slfdoo| kdyh gl�huhqw frpprglw| exqgohv,1 Wkh vwdwh ri wkh
hfrqrp| dw dq| gdwh | fdq wkhq eh ghvfulehg e| d phdvxuh >| rq wkh vhw ri
rughuhg sdluv E�c %� uhsuhvhqwlqj w|shv dqg fxuuhqw kroglqjv 1 Wkh suredelolw|
ri ehlqj pdwfkhg zlwk djhqwv ehorqjlqj wr d phdvxudeoh vhw � lv sursruwlrqdo
wr wkh phdvxuh >|E��1

Vxssrvh wkdw d sdlu ri djhqwv zlwk fxuuhqw frpprglw| exqgohv % dqg +
duh pdwfkhg dw vrph gdwh1 Wkh wzr djhqwv* w|shv dqg frpprglw| exqgohv
duh frpprq nqrzohgjh zkhq wkh edujdlqlqj ehjlqv1 Hdfk ri wkhp kdv dq
htxdo fkdqfh ri ehlqj fkrvhq dv wkh sursrvhu1 Rqfh wkh sursrvhu kdv ehhq
fkrvhq/ kh r�huv d qhw wudgh 5 wr wkh rwkhu djhqw1 Wklv qhw wudgh pxvw eh
ihdvleoh iru erwk djhqwv1 Li % lv wkh sursrvhu*v frpprglw| exqgoh dqg + lv
wkh uhvsrqghu*v/ wkhq ihdvlelolw| uhtxluhv wkdw % n 5 � f dqg + � 5 � f1
Wkh uhvsrqghu fdq dffhsw ru uhmhfw wkh r�hu ru ghflgh wr ohdyh wkh jdph1 Li
wkh r�hu lv dffhswhg/ wkhq wkh sursrvhg wudghv duh h{hfxwhg dqg wkh djhqwv
surfhhg wr wkh qh{w gdwh zlwk wkhlu qhz exqgohv %n 5 dqg +� 5 uhvshfwlyho|1
Rwkhuzlvh wkhuh lv qr wudgh1

Pdwfkhv rqo| odvw iru rqh shulrg1 Djhqwv uhpdlq lq wkh pdunhw xqwlo wkh|
fkrrvh wr h{lw dqg wkh| rqo| kdyh wkh rswlrq wr h{lw diwhu wkh| kdyh ehhq
pdwfkhg1 Ehfdxvh wkhuh lv dozd|v d srvlwlyh suredelolw| ri ehlqj xqpdwfkhg
lq dq| shulrg +k 	 �,/ wkhuh zloo dozd|v eh d srvlwlyh phdvxuh ri djhqwv zkr
kdyh qrw |hw ehhq pdwfkhg dqg vr uhpdlq lq wkh jdph1

Wkhuh lv qr frqvxpswlrq gxulqj wkh jdph1 Diwhu h{lwlqj zlwk d frpprg0
lw| exqgoh % dq djhqw ri w|sh � frqvxphv wkh exqgoh dqg uhfhlyhv wkh sd|r�
��E%�1 Qrwh wkdw wkhuh lv qr glvfrxqwlqj1 Dq djhqw zkr grhv qrw h{lw lv
dvvxphg wr uhfhlyh dq lq�qlwho| qhjdwlyh sd|r�/ vr hyhu| djhqw zloo fkrrvh
wr h{lw zlwk suredelolw| rqh1 Rqfh dq djhqw h{lwv/ kh fdqqrw uh0hqwhu dqg wkh
jdph lv h�hfwlyho| ryhu iru klp1 Vlqfh djhqwv duh qrw uhsodfhg/ wkh qxpehu
ri dfwlyh djhqwv lq wkh GPEJ ghfuhdvhv ryhu wlph1 Wkh prgho lv wkhuhiruh
qrq0vwdwlrqdu|/ lq frqwudvw wr wkh Uxelqvwhlq0Zrolqvn| prgho1

D qxpehu ri uhjxodulw| dvvxpswlrqv/ zklfk zloo qrw eh glvfxvvhg khuh/ duh
xvhg lq wkh frxuvh ri wkh dqdo|vlv ri wklv prgho1 Wdnlqj wkhvh iru judqwhg/
zh fdq vxppdul}h wkh frqfoxvlrq ri wkh dqdo|vlv dv iroorzv1 D vxejdph0
shuihfw htxloleulxp ri wkh GPEJ dozd|v uhvxowv lq d Zdoudv doorfdwlrq/ wkdw
lv/ hdfk sod|hu uhfhlyhv wkh frpprglw| exqgoh wkdw kh zrxog uhfhlyh lq d
Zdoudvldq htxloleulxp1 Frqyhuvho|/ iru dq| Zdoudv doorfdwlrq wkhuh h{lvwv d
vxejdph0shuihfw htxloleulxp ri wkh GPEJ lq zklfk doprvw hyhu| djhqw ohiw
wkh pdunhw zlwk wkh fruuhvsrqglqj frpprglw| exqgoh1 Lq wklv vhqvh/ wkh
g|qdplf pdwfklqj dqg edujdlqlqj jdph lpsohphqwv wkh Zdoudv doorfdwlrqv1
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31817 Uhfhqw ghyhorsphqwv

PfOhqqdq dqg Vrqqhqvfkhlq +4<<4, surylgh dq hohjdqw h{whqvlrq ri Jdoh*v
prgho yhuvlrq ri wklv prgho lq zklfk pdq| ri wkh uhjxodulw| frqglwlrqv uh0
txluhg e| Jdoh zhuh uhod{hg1 Wkh PfOhqqdq0Vrqqhqvfkhlq yhuvlrq dssolhv
rqo| wr vwdwlrqdu| hqylurqphqwv/ lq zklfk wkh srsxodwlrq dqg lwv fkdudfwhu0
lvwlfv uhpdlq frqvwdqw ryhu wlph/ zkloh wudghuv hqwhu dqg h{lw wkh pdunhw1
PfOhqqdq dqg Vrqqhqvfkhlq xvh dq dssurdfk edvhg rq wkh lghd ri idlu qhw
wudghv1 Wkh| vkrz wkdw d qrq0frrshudwlyh htxloleulxp ri wkhlu prgho vdwlv�hv
wkh idlu qhw wudgh d{lrpv sursrvhg e| Vfkphlgohu dqg Ylqg +4<:5,1 Wklv lp0
solhv wkdw wkh uhvxowlqj doorfdwlrq lv frpshwlwlyh lq wkh vhqvh wkdw/ iru vrph
sulfh yhfwru R/ hyhu| djhqw ehkdyhv dv li kh zhuh pd{lpl}lqj klv xwlolw| vxemhfw
wr wkh xvxdo exgjhw frqvwudlqw gh�qhg e| wkh sulfh yhfwru R1 Wkh lqwhusuhwd0
wlrq ri wkh PfOhqqdq0Vrqqhqvfkhlq prgho suhvhqwv wkh vdph gl!fxow| dv wkh
ruljlqdo Uxelqvwhlq0Zrolqvn| prgho1 Vlqfh dq lq�qlwh phdvxuh ri djhqwv sdvv
wkurxjk wkh vwdwlrqdu| prgho/ wkh pdunhw0fohdulqj frqglwlrq lv qrw zhoo gh0
�qhg1 Lq idfw/ dv Gdjdq/ Vhuudqr dqg Yrolm +wr dsshdu, kdyh uhfhqwo| dujxhg/
wkhuh lv vrphwklqj xqvdwlvidfwru| derxw wkh ihdvlelolw| uhtxluhphqwv lq wkhlu
prgho1 Wkh| uhtxluh fxpxodwlyh wudghv wr eh ihdvleoh/ udwkhu wkdq uhtxlulqj
ihdvlelolw| shulrg e| shulrg1 Lq wklv fdvh/ dq| doorfdwlrq lv ihdvleoh ehfdxvh
rqh fdq rshudwh Srq}l vfkhphv1

Gdjdq hw do1 kdyh ixuwkhu h{sdqghg wkh fodvv ri hqylurqphqwv lq zklfk
rqh fdq ghprqvwudwh wkh htxlydohqfh ri GQPE htxloleuld dqg Zdoudvldq
htxloleuld/ exw wkh| gr vr e| gursslqj rqh ri wkh nh| lqjuhglhqwv ri wkh
hduolhu wkhru|1 Wkh| doorz �qlwh frdolwlrqv ri dq| vl}h wr irup1 Rqh phpehu
lv fkrvhq wr pdnh d sursrvdo dqg wkh uhvw dffhsw ru uhmhfw1 Dowkrxjk Gdjdq
hw do1 gh�qh d qrq0frrshudwlyh jdph/ lw lv rqh wkdw kdv d vwurqj uhvhpeohqfh
wr wkh frrshudwlyh qrwlrq ri wkh fruh ri dq h{fkdqjh hfrqrp| lqvridu dv
duelwudu| �qlwh frdolwlrqv duh doorzhg wr irup dqg wudgh dprqj wkhpvhoyhv1
Ilqlwh frdolwlrqv fdq eh txlwh odujh dqg odujh qxpehuv kdyh d �frqyh{li|lqj�
h�hfw wkdw h{sodlqv zk| pdq| ri wkh uhvwulfwlyh dvvxpswlrqv qhhghg lq wkh
dqdo|vlv ri sdluzlvh pdwfklqj dqg edujdlqlqj duh qrw qhhghg lq wkh dqdo|vlv
ri wklv jdph1

Wkh uhfhqw ghyhorsphqwv lq wkh wkhru| ri GPEJ kdyh holplqdwhg pdq|
ri wkh whfkqlfdo olplwdwlrqv ri wkh hduo| wkhru|/ exw wkhuh uhpdlq d qxpehu
ri lpsruwdqw rshq txhvwlrqv1 Wkhvh txhvwlrqv/ wr zklfk L wxuq qh{w/ surylgh
wkh prwlydwlrq iru wkh ohfwxuhv rq zklfk wkh iroorzlqj fkdswhuv duh edvhg1
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319 Rshq Txhvwlrqv

31914 Wkh frqwlqxxp dvvxpswlrq

Doo ri wkh sdshuv uhihuuhg wr deryh dvvxph wkdw wkh hfrqrp| ru pdunhw frq0
vlvwv ri d qrq0dwrplf frqwlqxxp ri djhqwv431 Wklv frqwlqxxp dvvxpswlrq/ dv
L vkdoo fdoo lw/ lv ri frxuvh rqh ri wkh vwdqgdug dvvxpswlrqv xqghuo|lqj wkh
wkhru| ri shuihfw frpshwlwlrq1 D frpshwlwlyh pdunhw lv rqh lq zklfk qr �up
ru frqvxphu kdv vljql�fdqw pdunhw srzhu1 Qrz/ wklv lv dozd|v dq dvvxps0
wlrq wkdw fdq dw ehvw krog lq dq dssur{lpdwh vhqvh1 Lq vwxg|lqj hfrqrplhv
zlwk d frqwlqxxp ri djhqwv/ zh krsh wkdw wkh frqwlqxxp hfrqrp| lv d jrrg
dssur{lpdwlrq wr dq hfrqrp| zlwk d odujh exw �qlwh qxpehu ri djhqwv1 Wr
hvwdeolvk wkh ydolglw| ri wkh wkhru| zh qhhg wr suryh olplw wkhruhpv udwkhu
wkdq wkhruhpv lq wkh olplw1 Wr gr wklv lw lv qhfhvvdu| wr dvvxph wkh h{lvwhqfh
ri d �qlwh qxpehu ri djhqwv/ ohw wkh qxpehu lqfuhdvh zlwkrxw erxqg/ dqg vhh
zkhwkhu wkh htxloleuld ri wkh �qlwh jdphv frqyhujh wr wkh dssursuldwh doorfd0
wlrq lq wkh olplw1 +Wkh wkhru| uhihuuhg wr hduolhu frqwdlqv d qxpehu ri olplw
wkhruhpv/ ri frxuvh/ exw wkh| duh olplwv zlwk uhvshfw wr wkh shulrg ohqjwk ru
glvfrxqw idfwru/ qrw wkh qxpehu ri djhqwv,1

Wkh �uvw wrslf L ghdo zlwk lv wkh frqvwuxfwlrq ri d �qlwh frxqwhusduw ri
wkh wkhru| edvhg rq wkh frqwlqxxp dvvxpswlrq1 Wklv lv grqh lq Fkdswhu 41
Gursslqj wkh frqwlqxxp dvvxpswlrq uhtxluhv xv wr uhexlog wkh wkhru| lq d
vxevwdqwldoo| gl�huhqw zd|1 Vrph sduwv ri wkh dqdo|vlv duh vwudljkwiruzdug1
Rwkhuv duh gl!fxow1 Wkh sd|r� lq hlwkhu fdvh lv wkdw rqh ehjlqv wr foduli| wkh
qdwxuh ri wkh dujxphqwv dqg wkh dvvxpswlrqv wkdw duh uhtxluhg wr hvwdeolvk
frpshwlwlyh olplw wkhruhpv1

Wkh ehkdylru ri Pduvkdooldq pdunhwv zlwk d �qlwh qxpehu ri djhqwv kdv
douhdg| ehhq lqyhvwljdwhg e| Uxelqvwhlq dqg Zrolqvn| +4<<3,1 Wkh pdunhw
frqvlvwv ri d �qlwh qxpehu� ri ex|huv dqg d vlqjoh vhoohu1 Wkh vhoohu kdv rqh
xqlw ri wkh lqglylvleoh jrrg wr vhoo zklfk kh ydoxhv dw }hur1 Hdfk ri wkh ex|huv
sodfhv d ydoxh ri rqh groodu rq wkh jrrg1 Doo djhqwv glvfrxqw wkh ixwxuh xvlqj
wkh vdph glvfrxqw idfwru B1 Dq lpsruwdqw gl�huhqfh ehwzhhq wklv jdph dqg
wkh �jdph� vwxglhg lq Uxelqvwhlq dqg Zrolqvn| +4<;8, lv wkdw/ lqvwhdg ri
kdylqj h{rjhqrxv udqgrp pdwfklqj/ wkh vhoohu fdq fkrrvh wkh lghqwlw| ri wkh
ex|hu wr zkrp kh zlvkhv wr r�hu wkh jrrg lq hdfk shulrg1 Uxelqvwhlq dqg

43Iru h{dpsoh/ wkh vhw ri djhqwv fdq eh lghqwl�hg zlwk wkh srlqwv lq wkh xqlw lqwhuydo
^3> 4`1 Wkh �qxpehu� ru �pdvv� ri djhqwv lq d vhw lv jlyhq e| lwv Ohehvjxh phdvxuh/ li wklv
lv zhoo gh�qhg1 Lq sduwlfxodu/ d vlqjoh djhqw kdv phdvxuh }hur1
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Zrolqvn| vkrz wkdw iru dq| sulfh f � R � � wkhuh h{lvwv d vxejdph0shuihfw
htxloleulxp lq zklfk wkh jrrg lv vrog iru wklv sulfh1

Wkh frqvwuxfwlrq ri wkh vxejdph0shuihfw htxloleuld lv gholfdwh/ exw wkh
hvvhqwldo lghd lv wklv1 Ohw R eh wkh sulfh dw zklfk wkh jrrg lv wudghg lq
htxloleulxp1 Reylrxvo|/ wkh vhoohu zrxog olnh wr wudgh dw d kljkhu sulfh dqg
wkh ex|huv zrxog olnh wr wudgh dw d orzhu sulfh1 Wr vxssruw wudgh dw wkh sulfh
R lw lv dvvxphg wkdw li wkh vhoohu dvnv iru d kljkhu sulfh/ doo ri wkh ex|huv
uhixvh wr wudgh dw wkdw sulfh dqg r�hu d orzhu sulfh lqvwhdg1 Wkh vhoohu kdv
qr fkrlfh exw wr dffhsw wkh orzhu sulfh1 Wkh ex|hu zkr lqlwldoo| uhmhfwv wkh
vhoohu*v r�hu jhwv wkh jrrg dw wkh orzhu sulfh1

Vlploduo|/ li rqh ri wkh ex|huv r�huv d sulfh ehorz R/ wkh vhoohu uhixvhv dqg
vhoov lw wr dqrwkhu ex|hu dw d kljkhu sulfh1 Vlqfh wkh ex|huv eholhyh wkdw rqh
ri wkhp zloo dozd|v wudgh zlwk wkh vhoohu lq htxloleulxp/ wkh| kdyh qr fkrlfh
exw wr dffhsw wkh kljkhu sulfh1

Lq wklv zd|/ dq| ghyldwru lv sxqlvkhg dqg wkh djhqw zkr vxssruwv wkh
sxqlvkphqw vwudwhj| e| uhmhfwlqj wkh ghyldwru*v sursrvdo lv uhzdughg1 Qrwh
wkdw ehfdxvh wkhuh lv rqo| rqh jrrg/ rqo| rqh ex|hu fdq kdyh wkh jrrg lq
htxloleulxp dqg wkh rwkhu ex|huv jhw d sd|r� ri }hur1 Wkxv/ wkh ex|huv zloo
eh dw ohdvw dv zhoo r� vxssruwlqj wkh sxqlvkphqw vwudwhj| dv wkh| duh dorqj
wkh htxloleulxp sdwk1

Dffruglqj wr d zhoo nqrzq �iron wkhruhp�/ uhshdwhg jdphv kdyh pdq|
vxejdph0shuihfw htxloleuld441 Dowkrxjk GPEJ duh qrw uhshdwhg jdphv45/
wkh| kdyh vrph ri wkh ihdwxuhv ri uhshdwhg jdphv1 Lq sduwlfxodu/ li dq djhqw
wklqnv wkdw d ghyldwlrq iurp wkh htxloleulxp sod| ri wkh jdph zloo wuljjhu
d ixwxuh sxqlvkphqw e| klv rssrqhqwv/ kh pd| eh ghwhuuhg iurp ghyldwlqj1
Wkhvh wuljjhu vwudwhjlhv fdq wkhq eh xvhg wr vxssruw d odujh ydulhw| ri htxlole0
ulxp ehkdylruv1 Vrph ri wkhvh htxloleuld fdq eh holplqdwhg lq d prgho zlwk
d frqwlqxxp ri djhqwv1 Zlwk d frqwlqxxp ri djhqwv/ wkh dfwlrq ri d vlqjoh
djhqw kdv qr lpsdfw rq wkh sd|r� ri wkh prvw rwkhu djhqwv/ vr lw lv qdwxudo wr
dvvxph wkdw djhqwv ljqruh wkh dfwlrqv ri dq| vlqjoh djhqw461 Lq h�hfw/ djhqwv

44Iru h{dpsoh/ li sod|huv gr qrw glvfrxqw wkh ixwxuh/ wkhq dq| ihdvleoh dqg vwulfwo|
lqglylgxdoo| udwlrqdo sd|r� yhfwru fdq eh dfklhyhg e| vrph vxejdph0shuihfw htxloleulxp1

45Ehfdxvh wkh doorfdwlrq ri frpprglwlhv fkdqjhv ryhu wlph/ d gl�huhqw �jdph� lv ehlqj
sod|hg dw hdfk gdwh1

46Lq d GPEJ/ d vlqjoh djhqw*v dfwlrqv zloo ri frxuvh eh revhuyhg e| klv wudglqj sduwqhuv/
zkr fdq kdugo| eh h{shfwhg wr ljqruh wkhp1 Krzhyhu/ d vlqjoh djhqw zloo rqo| hyhu phhw
d �qlwh qxpehu ri rwkhu djhqwv/ dqg kdylqj phw klp wkh| zloo qhyhu phhw klp djdlq1 Vr
lw vhhpv uhdvrqdeoh wr dvvxph wkdw djhqwv gr qrw frqglwlrq wkhlu fxuuhqw ehkdylru rq wkh
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duh dqrq|prxv1 Wkh| duh lqylvleoh wr prvw rwkhu djhqwv/ zlwk zkrp wkh|
qhyhu frph lqwr frqwdfw1 Dqrq|plw| uxohv rxw wuljjhu vwudwhjlhv ri wkh nlqg
ghvfulehg deryh/ vr dq djhqw fdq ghyldwh zlwkrxw zruu|lqj derxw wkh uhdf0
wlrq ri klv ixwxuh rssrqhqwv1 Wklv idfw doorzv xv wr holplqdwh d odujh qxpehu
ri htxloleuld1 Dqrq|plw| lv rqo| dq dvvxpswlrq/ krzhyhu/ dqg lw lv rqh wkdw
lv qrw qdwxudo lq d �qlwh hfrqrp|/ krzhyhu odujh1 Wklv suhvhqwv d vhulrxv
fkdoohqjh wr wkh ghyhorsphqw ri d wkhru| edvhg rq odujh �qlwh hfrqrplhv1

D �qlwh h{fkdqjh hfrqrp| frqvlvwv ri ? djhqwv/ lqgh{hg � ' �c ���c ?/ hdfk
fkdudfwhul}hg e| d frqvxpswlrq vhw f� � +�/ dq hqgrzphqw ri frpprglwlhv
e� dqg d xwlolw| ixqfwlrq ��1 Wudgh wdnhv sodfh dw d vhtxhqfh ri gdwhv | '
�c 2c ���1 Dw hdfk gdwh/ d udqgrpo| vhohfwhg rughuhg sdlu ri djhqwv E�c �� lv
pdwfkhg1 Wkh �uvw djhqw � lv wkh sursrvhu dqg pdnhv dq r�hu lq wkh irup
ri d ihdvleoh qhw wudgh yhfwru 5 wr wkh vhfrqg djhqw �/ zklfk � fdq dffhsw
ru uhmhfw1 Lq sulqflsoh/ wklv surfhvv fdq frqwlqxh lqgh�qlwho|1 Wkhuh lv qr
glvfrxqwlqj/ vr djhqwv rqo| fduh derxw wkh xwlolw| ri wkh frpprglw| exqgoh
wkh| krog diwhu dq xqolplwhg qxpehu ri wudglqj shulrgv kdyh sdvvhg1 Djhqw
�*v sd|r� lv wkh olplwlqj ydoxh ri klv xwlolw| ��E%�|� dv | jrhv wr lq�qlw|/ zkhuh
%�| lv wkh exqgoh ri frpprglwlhv khog e| djhqw � dw wkh hqg ri shulrg |1
Lqglylgxdo udwlrqdolw| dqg yroxqwdu| wudgh lpso| wkdw wkh htxloleulxp sd|r�
dw hdfk gdwh lv juhdwhu wkdq ru htxdo wr wkh xwlolw| ri wkh fxuuhqwo| khog
frpprglw| exqgoh ��E%�|�1 Frqvhtxhqwo|/ wkh olplw ri ��E%�|� h{lvwv1

Dwwhqwlrq lv uhvwulfwhg wrPdunry shuihfw htxloleuld +PSH,/ wkdw lv/ vxejdph0
shuihfw htxloleuld lq zklfk wkh vwudwhjlhv phpru|ohvv +lqghshqghqw ri wkh klv0
wru| ri wkh jdph,1 Dw hdfk gdwh vwudwhjlhv ghshqg rqo| rq wkh fxuuhqw vwdwh
ri wkh jdph1 Rqh fdq vkrz wkdw/ xqghu fhuwdlq uhjxodulw| frqglwlrqv/ wkh
olplwlqj doorfdwlrq dv wlph jrhv wr lq�qlw| pxvw eh Sduhwr0h!flhqw1 Sduhwr0
h!flhqf| lv d vwurqj uhvxow lq lwv rzq uljkw1 Lq d �qlwh hfrqrp| hdfk djhqw
kdv vrph ghjuhh ri pdunhw srzhu1 Iru wkh xvxdo uhdvrqv/ rqh pljkw h{shfw
lpshuihfw frpshwlwlrq wr ohdg wr glvwruwlrqv lq wkh pdunhw dv hdfk djhqw wulhv
wr xvh klv pdunhw srzhu iru klv rzq dgydqwdjh1 Lq d PSH/ krzhyhu/ wklv
lv qrw wkh fdvh= wudgh pxvw frqwlqxh dv orqj dv wkhuh duh xqh{sorlwhg jdlqv
iurp wudgh/1 Lq wkh olplw/ doo jdlqv iurp wudgh duh h{kdxvwhg vr wkh �qdo
doorfdwlrq pxvw eh Sduhwr0h!flhqw1 Wklv uhvxow kdv dq reylrxv uhvhpeohqfh
wr wkh Frdvh Frqmhfwxuh +vhh Jxo/ Vrqqhqvfkhlq/ dqg Zlovrq +4<;9,,1

Hvwdeolvklqj h!flhqf| lv rqo| wkh �uvw vwhs/ doehlw dq lpsruwdqw rqh/ rq
wkh urdg wr d frpshwlwlyh olplw wkhruhp1 Wkhuh duh pdq| Sduhwr0h!flhqw

sdvw dfwlrqv ri lqglylgxdo djhqwv1
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doorfdwlrqv dqg/ lq d �qlwh hfrqrp|/ wkhuh lv qr uhdvrq zk| wkh olplwlqj
doorfdwlrq vkrxog eh d Zdoudv doorfdwlrq471 Odujh qxpehuv ri djhqwv duh
qhhghg wr jxdudqwhh wklv1 Wkh qh{w vwhs/ wkhq/ lv wr dqdo|}h wkh dv|pswrwlf
surshuwlhv ri PSH dv wkh qxpehu ri djhqwv lqfuhdvhv zlwkrxw erxqg1 Khuh
wkhuh lv d sureohp1 Vlqfh wkhuh lv qr uhdvrq wr h{shfw wkh PSH wr eh xqltxh
+Zdoudvldq htxloleuld duh qrw xqltxh dqg vr wkh PSH ri wkh pdunhw jdph
fdqqrw eh xqltxh hlwkhu,/ wkhuh lv dozd|v wkh srvvlelolw| wkdw d vpdoo ghyldwlrq
e| d vlqjoh djhqw pljkw wuljjhu d vzlwfk wr d yhu| gl�huhqw htxloleulxp ri
wkh frqwlqxdwlrq jdph1 Dv d uhvxow/ hyhq lq wkh olplw/ lqglylgxdo djhqwv
pd| kdyh qrq0qhjoljleoh pdunhw srzhu1 Lq idfw/ wr pdnh dq| surjuhvv lq
vxfk d jhqhudo vhwwlqj/ lw lv qhfhvvdu| wr lpsrvh d frqwlqxlw| dvvxpswlrq ri
wkh nlqg lqwurgxfhg lq wkh zrun ri Juhhq +4<;3/ 4<;7,1 Wkh dssursuldwh
frqwlqxlw| dvvxpswlrq khuh uhtxluhv wkdw d vpdoo fkdqjh lq d vlqjoh djhqw*v
vwudwhj| ohdgv wr xqlirupo| +dv ? $ 4, vpdoo fkdqjhv lq wkh dv|pswrwlf +dv
| $ 4, doorfdwlrq1 Xqghu wklv dvvxpswlrq/ rqh fdq vkrz wkdw dv|pswrwlf
+dv | $ 4, htxloleulxp rxwfrphv frqyhujh wr Zdoudvldq rxwfrphv dv wkh
qxpehu ri djhqwv ehfrphv xqerxqghgo| odujh1

Wkhvh uhvxowv dvvxph wkdw wkhuh lv qr glvfrxqwlqj dqg frqvxpswlrq wdnhv
sodfh diwhu wkh wkh jdph lv ryhu vr rqo| wkh dv|pswrwlf doorfdwlrq pdwwhuv wr
wkh lqglylgxdo djhqwv1 Wklv lv lq frqwudvw wr pxfk ri wkh olwhudwxuh rq GPEJ/
zkhuh glvfrxqwlqj kdv sod|hg dq lpsruwdqw uroh1 Uhfdoo wkdw lq Uxelqvwhlq
+4<;5,/ glvfrxqwlqj ri ixwxuh xwlolwlhv lv hvvhqwldo xqltxhqhvv ri wkh VSH1
Zlwkrxw glvfrxqwlqj/ wkh prgho froodsvhv wr d Qdvk ghpdqg jdph lq zklfk
dq| Sduhwr0h!flhqw glylvlrq lv d VSH rxwfrph1 Glvfrxqwlqj kdv ehhq xvhg wr
whvw wkh urexvwqhvv ri htxloleuld lq pdq| vhwwlqjv1 Lw lv dovr xvhg dv d zd| ri
uhsuhvhqwlqj wudqvdfwlrq frvwv1 Vhdufk dqg edujdlqlqj duh frvwo| ehfdxvh wkh
orqjhu wkh| frqwlqxh/ wkh pruh wkh sd|r�v duh glvfrxqwhg1 Vr dq lqwhuhvwlqj
h{whqvlrq ri wkh wkhru| vnhwfkhg deryh lv wr lqwurgxfh glvfrxqwlqj dqg vhh
zkhwkhu lw vljql�fdqwo| fkdqjhv wkh uhvxowv1

Glvfrxqwlqj lv irupdoo| htxlydohqw wr lqwurgxflqj d udqgrp vwrsslqj gdwh
iru wkh wudglqj surfhvv1 Vxssrvh wkdw dw hdfk gdwh wkhuh lv d suredelolw|
f 	 � 	 � wkdw wkh jdph frqwlqxhv iru rqh pruh shulrg/ jlyhq wkdw lw kdv
odvwhg xqwlo wkh suhvhqw gdwh1 Dv vrrq dv wkh wudglqj surfhvv hqgv/ djhqwv
frqvxph wkhlu fxuuhqw frpprglw| exqgoh1 Wkh suredelolw| wkdw wkh jdph

47Xqghu vwdqgdug frqyh{lw| frqglwlrqv/ li { lv d Sduhwr0h!flhqw doorfdwlrq wkhuh h{lvwv
d sulfh yhfwru s 9@ 3 vxfk wkdw/ iru hyhu| djhqw l/ s �{3

l
A s �{l li xl+{

3

l
, A xl+{l,1 Wr hqvxuh

wkdw { lv d Zdoudv doorfdwlrq/ l1h1/ wkdw +s> {, lv d frpshwlwlyh htxloleulxp/ zh qhhg exgjhw
edodqfh/ l1h1/ s � {l @ s � hl/ iru hyhu| djhqw l1
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vwrsv dw gdwh | lv jlyhq e| �|3�E� � ��/ wkdw lv/ wkh suredelolw| �|3� wkdw lw
frqwlqxhv dw wkh �uvw | � � shulrgv pxowlsolhg e| wkh suredelolw| �� � wkdw
lw vwrsv dw wkh |0wk shulrg1 Li wkh jdph vwrsv dw gdwh | wkh djhqw*v sd|r� lv
��E%�|�/ zkhuh %�| lv wkh frpprglw| exqgoh khog dw wkh hqg ri gdwh |1 Wr �qg
wkh h{shfwhg xwlolw| ri djhqw � zh vlpso| pxowlso| wkh suredelolw| ri vwrsslqj
dw gdwh | e| wkh xwlolw| li wkh jdph vwrsv dw gdwh | dqg vxp ryhu doo gdwhv
| ' �c 2c ��� wr jhw

E�� ��
"[
|'�

�|3���E%�|��

Khuh � sod|v wkh uroh ri d glvfrxqw idfwru1 Dv wkh ohqjwk ri d shulrg jhwv
ydqlvklqjo| vkruw/ zh dvvxph wkdw wkh suredelolw| ri wkh jdph frqwlqxlqj iru
rqh pruh shulrg frqyhujhv wr �/ wkdw lv/ wkh �glvfrxqw idfwru� � frqyhujhv wr
� mxvw dv lq wkh Uxelqvwhlq0Zrolqvn| prgho1

Lq d GPEJ/ dq djhqw*v htxloleulxp sd|r� fdq eh h{suhvvhg dv wkh vxp
ri d fxuuhqw + rz, sd|r� dqg wkh glvfrxqwhg ydoxh ri wkh sd|r� iurp wkh
frqwlqxdwlrq jdph1 Wkh frqglwlrqv iru dq rswlpdo vwudwhj| fdq eh h{suhvvhg
lq whupv ri d uhfxuvlyh htxdwlrq vlplodu wr Ehoopdq*v htxdwlrq lq g|qdplf
surjudpplqj1 Iurp wklv htxdwlrq lw lv srvvleoh wr vkrz wkdw wkh htxloleulxp
sd|r�v iru hdfk djhqw irup d judglhqw surfhvv1 Wklv doorzv rqh wr hvwdeolvk
wkdw wkh doorfdwlrq frqyhujhv wr dq dv|pswrwlf doorfdwlrq xqghu txlwh jhqhudo
frqglwlrqv1 Frqyhujhqfh lv fuxfldo ehfdxvh/ dv zh douhdg| kdyh vhhq/ wudgh
frqwlqxhv lq d PSH xqwlo doo jdlqv iurp wudgh kdyh ehhq h{kdxvwhg1 Xqghu
fhuwdlq uhjxodulw| dvvxpswlrqv wkh dv|pswrwlf htxloleulxp doorfdwlrq pxvw
eh Sduhwr0h!flhqw1

Lq d GPEJ zlwk glvfrxqwlqj/ lw lv lpsruwdqw wr glvwlqjxlvk ehwzhhq wkh
Sduhwr0h!flhqf| ri wkh dv|pswrwlf doorfdwlrq dqg wkh Sduhwr0h!flhqf| ri wkh
PSH1 Wkh suhvhqfh ri glvfrxqwlqj +udqgrp whuplqdwlrq, lpsolhv wkdw zlwk
suredelolw| rqh wkh jdphv hqgv dw vrph �qlwh gdwh |1 Wkh dv|pswrwlf doorfd0
wlrq lv uhdfkhg zlwk suredelolw| }hur dqg vr ehfrphv luuhohydqw wr wkh zhoiduh
surshuwlhv ri wkh htxloleulxp1 Hyhq li zh ohw wkh shulrg ohqjwk jhw ydqlvk0
lqjo| vpdoo/ vr wkdw wkh frqwlqxdwlrq suredelolw| � dssurdfkhv �/ zh fdqqrw
eh vxuh wkdw wkh htxloleulxp sd|r�v frqyhujh wr wkh xwlolw| ri wkh dv|pswrwlf
doorfdwlrq1 Wkh wurxeoh lv wkdw wkh htxloleulxp sdwk i%|j"|'� ghshqgv rq wkh
ydoxh ri �1 Dv � frqyhujhv wr �/ wkh udwh dw zklfk wkh vhtxhqfh i%|j"|'� frq0
yhujhv wr wkh dv|pswrwlf doorfdwlrq pd| ehfrph vorzhu dqg vorzhu/ vr wkdw
wkh suredelolw| ri hqglqj xs zlwk dq lqh!flhqw doorfdwlrq lq wkh vkruw uxq
uhpdlqv qrq0qhjoljleoh1
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Wr ghdo zlwk wklv fkdoohqjh/ zh qhhg wr vkrz wkdw wkh vhtxhqfh ri doorfd0
wlrqv i%|j"|'� frqyhujhv wr wkh dv|pswrwlf doorfdwlrq xqlirupo| txlfno| iru doo
ydoxhv ri �1 Wkh dujxphqw L xvh lv edvhg rq erxqghg udwlrqdolw| +pruh suh0
flvho|/ erxqghg frpsoh{lw| ri vwudwhjlhv, dqg vkrzv wkdw li frqyhujhqfh wr dq
h!flhqw doorfdwlrq rffxuv lw pxvw rffxu zlwklq d erxqghg qxpehu ri shulrgv/
vr wkdw dv wkh shulrg ohqjwk ehfrphv ydqlvklqjo| vkruw +wkh glvfrxqw udwh
frqyhujhv wr }hur,/ wkh wlph uhtxluhg wr uhdfk wkh h!flhqw olplwlqj doorfdwlrq
frqyhujhv wr }hur1 Lq wkh olplw/ dv wkh shulrg ohqjwk ehfrphv ydqlvklqjo|
vkruw/ dq h!flhqw doorfdwlrq lv uhdfkhg zlwk suredelolw| rqh1

Wr vxp xs wkh vwru| vr idu/ wkh wkhru| ghyhorshg lq Fkdswhu 4 dfklhyhv
wkuhh wklqjv=

� Lw vkrzv wkdw lw lv srvvleoh wr h{whqg wkh wkhru| ri frpshwlwlyh pdunhwv
wr dsso| wr odujh exw �qlwh pdunhwv1

� Lq dgglwlrq/ e| vhsdudwlqj wkh frqglwlrqv qhhghg iru h!flhqf| dqg iru
exgjhw edodqfh/ zh jdlq ixuwkhu lqvljkw lqwr wkh urexvwqhvv ru jhqhudolw|
ri wkh wzr surshuwlhv1

� Ilqdoo|/ qrwh wkdw dw hdfk vwhs/ h{wud dvvxpswlrqv +wkh Pdunry surs0
huw|/ frqwlqxlw|/ erxqghg udwlrqdolw|, duh qhhghg1

Wklv odvw srlqw lv/ lq vrph zd|v/ wkh prvw lqwhuhvwlqj1 Lw vxjjhvwv wkdw
d wkhru| ri frpshwlwlrq fdqqrw eh edvhg rq wkh htxloleulxp surshuwlhv ri
wkh GPEJ dorqh1 Lq dgglwlrq/ zh qhhg dvvxpswlrqv derxw pdunhwv/ olnh
dqrq|plw| dqg frqwlqxlw| +vpdoo djhqwv kdyh vpdoo h�hfwv,/ wkdw fdqqrw eh
ghulyhg iurp wkh dqdo|vlv ri Qdvk htxloleulxp1

Li wkhvh dgglwlrqdo dvvxpswlrqv uhdoo| duh qhfhvvdu|/ wkh| qhhg wr eh mxv0
wl�hg1 Wklv lv wkh vxemhfw pdwwhu ri Fkdswhu 51

31915 Dqrq|plw|/ frqwlqxlw|/ dqg wkh Pdunry dvvxps0
wlrq

Dv wkh qxpehu ri djhqwv jurzv zlwkrxw erxqg/ lw pd| eh qdwxudo wr h{shfw
wkdw wkh vwudwhj| ri d vlqjoh djhqw vkrxog qrw pdwwhu wr wkh sod| ri wkh
jdph1 Dv zh kdyh vhhq/ wklv lv qrw d sulqflsoh ri jdph wkhru|= hyhq zkhq
wkh qxpehu ri sod|huv ehfrphv yhu| odujh/ wkh dfwlrqv ri d vlqjoh djhqw/
krzhyhu lqvljql�fdqw/ fdq wuljjhu d fkdqjh lq wkh ehkdylru ri d odujh qxpehu
ri wkh rwkhu sod|huv/ wkxv pdnlqj d elj gl�huhqfh wr wkh sod| ri wkh jdph1
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Vwloo/ lw vhhpv wkdw wklv lv qrw krz pdunhwv zrun1 Xqohvv wkhuh lv vrphwklqj
vshfldo derxw d glvwlqjxlvkhg djhqw/ iru h{dpsoh/ xqohvv kh kdv vrph sulydwh
lqirupdwlrq wkdw lv vljql�fdqw iru d odujh qxpehu ri djhqwv/ lw mxvw grhv qrw
vhhp uljkw wkdw wklv djhqw*v dfwlrqv vkrxog pdwwhu doo wkdw pxfk1

Sduw ri wkh frqyhqwlrqdo zlvgrp derxw pdunhwv lv wkdw wkh| duh dqrq|0
prxv phfkdqlvpv1 Dv Kd|hn +4<78, srlqwhg rxw/ rqh ri wkh zrqghuixo wklqjv
derxw pdunhwv lv wkh idfw wkdw wkh| hfrqrpl}h rq lqirupdwlrq1 Sulfhv duh doo
wkdw zh qhhg wr nqrz lq rughu wr wdnh wkh uljkw ghflvlrqv1 Lw grhv qrw pdw0
whu zkr wudghv zkdw> sulfhv duh ghwhuplqhg e| wkh djjuhjdwh ri wkh djhqwv*
ghpdqgv dqg vxssolhv1 Vr/ li d vlqjoh djhqw fkdqjhv klv ghpdqg e| d vpdoo
dprxqw/ wkdw vkrxog kdyh rqo| d vpdoo h�hfw rq sulfhv1 Vlploduo|/ lghqwl0
wlhv vkrxog qrw pdwwhu1 Hyhu|rqh kdv wkh vdph wudglqj rssruwxqlwlhv dqg
hyhu|rqh vkrxog eh deoh wr h{hfxwh wkh vdph wudgh dw wkh vdph sulfh1

Zkloh wklv nlqg ri uhdvrqlqj vrxqgv sodxvleoh/ lw lv kdug wr ghprqvwudwh
wkdw pdunhwv kdyh wkhvh surshuwlhv lq d vwudwhjlf frqwh{w1 Kdylqj dffhswhg
wkh phwkrgrorjlfdo uxohv ri jdph wkhru|/ zh duh qrw lq d srvlwlrq wr dedqgrq
wkhp zkhq wkh| pdnh wkh dqdo|vlv gl!fxow1 Li dqrq|plw| dqg frqwlqxlw|
duh surshuwlhv ri frpshwlwlyh pdunhwv/ zh vkrxog eh deoh wr �qg dvvxpswlrqv
derxw wkh vwuxfwxuh ri wkh GPEJ wkdw ohdg wr frqwlqxrxv dqg dqrq|prxv
htxloleuld1 Rwkhuzlvh/ zh duh ohiw folqjlqj wr wkh srvlwlrq wkdw wkhuh h{lvw
hfrqrplf sulqflsohv wkdw fdqqrw eh ghgxfhg iurp jdph0wkhruhwlf uhdvrqlqj1
Wklv lv d elw olnh vd|lqj wkdw wkhuh h{lvw hfrqrplf sulqflsohv wkdw fdqqrw eh
ghgxfhg iurp udwlrqdolw| srvwxodwhv/ zklfk lv qrw d srvlwlrq prvw hfrqrplvwv
zrxog vxssruw1 Wkh srvvlelolw| ri ghprqvwudwlqj frqwlqxlw| dqg dqrq|plw|
iurp �uvw sulqflsohv lv dq lpsruwdqw lvvxh iru wkh vwudwhjlf irxqgdwlrqv ri
frpshwlwlyh htxloleulxp1

Wkh Pdunry dvvxpswlrq hvvhqwldoo| vd|v wkdw rqo| wkh fxuuhqw vwdwh ri
wkh hfrqrp| pdwwhuv dqg qrw wkh klvwru| ri wkh jdph1 Wkhuh duh wzr zd|v
wr uhod{ wklv dvvxpswlrq1 Iru wkh h!flhqf| uhvxowv/ lw wxuqv rxw wkdw rqo|
fhuwdlq nlqgv ri lqirupdwlrq kdyh wr eh h{foxghg iurp phpru|/ hvvhqwldoo|/
uhmhfwhg r�huv1 Iru wkh frpshwlwlyh olplw uhvxow/ wkh vwdwh fdq eh gh�qhg yhu|
eurdgo| dqg fdq eh h{sdqghg wr lqfoxgh vrph hohphqwv ri klvwru|1 Zkdw lv
fuxfldo lv wkdw wkh sod| ri wkh jdph vkrxog uhvsrqg frqwlqxrxvo| wr wkh vwdwh
ri wkh jdph dqg wkdw wkh vwdwh vkrxog uhvsrqg frqwlqxrxvo| wr wkh dfwlrqv ri
lqglylgxdo djhqwv1 Wkhvh dvvxpswlrqv vhhp uhdvrqdeoh exw wkh| gr qrw iroorz
vwulfwo| iurp wkh gh�qlwlrq ri htxloleulxp1 Krzhyhu/ wkh| fdq eh mxvwl�hg
lq whupv ri lqirupdwlrqdo olplwdwlrqv1 Htxloleuld lq zklfk d qrq0qhjoljleoh
qxpehu ri djhqwv uhpdlq slyrwdo dv wkh wrwdo qxpehu ri djhqwv jurzv zlwkrxw
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erxqg duh qrw urexvw1 Wkh| uhtxluh djhqwv wr kdyh d juhdw ghdo ri lqirupdwlrq
derxw zkdw lv jrlqj rq lq wkh hfrqrp|1 Olplwhg frppxqlfdwlrq/ erxqghg
udwlrqdolw| +olplwhg frpsxwdwlrqdo delolw|,/ ru olplwhg phpru| fdq doo eh xvhg
wr mxvwli| wkh Pdunry dvvxpswlrq1

Rqh zd| ri irupdol}h wkh surshuw| wkdw djhqwv duh qrw slyrwdo lq wkh olplw
lv e| lqwurgxflqj olplwhg uhfdoo1 Dv lv zhoo nqrzq/ uhshdwhg jdphv kdyh d
odujh qxpehu ri htxloleuld vxssruwhg e| ydulrxv irupv ri wuljjhu vwudwhjlhv1
Li d sod|hu ghyldwhv iurp wkh htxloleulxp sdwk lq rqh ri wkhvh jdphv/ kh lv
sxqlvkhg lq wkh ixwxuh sod| ri wkh jdph e| wkh uhvsrqvh ri wkh rwkhu sod|huv1
Li dq djhqw*v dfwlrqv duh klgghq iurp rwkhu sod|huv/ lw ehfrphv lpsrvvleoh wr
vxssruw vr pdq| htxloleuld1 Xqiruwxqdwho|/ dq djhqw*v dfwlrqv duh olnho| wr
ohdg wr vrph revhuydeoh h�hfw/ rq sd|r�v iru h{dpsoh/ dqg wklv pd| doorz
iru sxqlvkphqw vwudwhjlhv hyhq li dfwlrqv duh qrw gluhfwo| revhuydeoh1 Lq dq|
fdvh/ lqwurgxflqj dv|pphwulf lqirupdwlrq ohdgv wr lqwudfwdeoh frpsolfdwlrqv
ri lwv rzq1

Dq dowhuqdwlyh vwudwhj| lv wr olplw doo djhqwv* delolw| wr uhfdoo wkh sdvw
dqg/ khqfh/ wkhlu delolw| wr frqglwlrq ixwxuh ehkdylru rq wkh klvwru| ri wkh
jdph1 Pruh suhflvho|/ zh wdnh d uhshdwhg jdph dqg wxuq lw lqwr d ghjhqhudwh
w|sh ri vwrfkdvwlf jdph e| lqwurgxflqj d vhw 7 ri vwdwhv ri wkh jdph1 Wkhuh
lv d wudqvlwlrq suredelolw| wkdw pdsv wkh fxuuhqw vwdwh ri wkh jdph dqg wkh
fxuuhqw dfwlrqv ri wkh sod|huv lqwr wkh qh{w shulrg*v vwdwh1 Wkh vwudwhjlhv
ri wkh djhqwv ghshqg rqo| rq wkh fxuuhqw vwdwh ri wkh jdph dqg qrw rq wkh
klvwru| ri wkh jdph shu vh1 Vr wkh vwdwh ri wkh jdph vhuyhv dv d vxppdu|
ri wkh sdvw sod| dqg wkh fxuuhqw sod| ghshqgv rqo| rq wklv vxppdu|/ qrw rq
wkh hqwluh klvwru|1 Lw lv lpsruwdqw wr qrwh wkdw wkh vwdwh grhv qrw d�hfw wkh
sd|r�v gluhfwo|1 Lw vhuyhv rqo| wr frqglwlrq vwudwhjlhv1 Lq wklv vhqvh/ wkh vwdwh
lv dq h{wudqhrxv yduldeoh/ olnh d �vxqvsrw�1 Wkh vwdwh hyroyhv lq uhvsrqvh wr
wkh sod| ri wkh jdph dqg/ lq hdfk shulrg/ wkh sod|huv* vwudwhjlhv duh ixqfwlrqv
rqo| ri wkh vwdwh ri wkh jdph1 Wklv uhfrq�jxudwlrq ri d uhshdwhg jdph lv
qrw e| lwvhoi uhvwulfwlyh1 Lw phuho| surylghv d iudphzrun lq zklfk lw lv hdv|
wr vshfli| d fulwhulrq ri urexvwqhvv1 Vshfl�fdoo|/ L lqwurgxfh vrph qrlvh lqwr
wkh hyroxwlrq ri wkh vwdwh wr wdnh dffrxqw ri wkh idfw wkdw uhfdoo lv lpshuihfw
dqg wkdw vpdoo fkdqjhv lq wkh sod| ri wkh jdph duh olnho| wr eh ryhuorrnhg1
Xqghu uhodwlyho| plog uhjxodulw| dvvxpswlrqv/ lw lv srvvleoh wr vkrz wkdw/ lq
wkh olplw/ dv wkh qxpehu ri sod|huv jurzv zlwkrxw erxqg/ wkh jdph ehfrphv
dqrq|prxv1 Wkdw lv/ hdfk sod|hu frphv wr kdyh qhjoljleoh lq xhqfh rq wkh
hyroxwlrq ri wkh sod| ri wkh jdph1 Wklv kdv wkh dgglwlrqdo frqvhtxhqfh wkdw
lq fkrrvlqj dq rswlpdo vwudwhj| dw hdfk gdwh d sod|hu lv qrw lq xhqfhg e| wkh
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ihdu wkdw klv fkrlfh pljkw wuljjhu vrph nlqg ri uhwdoldwlrq1 Wklv lv qrw txlwh
wkh vdph wklqj dv vd|lqj wkdw hdfk djhqw dgrswv d Pdunry vwudwhj|1 Lq idfw/
lw lv srvvleoh wkdw wkh htxloleulxp sod| ri wkh jdph zloo eh qrq0Pdunry/ exw
wr wkh h{whqw wkdw wklv lv wuxh/ lw lv ehfdxvh wkh htxloleuld ri wklv jdph pd|
eh fruuhodwhg lq wkh vhqvh ri Dxpdqq +4<:7/ 4<;:, dqg qrw ehfdxvh wkhuh duh
wuljjhu vwudwhjlhv lq wkh frqyhqwlrqdo vhqvh1 Dowkrxjk vwudwhjlhv pd| ghshqg
rq wkh sdvw/ wkh| ghshqg rq wkh djjuhjdwh sdvw dqg qrw rq wkh sdvw sod| ri
dq| lqglylgxdo1

Wkh fuxfldo idfw lv wkdw olplwhg uhfdoo lq d odujh jdph doorzv djhqwv wr
ljqruh wkh srvvlelolw| ri sxqlvkphqw lq wkh vdph zd| wkdw Pdunry ru php0
ru|ohvv vwudwhjlhv doorz wkhp wr ljqruh wkh srvvlelolw| ri sxqlvkphqw1

Iru wkh vdph uhdvrq/ ehfdxvh vwudwhjlhv ghshqg rq wkh djjuhjdwh klvwru|
dqg qrw rq lqglylgxdo klvwrulhv/ wkh h�hfw ri dq lqglylgxdo djhqw lv vpdoo/ hq0
vxulqj frqwlqxlw| lq wkh olplw dv wkh qxpehu ri djhqwv ehfrphv xqerxqghgo|
odujh1

Lq wklv zd|/ rqh fdq dujxh wkdw wkh dgglwlrqdo surshuwlhv uhtxluhg wr
pdnh pdunhwv shuihfwo| frpshwlwlyh duh/ lq idfw/ surshuwlhv ri urexvw vwudwhjlf
htxloleuld1

31916 Htxloleulxp dqg glvhtxloleulxp

D gl�huhqw nlqg ri txhvwlrq uhodwhv wr wkh yhu| qrwlrq ri htxloleulxp1 Zk| gr
zh dvvxph wkdw hfrqrplf v|vwhpv duh lq htxloleulxp dw dooB Lw lv vrphwlphv
dujxhg wkdw zlwkrxw dq h{sodqdwlrq ri krz wkh hfrqrp| jhwv �lqwr� d vwdwh
ri htxloleulxp/ htxloleulxp wkhru| lv hpsw|1 Lq rwkhu zrugv/ zh qhhg d wkhru|
ri glvhtxloleulxp wr mxvwli| wkh xvh ri htxloleulxp phwkrgv ri dqdo|vlv1

Ryhu wkh |hduv/ wkhuh kdyh ehhq qxphurxv dwwhpswv wr h{sodlq wkh glv0
htxloleulxp ehkdylru ri wkh hfrqrp| dqg/ lq sduwlfxodu/ wr vkrz wkdw dq
hfrqrp| lq glvhtxloleulxp zloo hyhqwxdoo| dssurdfk d vwdwh ri htxloleulxp1
Dw rqh wlph/ wkh qrwlrq ri hfrqrplf htxloleulxp zdv frqvlghuhg dqdorjrxv
wr wkh �vwdwh ri uhvw� ri d sk|vlfdo ru phfkdqlfdo v|vwhp1 Wklv vxjjhvwv dq
dqdorj| zlwk vwdwlfv dqg g|qdplfv lq fodvvlfdo phfkdqlfv/ zkhuh vwdwlfv duh
frqfhuqhg zlwk wkh ghwhuplqdwlrq ri vwdwhv ri uhvw dqg g|qdplfv duh frq0
fhuqhg zlwk wkh surfhvvhv wkdw ohdg wr vwdwhv ri uhvw1 Li htxloleulxp lv d vwdwh
ri uhvw/ wkhq wkhuh rxjkw wr eh d g|qdplf wkhru| wkdw dffrxqwv iru krz wkh
v|vwhp lv gudzq wr d vwdwh ri uhvw ru htxloleulxp1

Wkh Zdoudvldq wkhru| ri wkh wåwrqqhphqw +Zdoudv +4<87,,/ Hgjhzruwk*v
qrwlrq ri uhfrqwudfwlqj +Hgjhzruwk +4;;4,,/ dqg wkh Pduvkdooldq g|qdplfv ri
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vxsso| sulfh dqg ghpdqg sulfh +Pduvkdoo +4<5:,, duh h{dpsohv ri wklv nlqg ri
g|qdplf dqdo|vlv1 Lq wkh qlqhwhhq0�iwlhv dqg qlqhwhhq0vl{wlhv/ wkhuh juhz xs
d odujh olwhudwxuh rq wkh vwdelolw| ri htxloleulxp/ lqfoxglqj erwk wåwrqqhphqw
dqg qrq0wåwrqqhphqw surfhvvhv +vhh Duurz dqg Kdkq +4<:4, iru d vxuyh|,1
Lq wkh odvw wkluw| |hduv/ wklv vruw ri dqdo|vlv vhhpv wr kdyh idoohq rxw ri idyru/
pdlqo| ehfdxvh wkh vshfl�fdwlrq ri wkhvh surfhvvhv lv odujho| dg krf/ wkdw lv/
qrw edvhg rq sulqflsohv ri udwlrqdo ehkdylru1

Lqvwhdg/ htxloleulxp g|qdplfv kdv frph wr grplqdwh hfrqrplf wkhru|1
Vhh Vwrnh|/ Oxfdv/ dqg Suhvfrww +4<;<, iru d jrrg h{dpsoh ri krz wklv nlqg
ri wkhru| kdv pdwxuhg1 Wkhuh duh sohqw| ri g|qdplf prghov/ exw wkh| duh
prghov wkdw duh dozd|v lq htxloleulxp1 Wkh g|qdplfv wkh| sruwud| lv wkh
hyroxwlrq ru xqiroglqj ri dq htxloleulxp/ udwkhu wkdq d surfhvv ohdglqj wr
htxloleulxp1

Wkhuh lv vrphwklqj vhoi0ghihdwlqj derxw wkh uhmhfwlrq ri dq dgmxvwphqw
surfhvv ehfdxvh lw lv qrw edvhg rq udwlrqdo ehkdylru1 Udwlrqdo ehkdylru suh0
vxssrvhv d nlqg ri htxloleulxp/ dw ohdvw/ dq htxloleulxp ri wkh djhqw*v ehkdy0
lru/ vr lw vhhpv d elw pxfk wr uhtxluh d glvhtxloleulxp wkhru| wr eh edvhg rq
udwlrqdo ehkdylru1 Wdnlqj wklv dujxphqw wr lwv orjlfdo frqfoxvlrq/ zh zrxog
kdyh wr jlyh xs wkh vhdufk iru glvhtxloleulxp wkhru| dowrjhwkhu1 Wklv nlqg
ri dujxphqw zdv pdgh txlwh frqylqflqjo| e| Kdkq +4<:7> uhsulqwhg 4<;7,/
zkhq kh ghvfulehg htxloleulxp ehkdylru dv pxwxdoo| frqvlvwhqw dqg rswlpdo
ehkdylru e| d jurxs ri djhqwv1 Wklv qrwlrq ri htxloleulxp dssolhv wr dq|
vlwxdwlrq lq zklfk udwlrqdo ehkdylru lv vlpxowdqhrxvo| dqg frqvlvwhqwo| h{0
klelwhg e| doo hfrqrplf djhqwv/ qrw mxvw wr d vlwxdwlrq ri uhvw1 Lw h�hfwlyho|
glvtxdol�hv glvhtxloleulxp ehkdylru e| uhixvlqj wr dgplw wkdw lw lv hfrqrplf
ehkdylru lq dq| dffhswdeoh vhqvh1

Lq wkh qlqhwhhq0hljkwlhv/ jdph wkhrulvwv ehjdq wr ihho wkh qhhg wr h{sodlq
ru mxvwli| wkh xvh ri wkh Qdvk htxloleulxp dqg lwv ydulrxv uh�qhphqwv1 Wklv
xujh pd| kdyh ehhq lqvsluhg sduwo| e| wkh vdph txhvwlrq wkdw ohg wr wkh
dqdo|vlv ri dg krf dgmxvwphqw surfhvvhv lq prghov ri pdunhw htxloleulxp=
krz gr wkh sod|huv jhw wr htxloleulxpB Lw zdv dovr lqvsluhg sduwo| e| wkh
ydvw qxpehuv ri htxloleuld irxqg lq pdq| zhoo nqrzq jdphv/ zklfk pdgh wkh
suhglfwlyh srzhu ri jdph0wkhruhwlf dqdo|vlv udwkhu zhdn1 Wkh krsh zdv wkdw
g|qdplf dqdo|vlv pljkw eh deoh wr glvfulplqdwh dprqj htxloleuld lq d zd|
wkdw uh�qhphqwv ri htxloleulxp kdg idlohg wr gr +vhh/ iru h{dpsoh/ Ndqgrul/
Pdlodwk dqg Ure +4<<6, dqg \rxqj +4<<6,,1

Wkh dwwhpsw wr vkrz krz htxloleulxp lv duulyhg dw kdv wdnhq wzr sdwkv1
Rqh lq edvhg rq dg krf wkhrulhv ri ohduqlqj ru dgdswdwlrq/ lq zklfk d �{hg



3191 RSHQ TXHVWLRQV 64

vhw ri sod|huv sod| d jdph uhshdwhgo| dqg judgxdoo| dgmxvw wkhlu vwudwhjlhv lq
uhvsrqvh wr h{shulhqfh1 Dq rog h{dpsoh ri wklv nlqg ri dqdo|vlv lv wkh zhoo
nqrzq prgho ri �fwlwlrxv sod|1 Lq wklv prgho/ d rqh0vkrw jdph lv lq�qlwho| uh0
shdwhg1 Hdfk sod|hu lv hqgrzhg zlwk eholhiv derxw wkh pl{hg vwudwhjlhv ri klv
rssrqhqwv dqg fkrrvhv d p|rslf ehvw uhvsrqvh wr wkhvh eholhiv dw hdfk gdwh1
Wkh sod|huv* eholhiv duh dvvxphg wr eh wkh vdph dv wkh uhodwlyh iuhtxhqflhv
zlwk zklfk vwudwhjlhv zhuh dgrswhg lq wkh sdvw1 Xqghu fhuwdlq frqglwlrqv/ wklv
surfhvv fdq eh vkrzq wr frqyhujh wr d Qdvk htxloleulxp ri wkh vwdjh jdph1
Wkhuh duh qxphurxv yduldwlrqv rq wklv wkhph1 +Iru d prghuq h{dpsoh/ vhh
Ixghqehuj dqg Nuhsv +4<<;,,1

Dqrwkhu vwuhdp ri uhvhdufk frphv iurp hyroxwlrqdu| jdph wkhru| +Zhlexoo
+4<<8,,1 Ruljlqdoo|/ wklv eudqfk ri jdph wkhru| zdv frqfhuqhg zlwk wkh
hyroxwlrq ri dqlpdo vshflhv/ exw lw kdv ehhq dgdswhg e| hfrqrplvwv wr wkh
kxpdq frqglwlrq1 W|slfdoo|/ wkhuh lv d odujh srsxodwlrq ri dxwrpdwd/ hdfk ri
zkrp lv surjudphg wr sod| d vlqjoh vwudwhj|1 Sdluv ri dxwrpdwd duh vhohfwhg
dw udqgrp iurp wkh srsxodwlrq dqg sod| d wzr0shuvrq jdph zlwk wkhlu suh0
surjudpphg vwudwhjlhv1 Wkhq wkh qxpehu ri dxwrpdwd xvlqj hdfk vwudwhj|
lv fkdqjhg wr uh hfw wkh uhodwlyh vxffhvv ri wkdw vwudwhj|1 Lq rwkhu zrugv/ wkh
qxpehu ri sod|huv xvlqj d vxffhvvixo vwudwhj| zloo lqfuhdvh> wkh qxpehu xvlqj
dq xqvxffhvvixo vwudwhj| zloo lqfuhdvh ohvv udslgo| ru zloo ghfuhdvh1 Gl�huhqw
dgmxvwphqw uxohv jlyh ulvh wr gl�huhqw g|qdplfv1 Djdlq/ wkhuh duh pdq|
yduldwlrqv rq wklv wkhph1

Wklv nlqg ri dqdo|vlv lv vxemhfw wr wkh vdph fulwlflvp dv wkh glvhtxlole0
ulxp wkhru| edvhg rq prghov ri pdunhw dgmxvwphqw surfhvvhv= lw lv qrw vrolgo|
edvhg rq udwlrqdo ehkdylru1 Rq wkh rwkhu kdqg/ wkh fdfkhw ri hyroxwlrqdu|
wkhru| dqg zlghvsuhdg lqwhuhvw lq ohduqlqj dojrulwkpv dqg duwl�fldo lqwho0
oljhqfh doorzv sudfwlwlrqhuv wr fodlp/ zlwk vrph ohjlwlpdf|/ wkdw wkh| duh
hqjdjhg lq d gl�huhqw nlqg ri xqghuwdnlqj/ rqh wkdw kdv d ydolglw| jurxqghg
lq elrorj| dqg frpsxwhu vflhqfh/ zkdwhyhu hfrqrplvwv wklqn ri lw1 Ixuwkhu0
pruh/ wkh fkdujh ri dg krfhu| lv qrw uhdoo| ydolg dv orqj dv vrph sulqflsohv
duh ehlqj xvhg frqvlvwhqwo|1 Li rqh dffhswv wklv srlqw ri ylhz/ wkhq lw ds0
shduv wkdw wklv nlqg ri dqdo|vlv surylghv d +qrq0hfrqrplf, irxqgdwlrq iru
+hfrqrplf, htxloleulxp wkhru|/ e| vkrzlqj wkdw hfrqrplf htxloleulxp lv wkh
rxwfrph ri dq hyroxwlrqdu| ru dgdswlyh surfhvv1

Lq wkh wklug ohfwxuh +Fkdswhu 6,/ L ghyhors d qrq0pd{lpl}lqj ru glvhtxl0
oleulxp prgho ri dgdswdwlrq lq d pdunhw frqwh{w1 Lqvwhdg ri pd{lpl}lqj
h{shfwhg xwlolw|/ wkh ehkdylru ri wkh djhqwv lq wkh pdunhw lv fkdudfwhul}hg
e| uxohv ri wkxpe1 Wkhvh ehkdylrudo uxohv wkhq gh�qh d vwrfkdvwlf surfhvv/
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zkrvh frqyhujhqfh ru qrq0frqyhujhqfh wr d pdunhw htxloleulxp lv dqdo|}hg1
Wklv dqdo|vlv fdq eh xvhg erwk wr vkrz wkdw pdunhw htxloleulxp grhv qrw
pdnh xquhdvrqdeoh ghpdqgv rq wkh udwlrqdolw| ri wkh djhqwv/ ehfdxvh hyhq
erxqghgo| udwlrqdo djhqwv fdq �ohduq� wr sod| htxloleulxp vwudwhjlhv1 Lw fdq
dovr eh xvhg wr surylgh lqvljkwv lqwr wkh g|qdplfv ri pdunhwv zlwkrxw dvvxp0
lqj wkdw htxloleulxp kdv ehhq uhdfkhg +|hw,1

31917 Sduwldo Htxloleulxp/ Jhqhudo Htxloleulxp/ dqg
wkh Frruglqdwlrq Sureohp

Doiuhg Pduvkdoo/ wkh irxqghu ri wkh Fdpeulgjh vfkrro ri hfrqrplfv/ kdg d
yhu| sudfwlfdo dssurdfk wr wkh vwxg| ri hfrqrplfv1 Lq klv idprxv Sulqflsohv
ri Hfrqrplfv +Pduvkdoo +4<53,, kh gh�qhg hfrqrplfv wr eh �wkh vwxg| ri
wkh ehkdylru ri phq dqg zrphq lq wkh hyhu|gd| exvlqhvv ri olih�/ d grzq0
wr0hduwk gh�qlwlrq wkdw uh hfwhg Pduvkdoo*v krsh wkdw hfrqrplfv zrxog eh d
glvflsolqh wkdw zrxog lpsuryh wkh orw ri ruglqdu| phq dqg zrphq1 Lw lv qrw
vxusulvlqj wkhq wkdw Pduvkdoo lv pdlqo| dvvrfldwhg zlwk sduwldo htxloleulxp
dqdo|vlv/ wkdw dpdojdp ri kdqg| vkruw fxwv wkdw doorzv hfrqrplvwv wr lvrodwh
sduwlfxodu skhqrphqd dqg vwxg| wkhp rq wkh edfn ri d yluwxdo hqyhorsh/
ljqrulqj wkh idfw wkdw dq hfrqrp| lv d frpsoh{ v|vwhp lq zklfk �hyhu|wklqj
d�hfwv dqg lv d�hfwhg e| hyhu|wklqj hovh�1 Lw pd| qrw eh sxuh/ exw lw lv yhu|
sudfwlfdo1

Wkh irxqghu ri wkh Odxvdqqh vfkrro/ rq wkh rwkhu kdqg/ zdv d pdq ri d
gl�huhqw lqwhoohfwxdo whpshudphqw1 Ohrq Zdoudv hylghqwo| oryhg wkh v|vwhp0
dwlf hohphqw ri hfrqrplfv dqg klv juhdw zrun Hohphqwv ri Sxuh Hfrqrplfv
+Zdoudv +4<87,,lv ghyrwhg wr hoderudwlqj dq hohjdqw wkhru| ri jhqhudo htxl0
oleulxp lq zklfk wkh lqwhudfwlrqv ri lqglylgxdo djhqwv dqg lqglylgxdo pdunhwv
wkurxjkrxw wkh hfrqrp| duh djjuhjdwhg wr surylgh d suhflvh dffrxqw ri wkh
htxloleulxp ri wkh hqwluh hfrqrp|1 Lw pd| qrw eh sudfwlfdo/ exw lw lv yhu|
sxuh1

Dq hfrqrplf wkhrulvw wrgd| lv yhu| jodg wr kdyh wkh whfkqltxhv ri erwk
sduwldo htxloleulxp dqdo|vlv dqg jhqhudo htxloleulxp dqdo|vlv lq klv wrronlw1
Rqh fdqqrw lpdjlqh grlqj lqwhuqdwlrqdo hfrqrplfv ru pdfurhfrqrplfv zlwk0
rxw d jhqhudo htxloleulxp iudphzrun/ dq| pruh wkdq rqh frxog lpdjlqh lqgxv0
wuldo rujdql}dwlrq wkhru| zlwkrxw sduwldo htxloleulxp dqdo|vlv1 Lw lv shukdsv
uhjuhwwdeoh wkrxjk wkdw zh kdyh frph wr wklqn ri wkhvh wzr yhu| xvhixo irupv
ri hfrqrplf dqdo|vlv dv vhsdudwh dqg glvwlqfw/ udwkhu wkdq dv gl�huhqw dvshfwv
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ri d vlqjoh wkhru|1
Lq wkhvh ohfwxuhv/ L kdyh ehhq wdonlqj derxw wkh irxqgdwlrqv ri wkh wkhru|

ri pdunhw htxloleulxp1 Wkh wkhru| wkdw kdv ehhq ghyhorshg vrphwlphv pdnhv
xvh ri d sduwldo htxloleulxp +Pduvkdooldq, iudphzrun/ dqg vrphwlphv d jhq0
hudo htxloleulxp +Zdoudvldq, iudphzrun1 Wkh fkrlfh lv pdgh iru vlpsolflw|
+ru h{shglhqf|,/ exw lw lv wkh vdph wkhru| wkdw lv ehlqj ghyhorshg lq hlwkhu
fdvh1 Wklv vrxqgv olnh d jrrg wklqj/ wr wkh h{whqw wkdw lw dsshduv wr xqli| wkh
wzr dvshfwv ri wkh hfrqrplf dqdo|vlv ri htxloleulxp1 Dw wkh vdph wlph/ wkhuh
lv vrphwklqj d elw zruu|lqj derxw lw1 Htxloleulxp lq d vlqjoh pdunhw lv qrw
wkh vdph wklqj dv htxloleulxp lq d ydvw v|vwhp ri pdunhwv1 Wkh exvlqhvv ri
uhdfklqj dq htxloleulxp wkurxjkrxw wkh hqwluh hfrqrp| lv pxfk pruh frp0
soh{ wkdq wkh surfhvv ri uhdfklqj htxloleulxp lq d vlqjoh pdunhw/ kroglqj wkh
uhvw ri wkh hfrqrp| vwhdg|1 Dqg |hw iru pxfk ri wkhvh ohfwxuhv L dp jrlqj wr
suhwhqg wkdw wkh| duh pruh ru ohvv wkh vdph wklqj1 Lq rwkhu zrugv/ wkdw wkh
Zdoudvldq iudphzrun lv mxvw d pxowl0glphqvlrqdo yhuvlrq ri wkh Pduvkdooldq
iudphzrun1 Irupdoo|/ wkhuh lv qrwklqj wr suhyhqw ph iurp grlqj vr1 Exw
hfrqrplf lqwxlwlrq vxjjhvwv wkdw wklv fdqqrw eh wkh zkroh vwru| dqg/ dw wkh
hqg/ L vkdoo zdqw wr uhwxuq wr wklv lvvxh lq vrph ghwdlo dqg txhvwlrq zkhwkhu
wkh lghdv h{soruhg khuh duh uhdoo| d vdwlvidfwru| dffrxqw ri wkh irxqgdwlrqv
ri jhqhudo htxloleulxp1 Wklv zloo ohdg wr d uh0frqvlghudwlrq ri wkh zrun ri
dqrwkhu juhdw Fdpeulgjh hfrqrplvw/ Mrkq Pd|qdug Nh|qhv1



Fkdswhu 4

Shuihfw Frpshwlwlrq

414 Lqwurgxfwlrq

Wkh remhfwlyh ri wklv fkdswhu lv wr surylgh d frpsohwh dqg suhflvh ghvfulswlrq
ri shuihfw frpshwlwlrq dv wkh htxloleulxp ri d qrq0frrshudwlyh jdph zlwk d
odujh exw �qlwh qxpehuv ri sod|huv1

Iru uhdvrqv ri wudfwdelolw|/ doo wkh dqdo|vlv wdnhv sodfh zlwklq wkh iudph0
zrun ri d vwdwlf sxuh h{fkdqjh hfrqrp|1 Ljqrulqj surgxfwlrq lv d idluo|
gudvwlf vlpsol�fdwlrq1 Wkh mxvwl�fdwlrq lv wkdw lw doorzv xv wr irfxv rq sulfh
irupdwlrq dqg h{fkdqjh zlwkrxw xqqhfhvvdu| frpsolfdwlrqv1 Wr lqfoxgh sur0
gxfwlrq/ rqh zrxog kdyh wr dqvzhu d qxpehu ri dznzdug txhvwlrqv1 Zkdw lv
wkh remhfwlyh ixqfwlrq ri wkh �upB Zkhq dqg krz gr krxvhkrogv uhfhlyh lq0
frph iurp �upvB Zkdw lv wkh wlplqj ri lqsxwv dqg rxwsxwv zkhq surgxfwlrq
sodqv kdyh wr eh ihdvleohB Wkhvh duh txhvwlrqv wkdw ghvhuyh wr eh dqvzhuhg
exw duh rxwvlgh wkh vfrsh ri wkh suhvhqw vwxg|1

Lq d sxuh h{fkdqjh hfrqrp|/ frpshwlwlyh htxloleulxp lv fkdudfwhul}hg e|
wzr surshuwlhv/ h!flhqf| dqg exgjhw edodqfh1 Wkh Iluvw Wkhruhp ri Zho0
iduh Hfrqrplfv whoov xv wkdw frpshwlwlyh htxloleulxp doorfdwlrqv duh h!flhqw1
Xqghu wkh xvxdo frqyh{lw| dvvxpswlrqv/ wkh Vhfrqg Wkhruhp whoov xv wkdw dq
h!flhqw doorfdwlrq kdv d yhfwru ri vxssruwlqj sulfhv R 9' f dw zklfk hdfk djhq0
w*v frqvxpswlrq exqgoh plqlpl}hv wkh frvw ri dfklhylqj wkdw ohyho ri xwlolw|1
Li %� lv djhqw �*v frqvxpswlrq exqgoh dqg dqrwkhu exqgoh %�� lv suhihuuhg wr %�
wkhq R�%�� : R �%�1 Krzhyhu/ wkh ydoxh ri wkh djhqw*v frqvxpswlrq exqgoh pd|
qrw eh htxdo wr wkh ydoxh ri klv hqgrzphqw dw wkhvh sulfhv1 Wr hqvxuh wkdw
dq h!flhqw doorfdwlrq lv d frpshwlwlyh htxloleulxp/ zh qhhg wr kdyh exgjhw

4



5 FKDSWHU 41 SHUIHFW FRPSHWLWLRQ

edodqfh= wkh ydoxh ri dq djhqw*v frqvxpswlrq exqgoh/ ghwhuplqhg xvlqj wkh
h!flhqf| sulfhv/ pxvw eh htxdo wr wkh ydoxh ri klv hqgrzphqw= R � %� ' R � e�1
Wkxv zh fdq wklqn ri d frpshwlwlyh htxloleulxp doorfdwlrq dv dq h!flhqw
doorfdwlrq wkdw vdwlv�hv exgjhw edodqfh1

Lw lv frqyhqlhqw wr glylgh wkh dqdo|vlv ri frpshwlwlrq lqwr wzr sduwv/ rqh
frqfhuqhg zlwk h!flhqf| dqg rqh zlwk exgjhw edodqfh1 Wkh frqglwlrqv
qhhghg iru h!flhqf| duh vrphzkdw zhdnhu wkdq wkrvh uhtxluhg iru exgjhw
edodqfh dqg wkh dqdo|vlv lv vrphzkdw pruh jhqhudo1 Lq sduwlfxodu/ h!flhqf|
lv d surshuw| ri vwudwhjlf htxloleulxp lq �qlwh hfrqrplhv/ zkhuhdv exgjhw
edodqfh uhtxluhv odujh qxpehuv ri sod|huv1

Pdq| ri wkh dujxphqwv xvhg lq wklv fkdswhu duh idploldu1 Wkh qryho sduw
ri wkh dqdo|vlv lv wkh dvvxpswlrq ri d �qlwh qxpehu ri sod|huv1 Wkh hdu0
olhu olwhudwxuh dvvxphv d qrq0dwrplf frqwlqxxp ri sod|huv1 Wkh frqwlqxxp
dvvxpswlrq lv mxvwl�hg e| wkh fodlp wkdw d frqwlqxxp ri djhqwv lv d jrrg
dssur{lpdwlrq wr d odujh exw �qlwh qxpehu ri sod|huv1 Lw lv lpsruwdqw wr
whvw wkh ydolglw| ri wklv dvvxpswlrq e| surylqj d frpshwlwlyh olplw wkhruhp/
vkrzlqj wkdw dv wkh qxpehu ri sod|huv ehfrphv xqerxqghgo| odujh/ wkh eh0
kdylru ri wkh �qlwh jdph lv lqghhg d jrrg dssur{lpdwlrq wr wkh frqwlqxxp
jdph1

Wkh yhklfoh xvhg iru wkh dqdo|vlv lv d g|qdplf pdwfklqj dqg edujdlqlqj
jdph +GPEJ,1 Wkh GPEJ lv vshfldo dqg kdv qr sduwlfxodu fodlp wr jhqhu0
dolw|1 Wkh lpsruwdqw dgydqwdjh ri wkh GPEJ lv wkdw lw lv d sod|deoh jdph/
lq zklfk doo wkh uxohv dqg dvvxpswlrqv duh zhoo vshfl�hg1 Li zh fdq dqdo|}h
lw frqylqflqjo| zh vkdoo kdyh ohduqhg d orw1

Wkh pdlq glvfryhu| ri wklv fkdswhu zloo eh wkdw lq rughu wr suryh d frp0
shwlwlyh olplw wkhruhp zh qhhg vrph dvvxpswlrqv wkdw duh qrw lpsrvhg rq
sulplwlyhv ri wkh prgho dqg duh qrw ghulyhg gluhfwo| iurp surshuwlhv ri htxl0
oleulxp1 Wkh prvw lpsruwdqw ri wkhvh frqfhuqv wkh lghd wkdw lq d frpshwlwlyh
pdunhw d vlqjoh djhqw kdv d qhjoljleoh h�hfw rq wkh htxloleulxp1 Wklv lghd
frphv lpphgldwho| lqwr frq lfw zlwk wkh zhoo hvwdeolvkhg sulqflsoh wkdw/ lq
uhshdwhg jdphv/ dq| sod|hu fdq kdyh d odujh h�hfw ehfdxvh rwkhu sod|huv frq0
glwlrq wkhlu dfwlrqv rq klv1 Wkh Iron Wkhruhp ri uhshdwhg jdphv/ zklfk krogv
iru duelwudu| qxpehuv ri sod|huv/ lv shukdsv wkh ehvw nqrzq h{dpsoh ri wklv
sulqflsoh1 Wkh jdphv xqghu frqvlghudwlrq khuh duh qrw uhshdwhg jdphv/ exw
wkh vdph jhqhudo lghd dssolhv1 Lq fkrrvlqj d vwudwhj|/ d sod|hu kdv wr frqvlghu
qrw mxvw lwv gluhfw lpsdfw rq klv sd|r�v/ exw dovr wkh uhdfwlrq ri wkh rwkhu
sod|huv1 Ehfdxvh ri wkh srvvleoh uhdfwlrqv ri rwkhu sod|huv/ lw pd| eh srvvleoh
wr vxvwdlq pdq| gl�huhqw rxwfrphv dv vwudwhjlf htxloleuld1 Vrph ri wkhvh zloo
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ghsduw iurp wkh shuihfwo| frpshwlwlyh rxwfrph/ hyhq lq d iulfwlrqohvv pdunhw
zlwk pdq| sod|huv1

Lq wklv fkdswhu/ L dp frqwhqw wr srlqw rxw wkh uhvwulfwlrqv wkdw pxvw eh
lpsrvhg +vrphzkdw duelwudulo|, rq htxloleulxp vwudwhjlhv lq rughu wr dfklhyh
d frpshwlwlyh olplw wkhruhp1 Lq wkh qh{w fkdswhu L dwwhpsw wr ghulyh vxfk
uhvwulfwlrqv hqgrjhqrxvo| iurp dvvxpswlrqv derxw wkh sulplwlyhv ri wkh jdph1

415 Sxuh H{fkdqjh Hfrqrplhv

Zh ehjlq e| ghvfulelqj d sxuh h{fkdqjh hfrqrp|1 Lq wklv hfrqrp| wkhuh lv qr
surgxfwlrq1 Lqvwhdg/ d �qlwh qxpehu ri hfrqrplf djhqwv kdyh h{rjhqrxvo|
jlyhq hqgrzphqwv ri d �qlwh qxpehu ri frpprglwlhv1 Ehfdxvh wkh djhqwv
kdyh gl�huhqw hqgrzphqwv dqg suhihuhqfhv/ wkhuh duh jdlqv iurp wudgh1 Wkh
djhqwv h{fkdqjh frpprglwlhv lq rughu wr pd{lpl}h wkhlu suhihuhqfhv1 Wr
ghvfuleh d irupdo prgho ri dq h{fkdqjh hfrqrp|/ zh kdyh wr vshfli| wkh olvw ri
frpprglwlhv/ wkh olvw ri djhqwv/ dqg wkh djhqwv* suhihuhqfhv dqg hqgrzphqwv1

Frpprglwlhv1 Wkhuh lv d �qlwh qxpehu ri frpprglwlhv/ lqgh{hg � ' �c ���c �1
Hdfk frpprglw| lv dvvxphg wr eh krprjhqhrxv dqg shuihfwo| glylvleoh1 Wkh
txdqwlw| ri dq| frpprglw| � lv uhsuhvhqwhg e| d uhdo qxpehu %� dqg zh
dgrsw wkh xvxdo frqyhqwlrq wkdw qhjdwlyh qxpehuv uhsuhvhqw �vxssolhv� ru
�gh�flwv�1 D frpprglw| exqgoh fdq wkhq eh uhsuhvhqwhg e| d yhfwru
% ' E%�c ���c %��/ zkhuh %� uhsuhvhqwv wkh txdqwlw| ri frpprglw| �1 Wkh frp0
prglw| vsdfh frqvlvwlqj ri doo srvvleoh frpprglw| exqgohv lv uhsuhvhqwhg
e| wkh �0glphqvlrqdo Hxfolghdq yhfwru vsdfh +�1

Djhqwv� Wkh hfrqrp| frqvlvwv ri d �qlwh qxpehu ri hfrqrplf djhqwv/ lqgh{hg
� ' �c ���c 6/ zkr fdq eh wkrxjkw ri dv �frqvxphuv�1

Frqvxpswlrq vhwv1 D frqvxpswlrq exqgoh lv d frpprglw| exqgoh wkdw lv
ihdvleoh iru dq djhqw1 Wkh vhw ri ihdvleoh frqvxpswlrq exqgohv iru djhqw � lv
fdoohg klv frqvxpswlrq vhw dqg lv ghqrwhg e| f� � +�1 Iru h{dpsoh/ wkh
vhw f� pd| frqvlvw ri qrq0qhjdwlyh frpprglw| exqgohv wkdw duh frpsdwleoh
zlwk vxevlvwhqfh iru djhqw �1 Hdfk frqvxpswlrq vhw f� lv dvvxphg wr eh
qrq0hpsw|/ forvhg/ frqyh{/ dqg erxqghg ehorz1

Hqgrzphqwv1 Hdfk djhqw kdv dq lqlwldo hqgrzphqw ri frpprglwlhv zklfk
kh zdqwv wr h{fkdqjh iru d pruh suhihuuhg exqgoh1 Djhqw �*v hqgrzphqw lv
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ghqrwhg e| wkh frqvxpswlrq exqgoh e� 5 f�1 Wkh dvvxpswlrq wkdw e� lv d
frqvxpswlrq exqgoh lpsolhv wkdw djhqw � fdq vxuylyh zlwkrxw wudglqj1

Suhihuhqfhv1 Djhqw �*v suhihuhqfhv ryhu frqvxpswlrq exqgohv duh uhsuhvhqwhg
e| wkh xwlolw| ixqfwlrq �� G f� $ +/ zklfk dvvljqv wkh uhdo qxpehu ��E%��
wr hdfk ihdvleoh frqvxpswlrq exqgoh %�1 Lq d sxuh h{fkdqjh hfrqrp|/ djhqwv
pd{lpl}h wkh ydoxh ri d xwlolw| ixqfwlrq e| h{fkdqjlqj frpprglwlhv zlwk
rwkhu djhqwv1 Wkh xwlolw| ixqfwlrq �� lv dvvxphg wr eh frqfdyh/ frqwlqxrxv/
dqg lqfuhdvlqj41 Frqfdylw| lpsolhv wkdw djhqwv zkr pd{lpl}h h{shfwhg xwlo0
lw| duh ulvn dyhuvh/ dv zhoo dv kdylqj wkh xvxdo glplqlvklqj pdujlqdo udwh ri
vxevwlwxwlrq1

Wkh sxuh h{fkdqjh hfrqrp| lv gh�qhg e| wkh duud| H ' iEf�c e�c ���j6�'�1

41514 Sduhwr dqg Sdluzlvh H!flhqf|

Wkh qh{w vwhs lv wr gh�qh wzr frqfhswv ri h!flhqf| dqg fkdudfwhul}h wkh
fruuhvsrqglqj vhwv ri h!flhqw doorfdwlrqv1

Wkh doorfdwlrq ri uhvrxufhv lq d sxuh h{fkdqjh hfrqrp| lv ghvfulehg e| d
olvw ri wkh frqvxpswlrq exqgohv iru doo wkh djhqwv lq wkh hfrqrp|1 Irupdoo|/
dq doorfdwlrq lv dq 60wxsoh ri frqvxpswlrq exqgohv % ' E%�c ���c %6� vxfk
wkdw %� 5 f� iru hdfk �1 Dq doorfdwlrq % lv dwwdlqdeoh li djjuhjdwh ghpdqg
htxdov djjuhjdwh vxsso|/ wkdw lv/ wkh vxp ri wkh frpprglwlhv doorfdwhg wr wkh
djhqwv lv htxdo wr wkh vxp ri wkh hqgrzphqwv=

6[
�'�

%� '
6[
�'�

e��

Ohw 	f ghqrwh wkh vhw ri dwwdlqdeoh doorfdwlrqv1 Vlqfh hdfk frqvxpswlrq vhw
lv forvhg dqg erxqghg ehorz/ lw lv hdv| wr vhh wkdw wkh vhw ri dwwdlqdeoh
doorfdwlrqv lv frpsdfw1

Dq dwwdlqdeoh doorfdwlrq % lv +vwurqjo|, Sduhwr h!flhqw li wkhuh grhv
qrw h{lvw dqrwkhu dwwdlqdeoh doorfdwlrq %� wkdw pdnhv vrph djhqwv ehwwhu r�
dqg qrqh zruvh r�/ wkdw lv/ ��E%��� � ��E%�� iru dq| djhqw � dqg ��E%

�
�� : ��E%��

iru vrph djhqw �1 Ohw � � 	f ghqrwh wkh vhw ri Sduhwr0h!flhqw doorfdwlrqv1

4L xvh wkh skudvh �lqfuhdvlqj� wr phdq lqfuhdvlqj1 Vrph zulwhuv xvh wkh skudvh �vwulfwo|
lqfuhdvlqj� iru wklv sxusrvh1
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Wkh frqwlqxlw| ri wkh xwlolw| ixqfwlrqv lpsolhv wkdw � lv forvhg dqg khqfh
frpsdfw1

Dq dwwdlqdeoh doorfdwlrq % lv sdluzlvh0h!flhqw li lw lv lpsrvvleoh iru
dq| wzr djhqwv � dqg � wr lpsuryh wkhlu xwlolwlhv e| wudglqj wrjhwkhu/ wkdw
lv/ wkhuh grhv qrw h{lvw dq dwwdlqdeoh doorfdwlrq %� dqg d sdlu ri djhqwv E�c ��
vxfk wkdw

+l, %�& ' %&c ;& 9' �c �
+ll, ��E%��� � ��E%��c ��E%

�
�� � ��E%

�
��/ zlwk dw ohdvw rqh vwulfw lqhtxdolw|1

Lq dgglwlrq wr wkh vwdqgdug dvvxpswlrqv/ vrph qrq0vwdqgdug surshuwlhv
zloo eh qhhghg lq wkh vhtxho1 Iluvw/ lw zloo eh dvvxphg wkdw suhihuhqfhv duh
vprrwk=

� iru dq| �/ �� fdq eh h{whqghg wr dq rshq vhw C� frqwdlqlqj f� dqg
�� G C� $ + lv ��1

Wklv dvvxpswlrq lv qrw vwulfwo| qhfhvvdu|/ exw lw vlpsol�hv wkh dqdo|vlv e|
doorzlqj xv wr xvh wkh Nxkq0Wxfnhu wkhruhp wr fkdudfwhul}h vroxwlrqv wr
pd{lpl}dwlrq sureohpv1

Wkh vhfrqg qrq0vwdqgdug surshuw| lv wkdw lqgl�huhqfh vxuidfh wkurxjk
wkh lqlwldo hqgrzphqw grhv qrw lqwhuvhfw wkh erxqgdu| ri wkh frqvxpswlrq
vhw f�=

� iru dq| �/
i%� 5 C�m��E%�� � ��Ee��j _ Yf� ' Bc +414,

zkhuh Yf� ghqrwhv wkh erxqgdu| ri f�1

D idploldu h{dpsoh wkdw vdwlv�hv wklv dvvxpswlrq lv surylghg e| wkh Free0
Grxjodv xwlolw| ixqfwlrq zkhq wkh frqvxpswlrq vhw f� ' +�

n1 Wkh lp0
sruwdqfh ri wkh surshuw| +414, lv wkdw lw hqvxuhv wkdw dq doorfdwlrq wkdw lv
sdluzlvh0h!flhqw lv dovr Sduhwr0h!flhqw/ dv zloo eh vkrzq ehorz1

Ehfdxvh wudgh lv yroxqwdu|/ zh fdq uhvwulfw dwwhqwlrq wr doorfdwlrqv wkdw
duh lqglylgxdoo| udwlrqdo/ wkdw lv/ doorfdwlrqv % vxfk wkdw ��E%�� � ��Ee�� iru
hyhu| �1 Xqghu surshuw| +414, lqglylgxdoo| udwlrqdo frqvxpswlrq exqgohv
ehorqj wr wkh lqwhulru ri wkh frqvxpswlrq vhw/ qrw wr wkh erxqgdu|1 Wkhq zh
gr qrw qhhg wr zruu| derxw wkh erxqgdu| ri wkh frqvxpswlrq vhw zkhq zh
fkdudfwhul}h Sduhwr0h!flhqw doorfdwlrqv1 Zlwkrxw wkh erxqgdu|/ wkhuh zloo
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eh qr �fruqhu vroxwlrqv� wr zruu| derxw dqg wkh �uvw0rughu frqglwlrqv wkdw
fkdudfwhul}h h!flhqf| zloo krog dv htxdwlrqv1

Qrz zh duh uhdg| wr vwdwh dqg suryh wkh surplvhg uhvxow/ qdpho|/ wkdw
sdluzlvh h!flhqf| dqg Sduhwr h!flhqf| duh htxlydohqw xqghu wkh pdlqwdlqhg
dvvxpswlrqv1 Wkh dujxphqw lv vlpsoh1 Xqghu frqglwlrq +414,/ Sduhwr0h!flhqw
doorfdwlrqv duh fkdudfwhul}hg e| wkh frqglwlrq wkdw doo djhqwv kdyh wkh vdph
pdujlqdo udwhv ri vxevlwxwlrq ehwzhhq sdluv ri frpprglwlhv1 Olnhzlvh/ sdluzlvh0
h!flhqw doorfdwlrqv duh fkdudfwhul}hg e| wkh frqglwlrq wkdw dq| wzr djhqwv
kdyh wkh vdph pdujlqdo udwhv ri vxevwlwxwlrq ehwzhhq sdluv ri frpprglwlhv1
Wkhvh frqglwlrqv duh reylrxvo| htxlydohqw vr Sduhwr0h!flhqf| dqg sdluzlvh
h!flhqf| duh htxlydohqw1

Lq jhqhudo/ wkhuh pd| h{lvw doorfdwlrqv wkdw duh sdluzlvh0h!flhqw exw qrw
Sduhwr0h!flhqw1 Lq rwkhu zrugv/ li frqglwlrq +414, lv qrw vdwlv�hg ru li wkh
doorfdwlrq lv qrw lqglylgxdoo| udwlrqdo/ wkhuh pd| h{lvw doorfdwlrqv wkdw fdq
eh lpsuryhg rq e| pdnlqj frpprglw| wudqvihuv dprqj wkuhh ru pruh djhqwv/
exw qrw e| pdnlqj frpprglw| wudqvihuv ehwzhhq d vlqjoh sdlu ri djhqwv1

Sursrvlwlrq 4 Xqghu wkh pdlqwdlqhg dvvxpswlrqv/ dq +dwwdlqdeoh, dqg lq0
glylgxdoo| udwlrqdo doorfdwlrq % lv Sduhwr0h!flhqw li dqg rqo| li lw lv sdluzlvh0
h!flhqw1

Surri1 Li % lv d sdluzlvh0h!flhqw doorfdwlrq/ wkhq lw pxvw vroyh wkh iroorzlqj
pd{lpl}dwlrq sureohp iru hdfk sdlu ri djhqwv E�c ��=

4@ ��E%
�
��

v1w1 %�� n %�� � %� n %�c ��E%
�
�� � ��E%��c

zkhuh %�� dqg %�� duh uhvwulfwhg wr wkh rshq vhwv C� dqg C�1 Qrwh wkdw zh fdq
glvshqvh zlwk wkh frqglwlrqv %�� 5 f� dqg %�� 5 f� vlqfh wkh| duh jxdudqwhhg
e| wkh frqglwlrqv ��E%��� � ��E%�� dqg ��E%

�
�� � ��E%��1 Wklv lv wkh rqo| sodfh

wkdw surshuw| +414, lv xvhg1
Dq dssolfdwlrq ri wkh �qhfhvvlw|� sduw ri wkh Nxkq0Wxfnhu wkhruhp lp0

solhv wkdw d vroxwlrq ri wklv sureohp vdwlv�hv wkh �uvw0rughu frqglwlrqv

u��E%�� 2 u��E%��c ;�c �1
Exw dffruglqj wr wkh �vx!flhqf|� sduw ri wkh Nxkq0Wxfnhu wkhruhp/ wkh
�uvw0rughu frqglwlrqv lpso| wkdw % vroyhv wkh sureohp

4@ ��E%
�
��

v1w1
S6

�'� %
�
� �

S6
�'� %�c ��E%

�
�� � ��E%��c;� 9' �c
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zkhuh %�� lv uhvwulfwhg wr wkh rshq vhw C� dqg %�� lv uhvwulfwhg wr wkh rshq vhw
C� iru hyhu| �1 Lq rwkhu zrugv/ lw lv lpsrvvleoh wr pdnh rqh djhqw ehwwhu r�
zlwkrxw pdnlqj vrph ri wkh rwkhuv zruvh r�1 Vlqfh wkh xwlolw| ixqfwlrqv duh
frqwlqxrxv dqg lqfuhdvlqj/ wklv lv htxlydohqw wr wkh Sduhwr h!flhqf| ri %1

Reylrxvo|/ Sduhwr h!flhqf| lpsolhv sdluzlvh h!flhqf|/ vr wkh surri ri
Sursrvlwlrq 4 lv frpsohwh1

Lq wkh vhtxho zh vwxg| d jdph lq zklfk h{fkdqjh rffxuv ehwzhhq sdluv
ri djhqwv1 Wklv wudglqj surfhvv uhvxowv lq d sdluzlvh0h!flhqw �qdo doorfdwlrq1
Wkh htxlydohqfh ri sdluzlvh h!flhqf| dqg Sduhwr h!flhqf| lpphgldwho| lp0
solhv wkdw wkh �qdo doorfdwlrq lv Sduhwr0h!flhqw1

Dv zdv qrwhg deryh/ zlwkrxw surshuw| +414, wkhuh pd| h{lvw doorfdwlrqv
wkdw duh sdluzlvh0h!flhqw exw qrw Sduhwr0h!flhqw1 D vlpsoh h{dpsoh zloo
pdnh wklv fohdu1 Vxssrvh wkhuh duh wkuhh djhqwv � ' �c 2c � dqg wkuhh jrrgv
� ' �c 2c �1 Hdfk djhqw � kdv dq hqgrzphqw ri rqh xqlw ri jrrg � ' � dqg
qrqh ri wkh jrrgv � 9' �1 Wkh frqvxpswlrq vhw lv dvvxphg wr eh +�

n iru hdfk
djhqw dqg wkh xwlolw| ixqfwlrq ri djhqw � lv gh�qhg e| sxwwlqj

��E%�� '

�
%�� n 2%��n� � ' �c 2
%�� n 2%�� � ' ��

Wkhq wkh doorfdwlrq % ' E%�c %2c %�� ' Ee�c e2c e�� lv sdluzlvh h!flhqw exw qrw
Sduhwr0h!flhqw1 Lw lv qrw Sduhwr0h!flhqw ehfdxvh hdfk djhqw jhwv d xwlolw| ri
� zkhuhdv kh zrxog jhw 2 li kh jdyh xs klv hqgrzphqw lq h{fkdqjh iru rqh
xqlw ri klv suhihuuhg jrrg1 Rq wkh rwkhu kdqg/ qr sdlu ri djhqwv fdq lqfuhdvh
wkhlu xwlolw| ohyhov ehfdxvh ri wkh odfn ri pxwxdo frlqflghqfh ri zdqwv1 Iru
h{dpsoh/ djhqw � zrxog olnh wr jlyh xs rqh xqlw ri jrrg � lq h{fkdqjh iru rqh
xqlw ri jrrg 2/ exw djhqw 2/ zkr kdv rqh xqlw ri jrrg 2/ grhv qrw ydoxh jrrg
�1 D prphqw*v wkrxjkw zloo vkrz wkdw lw lv fuxfldo iru wklv h{dpsoh wkdw hyhu|
djhqw lv rq wkh erxqgdu| ri klv frqvxpswlrq vhw dqg wkdw wkh lqgl�huhqfh
fxuyhv lqwhuvhfw wkh erxqgdu| ri wkh frqvxpswlrq vhw1 +Wkh xwlolw| ixqfwlrqv
lq wklv h{dpsoh duh qrw lqfuhdvlqj/ exw wkh h{dpsoh frxog hdvlo| eh dgmxvwhg
wr vdwlvi| wklv surshuw| zlwkrxw fkdqjlqj wkh uhvxow,1 Iru d pruh ghwdlohg
glvfxvvlrq ri wkh uhodwlrqvkls ehwzhhq sdluzlvh/ |0zlvh dqg Sduhwr h!flhqf|/
vhh Jrogpdq dqg Vwduu +4<;5,1
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416 G|qdplfPdwfklqj dqg Edujdlqlqj Jdphv

Wkh prgho hfrqrp| lq wkh suhfhglqj vhfwlrq ghvfulehv wkh djhqwv* hqylurq0
phqw/ exw qrw wkh uhvwulfwlrqv rq wkhlu ehkdylru1 Wr gr wkdw/ zh qhhg wr
gh�qh dq h{whqvlyh0irup jdph/ d vhw ri uxohv wkdw whoov xv h{dfwo| zkdw df0
wlrqv sod|huv duh doorzhg wr wdnh dqg zkhq wkh| duh doorzhg wr wdnh wkhp1
Wkh uxohv ri wkh jdph dovr whoo xv h{dfwo| zkdw frqvhtxhqfhv iroorz iurp dq|
vhtxhqfh ri dfwlrqv dgrswhg e| wkh sod|huv1

Jdph wkhrulvwv wdnh wkh exvlqhvv ri gh�qlqj d jdph yhu| vhulrxvo|1 Wklv lv
qrw mxvw d pdwwhu ri pdwkhpdwlfdo suhflvlrq1 Dv wkh Qdvk Surjudp ghvfulehg
lq Fkdswhu 3 pdnhv fohdu/ wkh jrdo lq gh�qlqj d qrq0frrshudwlyh jdph lv
wr pdnh wkh dvvxpswlrqv dqg hfrqrplf dqdo|vlv ri wkh jdph dv fohdu dqg
frpsohwh dv srvvleoh1 Rqh fulwhulrq ri zkhwkhu zh kdyh dfklhyhg wkh jrdov
ri wkh Qdvk Surjudp lv wr dvn zkhwkhu wkh jdph lv �sod|deoh�1 Duh wkh
lqvwuxfwlrqv surylghg frpsohwh dqg fohdu hqrxjk vr wkdw vrphrqh zkr zdv
rqo| jlyhq wkhvh lqvwuxfwlrqv frxog/ lq sulqflsoh/ sod| wkh jdphB Iru h{dpsoh/
zrxog dq h{shulphqwdo hfrqrplvw eh deoh wr jr lqwr d oderudwru| dqg kdyh
vxemhfwv sod| wklv jdph ru zrxog kh kdyh wr lqyhqw dgglwlrqdo uxohv dqg
frqyhqwlrqv klpvhoi ehiruh wkh h{shulphqw frxog surfhhgB

Zlwkrxw d �sod|deoh� jdph lq wklv vhqvh/ lw lv qrw fohdu wkdw wkh remhfw ri
vwxg| lv zhoo gh�qhg1 Lpdjlqh wkdw vrphrqh jlyhv |rx dq xqidploldu erdug
jdph dv d jliw/ exw wkh lqvwuxfwlrqv duh plvvlqj1 Zlwkrxw nqrzlqj zkdw |rx
duh vxssrvhg wr gr/ krz fdq |rx sod| wkh jdphB \rx grq*w nqrz zkdw wkh
jdph lv1 Wkh vdph sureohp frqiurqwv d jdph wkhrulvw zkhq kh hqfrxqwhuv d
orrvho| vshfl�hg hfrqrplf hqylurqphqw1 Zlwkrxw olplwlqj wkh dfwlrqv dydlo0
deoh wr wkh sod|huv dqg vshfli|lqj wkh frqvhtxhqfhv ri wkhvh dfwlrqv/ lw lv
gl!fxow wr vd| krz wkh jdph vkrxog eh sod|hg dqg zkdw wkh rxwfrph vkrxog
eh1

Wkh Qdvk Surjudp uhtxluhv d qrq0frrshudwlyh jdph1 Wkh idfw wkdw d
jdph lv qrq0frrshudwlyh lq wklv whfkqlfdo vhqvh grhv qrw uxoh rxw frrshudwlyh
ehkdylru1 Lw vlpso| vd|v wkdw li qhjrwldwlrq/ suh0sod| frppxqlfdwlrq/ elqglqj
djuhhphqwv/ dqg rwkhu hohphqwv ri frrshudwlrq rffxu/ wkhq wkh| pxvw eh
lqfoxghg lq wkh gh�qlwlrq ri wkh jdph1 Wkh Qdvk Surjudp lv d frpplwphqw wr
ehlqj h{solflw derxw dvvxpswlrqv dqg hfrqrplf dqdo|vlv ri wkh jdph/ udwkhu
wkdq d frpplwphqw wr d sduwlfxodu nlqg ri jdph ru sduwlfxodu rxwfrphv1

Kdylqj dgrswhg wkhvh jhqhudo sulqflsohv/ wkhuh uhpdlq pdq| gl�huhqw
zd|v ri prgholqj wudgh dprqj d jurxs ri vhoi0lqwhuhvwhg djhqwv1 Rqh prgho
wkdw kdv suryhg sduwlfxoduo| xvhixo lq dqdo|}lqj ghfhqwudol}hg wudgh lv edvhg
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rq sdluzlvh pdwfklqj dqg edujdlqlqj1 Lqglylgxdo djhqwv vhdufk iru wudglqj
rssruwxqlwlhv dqg phhw rqh rwkhu lqglylgxdo dw d wlph1 Zkhq d sdlu ri djhqwv
hqfrxqwhu rqh dqrwkhu +pdwfklqj,/ wkh| ghwhuplqh zkhwkhu dqg zkdw wr wudgh
+edujdlqlqj,1 Edujdlqlqj lv uhsuhvhqwhg e| wkh �dowhuqdwlqj r�huv� prgho ri
Vwdko +4<:5, dqg Uxelqvwhlq +4<:5, ghvfulehg lq Fkdswhu 31

Hyhq zlwklq wklv iudphzrun/ wkhuh duh pdq| fkrlfhv wr eh pdgh1 Krz duh
pdwfkhv ghwhuplqhgB Zkr phhwv zkrp dqg krz riwhqB Zkhq djhqwv duh
pdwfkhg/ krz grhv wkh edujdlqlqj surfhhgB Duh r�huv pdgh vlpxowdqhrxvo|
ru vhtxhqwldoo|B Krz orqj duh r�huv rq wkh wdeoh ehiruh wkh| fdq eh zlwk0
gudzq ru dphqghgB Zkhq lv d pdwfk glvvroyhgB Xqghu zkdw flufxpvwdqfhv
fdq dq djhqw fkdqjh klv sduwqhuB Zkdw gr djhqwv nqrz derxw hdfk rwkhu
dqg derxw wkh suhylrxv sod| ri wkh jdphB

Wkhvh ghwdlov duh lpsruwdqw ehfdxvh wkh rxwfrph ri wkh jdph pd| ghshqg
fulwlfdoo| rq wkh ghwdlov ri wkh prgholqj1 Vrph shrsoh �qg wkh vhqvlwlylw|
ri wkh dqdo|vlv wr wkh ghwdlov ri wkh prgholqj glvdssrlqwlqj1 Vlqfh zh kdyh
olplwhg lqirupdwlrq derxw zkdw wkh �uljkw� vshfl�fdwlrq ri wkh prgho lv/ zkdw
frq�ghqfh fdq zh kdyh lq wkh suhglfwlrqv ri rxu wkhru|B Fhuwdlqo|/ lw zrxog
eh qlfh wr ghyhors d wkhru| wkdw jlyhv vwurqj/ xqdpeljxrxv suhglfwlrqv xqghu
yhu| jhqhudo frqglwlrqv> exw idlolqj wkdw wkh ehvw zh fdq gr lv wr xqghuvwdqg
wkh uhdvrqv iru wkh vhqvlwlylw| ri wkh uhvxowv1 Dw wkh yhu| ohdvw/ nqrzlqj wkh
vhqvlwlylw| ri rxu uhvxowv wr vshfl�f dvvxpswlrqv fdq whdfk xv wr eh fdxwlrxv1
Pruhryhu/ lw surylghv d vwduwlqj srlqw iru wklqnlqj derxw wkh nlqg ri gdwd
wkdw rqh pljkw qhhg wr pdnh pruh suhflvh suhglfwlrqv1 Ilqdoo|/ dowkrxjk rxu
prghov duh rqo| h{dpsohv/ vhhlqj krz wkh dujxphqw lv frqvwuxfwhg lq frqfuhwh
vhwwlqjv jlyhv xv d ehwwhu xqghuvwdqglqj ri wkh orjlf ri wkh dujxphqw1 Wklv lv
d xvhixo ohvvrq hyhq li lw grhv qrw doorz xv wr suhglfw zkdw wkh zruog lv olnh
iurp �uvw sulqflsohv1

Zlwk wkhvh fdyhdwv zh duh uhdg| wr ehjlq wkh exvlqhvv ri ghvfulelqj wkh
jdph1

Wlph1 Wkh sxuh h{fkdqjh prgho lv wlphohvv dqg vwdwlf1 Wkh g|qdplf pdwfk0
lqj dqg edujdlqlqj jdph wdnhv wlph wr sod|1 Zh dvvxph wkdw wlph lv glylghg
lqwr d frxqwdeoh qxpehu ri shulrgv ru gdwhv/ lqgh{hg | ' �c 2c ���1 Wkh
surfhvv ri pdwfklqj/ edujdlqlqj/ dqg h{fkdqjh rffxuv dw wkhvh gdwhv1 Frq0
vxpswlrq rffxuv diwhu wkh jdph lv �qlvkhg +hdfk djhqw frqvxphv klv whuplqdo
frqvxpswlrq exqgoh,1

Pdwfklqj1 Dw hdfk gdwh dq rughuhg sdlu ri djhqwv E�|c �|� lv pdwfkhg/ zlwk
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�| 9' �|1 Lw lv dvvxphg wkdw iru dq| sdlu E�c �� zlwk � 9' � wkhuh lv dq lq�qlwh
qxpehu ri gdwhv dw zklfk wkh sdlu E�c �� lv pdwfkhg1

Edujdlqlqj1 Vxssrvh wkdw d sdlu ri djhqwv E�c �� kdv ehhq fkrvhq +pdwfkhg,
dw gdwh |1 Djhqw � lv fdoohg wkh sursrvhu dqg � lv fdoohg wkh uhvsrqghu1
Wkh sursrvhu fkrrvhv d yhfwru 5 ri ihdvleoh qhw wudghv1 Wkh uhvsrqghu fdq
dffhsw wkh sursrvdo e| vd|lqj �\hv�/ ru uhmhfw lw e| vd|lqj �Qr�1 Li wkh
sursrvdo lv dffhswhg/ wkh wzr djhqwv h{fkdqjh wkh sursrvhg yhfwru ri wudghv1
Wkh sursrvhu jhwv 5 dqg wkh uhvsrqghu jhwv �51 Li wkh sursrvdo lv uhmhfwhg/
qr wudgh wdnhv sodfh dqg doo djhqwv ehjlq wkh qh{w shulrg zlwk wkh doorfdwlrq
wkh| kdg dw wkh ehjlqqlqj ri wkh suhvhqw shulrg1

Lw fdqqrw eh vwuhvvhg wrr riwhq wkdw wkh jdph ghvfulehg khuh lv vshfldo1
Rwkhu jdphv zrxog jlyh gl�huhqw uhvxowv1 +L zloo wu| wr jlyh vshfl�f zduqlqjv
zkhuh dssursuldwh,1 Wkh srlqw ri wkh h{huflvh lv qrw wr fodlp wkdw wklv lv
wkh xqltxh �wuxh� prgho/ exw udwkhu wr jlyh dq h{dpsoh ri wkh nlqgv ri
dvvxpswlrqv dqg dujxphqwv wkdw duh qhhghg wr hqvxuh d sduwlfxodu rxwfrph/
qdpho|/ shuihfw frpshwlwlrq lq d sxuh h{fkdqjh hfrqrp|1

Rqh sduwlfxodu olplwdwlrq vkrxog eh qrwhg lpphgldwho|1 Rqo| rqh sdlu ri
djhqwv lv pdwfkhg dw dq| gdwh dqg rqo| wkhvh djhqwv kdyh dq dfwlyh uroh dw
d jlyhq gdwh1 Wkh rwkhu djhqwv uhpdlq sdvvlyh xqwlo wkh qh{w urxqg1 Wkh
dvvxpswlrq wkdw wkhuh lv qr vlpxowdqhrxv wudgh lv uhvwulfwlyh/ exw shukdsv
qrw dv uhvwulfwlyh dv lw dsshduv1 Vxssrvh wkdw zh kdg prghohg �wlph� dv d
frqwlqxrxv yduldeoh/ zlwk pdwfkhv glvwulexwhg dffruglqj wr d Srlvvrq surfhvv1
Wkhq wkh suredelolw| wkdw wzr sdluv zhuh iruphg dw wkh vdph wlph zrxog eh
}hur1 Khuh zh zrun zlwk glvfuhwh wlph dqg uhwdlq wkh dvvxpswlrq wkdw vl0
pxowdqhrxv pdwfklqj kdv d }hur suredelolw|1 Uxolqj rxw vlpxowdqhrxv pryhv
vlpsol�hv wkh jdph1 Rqh fdq rqo| krsh wkdw lw grhv qrw ryhuvlpsoli|1

Doo sdluv ri djhqwv phhw lq�qlwho| riwhq/ iru hdfk dvvljqphqw ri urohv lq
wkh edujdlqlqj jdph1 Wklv frqqhfwhgqhvv dvvxpswlrq lv lpsruwdqw wr hqvxuh
wkdw wkh djhqwv ixqfwlrq dv d vlqjoh lqwhjudwhg hfrqrp|1

Zhdnhu dvvxpswlrqv zrxog dovr vx!fh1 Iru h{dpsoh/ lw zrxog eh hqrxjk
wr dvvxph wkdw iru hyhu| sdlu ri djhqwv E�c �� wkhuh lv vrph �qlwh vhtxhqfh ri
phhwlqjv wkdw frqqhfwv hdfk sdlu ri djhqwv dqg wkdw wklv vhtxhqfh ri phhwlqjv
rffxuv lq�qlwho| riwhq1 Wr hqvxuh wklv/ zh zrxog kdyh wr dvvxph wkdw iru dq|
� dqg � wkhuh h{lvwv d vhtxhqfh i�&jg&'f zlwk �f ' � dqg �g ' � dqg wkh
rughuhg sdlu E�&c �&n�� phhwv lq�qlwho| riwhq iru hdfk & 	 g1 Wkh vwurqjhu
dvvxpswlrq lv pdlqwdlqhg khuh iru vlpsolflw|/ exw wkh uhvxowv zrxog vwloo krog
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zlwk wkh zhdnhu frqqhfwhgqhvv dvvxpswlrq1

41614 Wkh Sod| ri wkh Jdph

Wkh sod| ri wkh jdph lv ghvfulehg e| d sdwk1 D sdwk lv d frpsohwh klvwru|
ri wkh sod| ri wkh jdph/ d ghvfulswlrq ri hyhu|wklqj wkdw kdsshqv dw hyhu|
gdwh1 Irupdoo|/ sdwk lv d vhtxhqfhi@|j"|'� frqvlvwlqj ri rughuhg wulsohv @| '
E%|c 5|c o|�/ zkhuh %| lv wkh doorfdwlrq wkdw kdv ehhq uhdfkhg dw wkh ehjlqqlqj
ri gdwh |/ 5| lv wkh sursrvdo r�huhg e| �|/ dqg o| lv wkh uhvsrqvh pdgh e| �|1

D ihdvleoh sdwk pxvw vdwlvi| vhyhudo frqglwlrqv1 Iluvw/ %| pxvw eh dq
dwwdlqdeoh doorfdwlrq dw hdfk gdwh |1 Vhfrqgo|/ %| pxvw eh frqvlvwhqw zlwk
wkh dfwlrqv fkrvhq e| wkh djhqwv1 Uhfdoo wkdw rqo| wkh sursrvhu dqg uhvsrq0
ghu duh doorzhg wr h{fkdqjh frpprglwlhv dw gdwh | dqg wkh dfwxdo yhfwru ri
frpprglwlhv h{fkdqjhg lv htxdo wr wkh dffhswhg sursrvdo +li wkh sursrvdo lv
uhmhfwhg wkhuh lv qr wudgh,1 Wkhq d ihdvleoh sdwk @ ' i@|j pxvw vdwlvi|

%�|n� ' %�| n 5| li � ' �| dqg o| ' R+er�

%�|n� ' %�| � 5| li � ' �| dqg o| ' R+er�

%�|n� ' %�| rwkhuzlvh/

iru hyhu| gdwh |1 Ohw � ghqrwh wkh vhw ri ihdvleoh sdwkv1
Dw hdfk gdwh wkh djhqwv revhuyh wkh sursrvdo dqg uhvsrqvh1 Wkh lqiru0

pdwlrq dydlodeoh dw wkh ehjlqqlqj ri gdwh | frqvlvwv ri wkh sdwk vhjphqw
E@�c ���c @|3��1 Fdoo wklv sdwk vhjphqw wkh klvwru| ri wkh jdph xs xqwlo gdwh |
dqg ghqrwh lw e| �|1 Dw hdfk gdwh |/ wkh sursrvhu pryhv �uvw dqg wkhq wkh uh0
vsrqghu pryhv1 Wkh sursrvhu nqrzv wkh klvwru| �|> wkh uhvsrqghu nqrzv wkh
klvwru| �| dqg wkh sursrvdo 5|1 Vr wkh lqirupdwlrq vhw dw zklfk wkh sursrvhu
pryhv kdv wkh irup E�c %� dqg wkh lqirupdwlrq vhw dw zklfk wkh uhvsrqghu
pryhv kdv wkh irup E�c %c 5�15 Ohw M� ghqrwh wkh lqirupdwlrq vhwv dw zklfk
djhqw � frqwurov sod|1

D vwudwhj| iru djhqw � lv d ghflvlrq uxoh wkdw vshfl�hv d ihdvleoh dfwlrq iru
wkh sod|hu dw hyhu| lqirupdwlrq vhw zkhuh kh lv uhtxluhg wr pryh1 Li djhqw
� lv wkh sursrvhu dw dq lqirupdwlrq vhw E�c %� wkhq kh kdv wr fkrrvh d qhw
wudgh 5 wkdw lv ihdvleoh iru klpvhoi dqg wkh uhvsrqghu/ wkdw lv/ %� n 5 5 f�

dqg %� � 5 5 f�1 Li djhqw � lv wkh uhvsrqghu dw dq lqirupdwlrq vhw E�c %c 5� kh

5Wkh doorfdwlrq { lv d ixqfwlrq ri k dqg wr wklv h{whqw wkhuh lv vrph uhgxqgdqf| lq
wklv qrwdwlrq iru lqirupdwlrq vhwv/ exw wkhuh lv vrph dgydqwdjh lq pdnlqj { h{solflw vlqfh
L uhihu wr lw riwhq1
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kdv wr fkrrvh �|hv� ru �qr�1 Irupdoo|/ d vwudwhj| iru djhqw � lv d ixqfwlrq
s� gh�qhg rq wkh grpdlq M� zlwk ydoxhv lq +� ru i+erc ?Jj dv dssursuldwh1
D ihdvleoh vwudwhj| iru � pxvw pxvw vdwlvi|

%�| n s�E�|c %|� 5 f� iru � ' �|

%�| � s�E�|c %|� 5 f� iru � ' �|

dw dq| lqirupdwlrq vhw E�|c %|� vxfk wkdw � ' �|1 Wkh vhw ri ihdvleoh vwudwhjlhv
iru � lv ghqrwhg e| 8� dqg wkh vhw ri vwudwhj| sur�ohv lv ghqrwhg e| 8 ' �6

�'�8�1
Iru dq| vwudwhj| sur�oh s 5 8 zh fdq gh�qh d xqltxh sdwk @s ' i@s| j

dqg d xqltxh rxwfrph 1E@s � ' i1|E@s�j1 Li �s| lv wkh klvwru| dw gdwh |/ wklv
ghwhuplqhv wkh dwwdlqdeoh doorfdwlrq %| xqltxho| e| sxwwlqj

%�| ' 1|E@
s� '

;?
=

%�|3� n 5|3� li � ' �|3� dqg o|3� ' R+er�
%�|3� � 5|3� li � ' �|3� dqg o|3� ' R+er�
%�|3� rwkhuzlvh1

Wkhq wkh sursrvdo 5| lv jlyhq e|

5| ' s�|E�
s
| c %|�

dqg wkh uhvsrqvh o| lv jlyhq e|

o| ' s�|E�
s
| c %|c 5|��

Wkxv/ iru dq| klvwru| �s| wkh vwudwhj| sur�oh s doorzv xv wr gh�qh wkh klvwru|
�s|n� ' E�s| c @

s
| � dqg e| lqgxfwlrq zh fdq gh�qh wkh hqwluh sdwk @s 1

41615 Sd|r�v

Wkh frqvwuxfwlrq ri d sdwk iru hdfk vwudwhj| sur�oh s lv fuxfldo lq gh�qlqj
wkh sd|r�v ri wkh jdph1 Urxjko| vshdnlqj/ dq djhqw*v sd|r� lv wkh xwlolw| kh
jhwv iurp klv whuplqdo frqvxpswlrq/ exw vlqfh wkh jdph jrhv rq iruhyhu klv
whuplqdo frqvxpswlrq pd| qrw eh zhoo gh�qhg1 Iru wklv uhdvrq/ zh fdofxodwh
wkh xwlolw| kh zrxog jhw li kh frqvxphg klv frpprglw| exqgoh dw gdwh | dqg
wdnh dv klv sd|r� wkh colp lqi* ri wklv vhtxhqfh ri xwlolwlhv1 Iru dq| rxwfrph
i%|j"|'� zh gh�qh wkh sd|r� wr djhqw � wr eh wkh

*�4 �?u
|<"

��E%�|� ' t�T
AD�

i�?ui��E%�|�m| � Ajj�
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Qrwh wkdw wkhuh lv qr glvfrxqwlqj khuh dqg wkdw wkh xvh ri wkh olp lqi lv
frqvhuydwlyh lq wkh vhqvh wkdw lw wdnhv wkh orzhvw srvvleoh hvwlpdwh iru wkh
olplwlqj ydoxh ri wkh djhqw*v xwlolw|1 Lq sudfwlfh/ zh zloo eh deoh wr vkrz wkdw
wkh vhtxhqfh ri xwlolwlhv i��E%�|�j kdv d olplw dqg wkh vhtxhqfh ri udqgrp
doorfdwlrqv kdv d olplw wrr1

Lq wkh vdph zd|/ wkh frqvwuxfwlrq ri dq rxwfrph 1E@s � iru hdfk vwudwhj|
sur�oh doorzv xv wr gh�qh wkh lqglylgxdo sd|r� ixqfwlrqv �� G 8 $ + e|
sxwwlqj wkh sd|r� iru djhqw � htxdo wr

��Es� ' *�4 �?u
|<"

��E1�|E@
s��

iru dq| vwudwhj| sur�oh s 5 8 1
Vr/ �qdoo|/ zh kdyh duulyhg dw d qrupdo irup jdph K gh�qhg e|

� d vhw ri sod|huv i�c ���c6j/
� d vhw ri vwudwhj| sur�ohv 8 ' �6

�'�8�/ dqg

� d sd|r� ixqfwlrq � ' E��c ���c �6�1

417 Htxloleulxp
Kdylqj gh�qhg d sod|deoh jdph/ wkh qh{w vwhs lq wkh dqdo|vlv ri wkh jdph
lv wr gh�qh dq htxloleulxp1 Wkh fhqwudo frqfhsw lq qrq0frrshudwlyh jdph
wkhru| lv wkh Qdvk htxloleulxp/ lq zklfk hdfk sod|hu fkrrvhv d vwudwhj| wkdw
lv d ehvw uhvsrqvh wr wkh vwudwhj| sur�oh fkrvhq e| klv rssrqhqwv1 Lq wklv
frqwh{w/ d Qdvk htxloleulxp lv d vwudwhj| sur�oh sW 5 8 zlwk wkh surshuw|
wkdw iru hdfk � wkh vwudwhj| s W� pd{lpl}hv wkh sd|r� ri djhqw � jlyhq wkh
vwudwhjlhv sW3� � EsW� c ���c s

W
�3�c s

W
�n�c ���c s

W
6�=

��Es
W� � ��Es

W
3�c s��c;s� 5 8��

Lq g|qdplf jdphv/ wkh Qdvk htxloleulxp frqfhsw lv riwhq irxqg wr eh wrr
zhdn wr jlyh lqwhuhvwlqj uhvxowv1 Lq sduwlfxodu/ lw grhv qrw uhvwulfw wkh ehkdylru
ri wkh djhqwv r� wkh htxloleulxp sdwk1 Dv dq h{dpsoh/ frqvlghu wkh iroorzlqj
vwudwhj| sur�oh=

� vxssrvh wkdw hyhu| djhqw � uhmhfwv hyhu| r�hu zkhqhyhu kh lv lq wkh
srvlwlrq ri wkh uhvsrqghu>
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� hyhu| djhqw � sursrvhv wkh qr0wudgh yhfwru 5 ' f zkhqhyhu kh lv lq wkh
srvlwlrq ri wkh sursrvhu1

Wkh sur�oh ri vwudwhjlhv gh�qhg lq wklv zd| lv d Qdvk htxloleulxp1 Vlqfh wkh
sursrvhu dqwlflsdwhv wkdw dq| r�hu zloo eh uhmhfwhg/ lw lv rswlpdo iru klp wr
pdnh rqo| wkh qr0wudgh r�hu1 Vlqfh wkh rqo| r�huv uhfhlyhg lq htxloleulxp duh
qr0wudgh r�huv/ lw lv rswlpdo iru wkh uhvsrqghu wr uhmhfw wkhp1 Wkxv/ hdfk ri
wkh vwudwhjlhv lv d ehvw uhvsrqvh wr zkdw wkh rwkhu sod|huv duh dfwxdoo| grlqj1

Qrwh/ krzhyhu/ wkdw li d sursrvhu zhuh wr ghyldwh iurp wkh htxloleulxp
vwudwhj| dqg r�hu d Sduhwr0lpsurylqj wudgh/ lw zrxog qrw eh rswlpdo iru wkh
uhvsrqghu wr uhmhfw lw1 Wklv nlqg ri ehkdylru vhhpv xquhdvrqdeoh/ exw lw lv
frpsdwleoh zlwk wkh gh�qlwlrq ri Qdvk htxloleulxp1 Wkh sureohp lv wkdw
wkh gh�qlwlrq ri Qdvk htxloleulxp rqo| uhtxluhv djhqw �*v vwudwhj| wr eh d
ehvw uhvsrqvh wr zkdw wkh rwkhu djhqwv dfwxdoo| gr lq htxloleulxp1 Wklv grhv
qrw uhvwulfw klv ehkdylru dw lqirupdwlrq vhwv wkdw duh qrw vxssrvhg wr dulvh
lq htxloleulxp1 Dq htxloleulxp vwudwhj| iru djhqw � pd| frpplw klp/ dw
vrph lqirupdwlrq vhwv/ wr wdnh dq dfwlrq wkdw zrxog qrw eh rswlpdo li wkh
lqirupdwlrq vhw zhuh uhdfkhg1 Wklv frpplwphqw wr wdnh d vxerswlpdo dfwlrq
li wkh lqirupdwlrq vhw zhuh uhdfkhg pd| eh fuxfldo iru wkh htxloleulxp1

Iru wklv uhdvrq/ zh riwhq pdnh xvh ri wkh vwurqjhu uhtxluhphqw ri vxe0
jdph shuihfw htxloleulxp +VSH, sursrvhg e| Vhowhq +4<98,1 VSH lv
vwurqjhu wkdq Qdvk htxloleulxp ehfdxvh lw uhtxluhv hdfk sod|hu wr fkrrvh
dq rswlpdo dfwlrq lq hyhu| vlwxdwlrq kh frxog frqfhlydeo| �qg klpvhoi lq/ dqg
qrw mxvw wkrvh wkdw rffxu dorqj wkh htxloleulxp sdwk1 Lq sduwlfxodu/ lw uxohv
rxw hpsw| ru qrq0fuhgleoh wkuhdwv/ wkdw lv/ wkuhdwv zklfk dq djhqw zrxog qrw
eh zloolqj wr fduu| rxw li kh irxqg klpvhoi lq wkh vlwxdwlrq lq zklfk kh kdg
wkuhdwhqhg wr wdnh wkh dfwlrq1 Irupdoo|/ iru dq| lqirupdwlrq vhw � 5 M� ohw
KE�� ghqrwh wkh vxejdph wkdw ehjlqv dw wkh lqirupdwlrq vhw �1 Iru dq| klv0
wru| �� ri KE�� dqg dq| vwudwhj| s� lq 8� ohw ks�m�l ghqrwh wkh vwudwhj| gh�qhg
e| sxwwlqj

ks�m�lE��� ' s�E�c �
���

Wkdw lv/ wkh vwudwhj| ks�m�l whoov d sod|hu wr ehkdyh lq wkh qhz jdph zkhq
kh revhuyhv wkh klvwru| �� wkh vdph dv kh zrxog kdyh ehkdyhg lq wkh ruljlqdo
jdph li kh kdg revhuyhg wkh frpelqhg klvwru| E�c ���/ wkdw lv/ � iroorzhg e|
��1 Wkhq d VSH ri K lv d vwudwhj| sur�oh s W vxfk wkdw/ iru dq| lqirupdwlrq vhw
� 5 M�/ ks W� m�l lv d ehvw uhvsrqvh wr ks W3�m�l1 Hdfk djhqw � lv uhtxluhg wr fkrrvh
d vwudwhj| wkdw vdwlv�hv wkh Qdvk htxloleulxp frqglwlrqv dw hyhu| srvvleoh
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lqirupdwlrq vhw dqg qrw mxvw wkrvh wkdw duh uhdfkhg dorqj wkh htxloleulxp
sdwk1 Lq rwkhu zrugv/ ksWm�l lv d Qdvk htxloleulxp ri KE��1

Dowkrxjk wkh frqfhsw ri VSH uhvwulfwv wkh ehkdylru ri wkh djhqwv lq zd|v
wkdw pd| eh lpsruwdqw/ lw vwloo ohdyhv rshq wkh grru iru pdq| nlqgv ri eh0
kdylru dv htxloleulxp skhqrphqd1 Wkh uhdvrq lv zhoo nqrzq iurp wkh wkhru|
ri uhshdwhg jdphv1 Dv wkh Iron Wkhruhp iru uhshdwhg jdphv vkrzv/ zkhq
sod|huv duh h{wuhpho| sdwlhqw hyhu| �lqglylgxdoo| udwlrqdo� sd|r� fdq eh vxs0
sruwhg dv d VSH +Ixghqehuj dqg Pdvnlq +4<;9,,1 Wkh suhvhqw jdph lv qrw
d uhshdwhg jdph1 D uhshdwhg jdph frqvlvwv ri wkh uhshdwhg sod| ri lghqwlfdo
jdphv dw vxffhvvlyh gdwhv1 D GPEJ fkdqjhv ryhu wlph ehfdxvh wkh fxuuhqw
doorfdwlrq fkdqjhv dv djhqwv wudgh1 Whfkqlfdoo|/ d GPEJ lv d vwrfkdvwlf jdph
lq zklfk wkh vwdwh lv wkh doorfdwlrq ri frpprglwlhv dqg wkh gdwh +uhfdoo wkdw
wkh pdwfklqj surfhvv lv d ixqfwlrq ri wkh gdwh,1 Vlqfh wkh vwdwh fkdqjhv iurp
shulrg wr shulrg/ d gl�huhqw jdph lv ehlqj sod|hg dw hdfk gdwh1 Qrqhwkhohvv/
wkh sulqflsoh ri lqghwhuplqdf| wkdw dssolhv lq uhshdwhg jdphv fdq dovr d�hfw
wkh dqdo|vlv ri wklv jdph1 Dq djhqw*v dfwlrq dw gdwh | d�hfwv klv sd|r� lq wzr
zd|v1 Lw d�hfwv klv sd|r� gluhfwo| e| fkdqjlqj klv fxuuhqw frpprglw| exqgoh
dqg lw d�hfwv klv sd|r� lqgluhfwo| e| fkdqjlqj wkh ixwxuh ehkdylru ri klv rs0
srqhqwv1 Li d sduwlfxodu dfwlrq zloo ohdg klv rssrqhqwv wr dgrsw d sxqlvkphqw
vwudwhj|/ kh fdq eh ghwhuuhg iurp fkrrvlqj wkdw dfwlrq hyhq li wkh gluhfw h�hfw
rq klv sd|r� pljkw eh ehqh�fldo1 Lq wkh vdph zd|/ klv rssrqhqwv* ghflvlrq
wr sxqlvk klp zloo eh prwlydwhg e| wkh sxqlvkphqwv wkh| dqwlflsdwh li wkh|
idlo wr sxqlvk1 Lq dq lq�qlwh0krul}rq jdph/ wklv qhyhu hqglqj vhtxhqfh ri
wkuhdwv vxssruwhg e| frxqwhu0wkuhdwv vxssruwhg e| frxqwhu0frxqwhu0wkuhdwv
111 dqg vr rq/ pd| xqghuplqh wkh uhvwulfwlyhqhvv ri VSH dowrjhwkhu1 Lq rwkhu
zrugv/ pdq| wkuhdwv pd| ehfrph fuhgleoh li wkh| duh vxssruwhg e| ixuwkhu
wkuhdwv dg lq�qlwxp1 Wkh uhvxow lv d odujh vhw ri rxwfrphv frqvlvwhqw zlwk
VSH ehkdylru1

Wr dyrlg wklv lqghwhuplqdf|/ wkhrulvwv duh vrphwlphv ohg wr uhvwulfw wkhlu
dwwhqwlrq wr dq hyhq vpdoohu vhw ri vwudwhjlhv/ qdpho| wkrvh zklfk duhphpr0
u|ohvv ru klvwru|0lqghshqghqw1 Li doo djhqwv fkrrvh phpru|ohvv vwudwhjlhv
lq htxloleulxp/ wkh vfrsh iru vxssruwlqj dq rxwfrph dv dq htxloleulxp lv frq0
vlghudeo| uhgxfhg/ vlqfh dq djhqw nqrzv +zkhq kh fkrrvhv klv dfwlrq, wkdw lw
zloo eh irujrwwhq zkhq djhqwv kdyh wr pdnh wkhlu fkrlfhv lq wkh ixwxuh1 Lq
wkh suhvhqw jdph/ zh fdqqrw hvfdsh iurp wkh h�hfwv ri phpru| dowrjhwkhu/
vlqfh wkh fxuuhqw doorfdwlrq lv d surgxfw ri wkh sdvw dqg pxvw eh nqrzq e|
wkh djhqwv fkrrvlqj dfwlrqv lq hdfk shulrg1 Krzhyhu/ uhvwulfwlqj phpru| dv
pxfk dv srvvleoh zloo eh vhhq wr kdyh d fuxfldo h�hfw rq wkh dqdo|vlv ri wkh
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jdph1 Irupdoo|/ d Pdunry vwudwhj| s lv rqh lq zklfk

� iru dq| lqirupdwlrq vhwv E�c %�c E��c %� 5 M�/ zkhuh � lv wkh sursrvhu/ wkh
vwudwhj| fkrrvhv wkh vdph sursrvdo 5 ' s E�c %� ' sE��c %�>

� iru dq| lqirupdwlrq vhwv E�c %c 5�c E��c %c 5� 5 M�/ zkhuh � lv wkh uhvsrq0
ghu/ wkh vwudwhj| fkrrvhv wkh vdph uhvsrqvh o ' sE�c %c 5� ' sE��c %c 5�1

Lq rwkhu zrugv/ d sursrvhu*v dfwlrq dw wkh lqirupdwlrq vhw E�c %� ghshqgv rqo|
rq wkh dwwdlqdeoh doorfdwlrq % dqg wkh gdwh |/ dqg qrw wkh klvwru| �1 Zh kdyh
wr lqfoxgh | dv sduw ri wkh lqirupdwlrq ehfdxvh wkh lghqwlw| ri wkh sursrvhu
� dqg wkh uhvsrqghu � duh ixqfwlrqv ri |1 Vlploduo|/ dw wkh lqirupdwlrq vhw
E�c %c 5� wkh uhvsrqghu*v dfwlrq ghshqgv rqo| rq wkh doorfdwlrq %/ wkh gdwh |
dqg wkh sursrvdo 5/ dqg qrw wkh klvwru| �1

Wkh frqfhsw ri phpru|ohvv vwudwhjlhv ohdgv wr d ixuwkhu uh�qhphqw ri
Qdvk htxloleulxp1 D Pdunry shuihfw htxloleulxp +PSH, lv d VSH lq
zklfk hdfk djhqw fkrrvhv d Pdunry vwudwhj|1 Qrwh wkdw zh duh uhvwulfwlqj
dwwhqwlrq wr VSH lq zklfk djhqwv fkrrvh Pdunry vwudwhjlhv/ zklfk lv qrw
wkh vdph dv uhvwulfwlqj dq djhqw*v fkrlfh wr Pdunry vwudwhjlhv1 Lq d PSH/
wkh djhqw lv doorzhg wr fkrrvh dq| ihdvleoh vwudwhj|/ exw lw wxuqv rxw wkdw d
Pdunry vwudwhj| lv rswlpdo lq wkh vhw ri doo vwudwhjlhv1

418 Wkh Hgjhzruwk Surshuw|
Lq wkh qlqhwhhq0vl{wlhv dqg qlqhwhhq0vhyhqwlhv hfrqrplvwv vwxglhg d w|sh ri
doorfdwlrq surfhvv nqrzq dv wkh Hgjhzruwk Surfhvv +X}dzd +4<93,,1 Dq
doorfdwlrq surfhvv lv d g|qdplf surfhvv lq zklfk wkh vwdwh yduldeoh lv dq
dwwdlqdeoh doorfdwlrq wkdw hyroyhv dffruglqj wr d ghwhuplqlvwlf ru vwrfkdvwlf
odz ri prwlrq1 Fruuhvsrqglqj wr wkh doorfdwlrq surfhvv lv d xwlolw| surfhvv
gh�qhg e| wkh yhfwru ri xwlolwlhv dvvrfldwhg zlwk wkh fxuuhqw doorfdwlrq dw
hdfk srlqw lq wlph1 Wkh gh�qlqj surshuw| ri wkh Hgjhzruwk surfhvv lv
wkdw wkh xwlolw| surfhvv lv qrq0ghfuhdvlqj ryhu wlph1 +Vhh Qhjlvkl +4<95, iru
d pruh ghwdlohg ghvfulswlrq,1

Wkh Hgjhzruwk Surfhvv lv olnh d judglhqw surfhvv/ h{fhsw wkdw lw lv fkdu0
dfwhul}hg e| d qrq0ghfuhdvlqj yhfwru ri xwlolwlhv/ udwkhu wkdq e| d vfdodu re0
mhfwlyh ixqfwlrq1 Xqghu fhuwdlq uhjxodulw| frqglwlrqv lw fdq eh vkrzq wkdw
dq Hgjhzruwk Surfhvv frqyhujhv wr d Sduhwr0h!flhqw doorfdwlrq +ru d vhw ri
Sduhwr0h!flhqw doorfdwlrqv,1 Rqh gl!fxow| wkdw dulvhv lv wkdw wkhuh pd| h{lvw
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lqh!flhqw doorfdwlrqv dw zklfk lw lv lpsrvvleoh wr �qg xwlolw| lqfuhdvlqj wudghv1
Iru h{dpsoh/ wkhuh pd| h{lvw Sduhwr0lqh!flhqw doorfdwlrqv wkdw duh sdluzlvh0
h!flhqw +Pdgghq +4<:9,,1 Li wudgh lv dvvxphg wr wdnh sodfh ehwzhhq sdluv ri
djhqwv dqg li rqh ri wkhvh doorfdwlrqv lv uhdfkhg/ wkh Hgjhzruwk Surfhvv pd|
ehfrph vwxfn wkhuh dqg qhyhu uhdfk d Sduhwr0h!flhqw doorfdwlrq1

Wkh surfhvvhv jhqhudwhg e| wkh GPEJ kdyh d vlplodu surshuw|/ zklfk L
zloo fdoo wkh Hgjhzruwk Surshuw|1 Wkh fulwlfdo gl�huhqfh ehwzhhq p| xvh ri
wkh whup khuh dqg lwv xvh lq wkh hduolhu olwhudwxuh lv wkdw wkh djhqwv lq dq
Hgjhzruwk Surfhvv duh dvvxphg wr eh p|rslf1 Wkh| fduh derxw wkh xwlolw|
ri wkh frpprglw| exqgoh wkh| fxuuhqwo| krog/ hyhq wkrxjk wkh surfhvv lv
lqwhqghg wr eh d wåwrqqhphqw surfhvv lq zklfk frqvxpswlrq grhv qrw rffxu
xqwlo wudgh vwrsv1 Lq d GPEJ/ e| frqwudvw/ djhqwv duh idu0vljkwhg1 Wkh|
fduh derxw wkh xwlolw| ri wkh frpprglw| exqgoh wkh| uhfhlyh dv|pswrwlfdoo|
dv wlph jrhv wr lq�qlw|1 Zkdw zh fdq vkrz lv wkdw wkh htxloleulxp sd|r� lv
qrq0ghfuhdvlqj1

Vxssrvh wkdw s W lv d PSH dqg wkdw i%|j lv wkh htxloleulxp rxwfrph1 Wkh
htxloleulxp sd|r� wr djhqw � lv jlyhq e|

��Es
W� ' *�4 �?u

|<"
��E%�|��

Dw wkh ehjlqqlqj ri gdwh |/ ehiruh d sursrvdo kdv ehhq pdgh/ wkh htxloleulxp
sd|r� lv d ixqfwlrq ri wkh lqlwldo doorfdwlrq %| dqg wkh gdwh |1 Wudgh lv
yroxqwdu| lq wkh vhqvh wkdw dq djhqw fdq dozd|v jxdudqwhh qr wudgh e| r�hulqj
d sursrvdo 5 ' f zkhqhyhu kh lv wkh sursrvhu dqg uhmhfwlqj doo r�huv zkhq
kh lv wkh uhvsrqghu1 Dw wkh zruvw/ kh fdq jxdudqwhh klpvhoi ��E%�|�/ vr

��Es
W� � ��E%�|�

iru hyhu| djhqw � dqg gdwh �1 Iurp wklv lw iroorzv lpphgldwho| wkdw

*�4 �?u
|<"

��E%�|� ' ��Es
W� � *�4 t�T

|<"

��E%�|�c

zklfk lpsolhv wkdw
��Es

W� ' *�4
|<"

��E%�|��

Sursrvlwlrq 5 Ohw s W eh d PSH ri K dqg ohw i%E|�j"|'� eh wkh htxloleulxp
rxwfrph1 Wkhq

��Es
W� ' *�4

|<"
��E%�|�c;��
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Hvwdeolvklqj frqyhujhqfh lv lpsruwdqw1 Lq vxfk d frpsoh{ jdph/ lw lv
kdug wr nqrz zkhuh wr ehjlq wr dqdo|}h wkh htxloleulxp vwudwhjlhv1 Wkh idfw
wkdw sd|r�v duh hyhqwxdoo| frqvwdqw jlyhv xv d sodfh wr vwduw1 Dv zh vhh lq
wkh qh{w vhfwlrq/ lw lpsolhv wkdw jdlqv iurp wudgh hyhqwxdoo| ydqlvk1 Wklv
doorzv xv wr vd| vrphwklqj derxw wkh olplwlqj doorfdwlrq dqg wkhq zh fdq
zrun edfnzdugv wr ghgxfh surshuwlhv ri wkh hqwluh htxloleulxp1

419 H!flhqf|

Wkh hvvhqwldo lghd ghyhorshg lq wklv vhfwlrq lv wkdw li djhqwv phhw uhshdwhgo|
dqg edujdlq ryhu wkh jdlqv iurp sdluzlvh wudgh/ wkh uhvxowlqj htxloleulxp
doorfdwlrq pxvw eh Sduhwr0h!flhqw1 Vwdwhg lq wklv zd|/ wkh uhvxow pd| vrxqg
doprvw wdxwrorjlfdo1 Rqh ri wkh wklqjv wr eh ohduqhg iurp wklv dqdo|vlv lv
wkdw wkh uhvxow lv qrw wulyldo dqg frqwdlqv vrph lpsruwdqw vxewohwlhv1

Wkh lqwxlwlyh sduw ri wkh dujxphqw lv txlwh hdv|1 Lpdjlqh wkdw lq wkh
olplw dv | $ 4 wkh doorfdwlrq frqyhujhv wr %1 Wkh htxloleulxp sd|r� iru � lv
��Es

W� ' ��E%��1 Dv zh kdyh douhdg| vhhq/ ��EsW� � ��Ee�� vr %� lv lqglylgxdoo|
udwlrqdo1 Wkhq li % lv qrw Sduhwr0h!flhqw/ lw lv qrw sdluzlvh h!flhqw/ dffruglqj
wr Sursrvlwlrq 41 Wklv phdqv wkdw wzr djhqwv/ � dqg � vd|/ fdq lqfuhdvh wkhlu
xwlolw| wkurxjk wudgh zlwk hdfk rwkhu1 Vrrqhu ru odwhu � dqg � zloo phhw dqg
rqh ri wkhp fdq sursrvh wr wkh rwkhu d Sduhwr0lpsurylqj wudgh1 Exw wklv
phdqv wkdw wkh| fdq jhw pruh wkdq wkh htxloleulxp sd|r�v/ frqwudglfwlqj
wkh frqglwlrqv iru d Qdvk htxloleulxp1

Wkhuh duh d frxsoh ri whfkqlfdo gl!fxowlhv lq wkh surri ri wklv uhvxow1
Iluvw/ wkh idfw wkdw sd|r�v dqg xwlolwlhv frqyhujh dorqj d sduwlfxodu vdpsoh
sdwk grhv qrw lpso| frqyhujhqfh ri wkh fruuhvsrqglqj doorfdwlrqv1 Wkhuh
pd| eh qrq0qhjoljleoh wudgh lq wkh olplw hyhq wkrxjk xwlolwlhv duh qrw fkdqj0
lqj1 Vhfrqgo|/ wkh khxulvwlf dujxphqw deryh dssolhv lq wkh olplw/ zkhuhdv zh
qhhg wr vkrz wkdw d frqwudglfwlrq rffxuv iru d odujh exw �qlwh gdwh | zkhq
frqyhujhqfh kdv qrw |hw rffxuuhg1

Pruh lpsruwdqw wkdq wkhvh whfkqlfdo lvvxhv lv d vwudwhjlf lvvxh1 Zlwkrxw
wkh dvvxpswlrq ri PSH/ lw grhv qrw iroorz wkdw d uhvsrqghu zloo dffhsw d
Sduhwr0lpsurylqj r�hu1 Vxssrvh wkdw � dqg � phhw odwh lq wkh jdph/ zkhq
wkhlu frpprglw| exqgohv duh %� dqg %�/ uhvshfwlyho|/ dqg wkhlu htxloleulxp
sd|r�v duh 7�� dqg 7��c uhvshfwlyho|1 Vxssrvh ixuwkhu wkdw � sursrvhv d wudgh 5
wkdw lv ihdvleoh dqg zloo jlyh erwk � dqg � xwlolwlhv wkdw duh juhdwhu wkdq wkhlu
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fxuuhqw htxloleulxp sd|r�v/ wkdw lv/

��E%� n 5� : 7��c ��E%� � 5� : 7���

Vkrxog � dffhswB Qrw li � wklqnv wkdw e| uhmhfwlqj �*v r�hu ri �5 kh zloo jhw
dq hyhq kljkhu sd|r� lq wkh ixwxuh1 Exw li � dqwlflsdwhv d uhmhfwlrq iurp �
wkhq � kdv qr lqfhqwlyh wr pdnh wkh sursrvdo lq wkh �uvw sodfh1 Vr lw pd| eh
dq htxloleulxp iru wkh djhqwv qrw wr wudgh dqg wr uhfhlyh wkh sd|r�v 7�� dqg 7��
lq htxloleulxp1 Wkh fuxfldo dvvxpswlrq lq wklv dujxphqw lv wkdw dq r�hu e| �
zloo eh uhphpehuhg lq wkh uhpdlqghu ri wkh jdph dqg xvhg dv d vljqdo wr wkh
sod|huv wr fkdqjh wkhlu htxloleulxp sod| vr wkdw � lv uhzdughg iru uhmhfwlqj �1

Lq d PSH/ d uhmhfwhg r�hu lv qrw �uhphpehuhg� lq wkh frqwlqxdwlrq jdph1
Vwudwhjlhv rqo| ghshqg rq wkh fxuuhqw vwdwh/ vr wkh sdvw lv �uhphpehuhg� rqo|
wr wkh h{whqw wkdw lw kdv dq lpsdfw rq wkh fxuuhqw doorfdwlrq1 D uhmhfwhg r�hu
kdv qr h�hfw rq wkh doorfdwlrq dqg vr wkh sod|huv lq wkh frqwlqxdwlrq jdph
fdqqrw glvwlqjxlvk lw iurp d qr0wudgh r�hu1 Vlqfh � fdqqrw ehqh�w iurp
uhmhfwlqj wkh r�hu/ kh pxvw dffhsw wkh Sduhwr0lpsurylqj r�hu lq wkh h{dpsoh
deryh1

Iurp d sxuho| vwudwhjlf shuvshfwlyh/ wkh dvvxpswlrq ri PSH pd| vhhp
duelwudu|1 Iurp d frpshwlwlyh pdunhw shuvshfwlyh/ lw vhhpv pruh uhdvrqdeoh1
Lq d odujh pdunhw/ lw lv qrw olnho| wkdw djhqwv zloo revhuyh doo r�huv dqg wkhuh
lv qr lqfhqwlyh iru wklug sduwlhv wr frqglwlrq wkhlu ehkdylru rq uhmhfwhg r�huv1
Rq wkh rwkhu kdqg/ lw frxog eh dujxhg wkdw wkhuh duh vrfldo qrupv wkdw rshudwh
lq pdunhwv/ iru h{dpsoh/ wkh qrwlrq ri d idlu sulfh/ dqg wkdw ylrodwruv zloo eh
sxqlvkhg e| vrflhw| dw odujh1 Wklv zkroh txhvwlrq qhhgv wr eh lqyhvwljdwhg
dw ohqjwk lq wkh qh{w fkdswhu1 Iru wkh prphqw lw lv hqrxjk wr dssuhfldwh wkh
lpsruwdqfh ri wkh Pdunry dvvxpswlrq lq hvwdeolvklqj wklv uhvxow1

Iru wkh surri ri Sursrvlwlrq 6/ zh qhhg wr vwuhqjwkhq wkh dvvxpswlrqv rq
suhihuhqfhv1 Vshfl�fdoo|/ zh dvvxph wkdw=

� Hdfk xwlolw| ixqfwlrq �� lv vwulfwo| frqfdyh1

Wklv dvvxpswlrq hqvxuhv wkdw doorfdwlrqv frqyhujh li xwlolwlhv frqyhujh1 Li
xwlolwlhv frqyhujh exw wudgh grhv qrw frqyhujh wr }hur/ wkhuh pxvw lq wkh olplw
h{lvw d qrq0}hur wudgh ehwzhhq wzr djhqwv wkdw ohdyhv xwlolw| xqfkdqjhg1 Exw
li wzr djhqwv fdq h{fkdqjh d qrq0}hur frpprglw| exqgoh wkdw ohdyhv xwlolw|
xqfkdqjhg/ wkh| fdq lqfuhdvh xwlolw| e| wudglqj kdoi dv pxfk1 Wkh h{lvwhqfh
ri vxfk d wudgh zloo eh vkrzq wr frqwudglfw wkh frqglwlrqv iru d PSH1
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Wkh qh{w sursrvlwlrq fkdudfwhul}hv wkh olplwlqj vhw ri doorfdwlrqv rq wkh
htxloleulxp sdwk1 Lw vkrzv �uvw wkdw wkh doorfdwlrq frqyhujhv dqg vhfrqgo|
wkdw wkh olplwlqj doorfdwlrq lv Sduhwr0h!flhqw1

Sursrvlwlrq 6 Wkh PSH rxwfrph i%|j frqyhujhv wr %" ' *�4|<" %| 5 � 1

Surri1 Wkh �uvw vwhs lq wkh surri lv wr vkrz wkdw i%|j lv d Fdxfk| vhtxhqfh1
Wkh surri lv e| frqwudglfwlrq1 Vxssrvh/ frqwudu| wr zkdw zh zdqw wr suryh/
wkdw iru vrph vxevhtxhqfh +xvlqj wkh vdph qrwdwlrq, mm%| � %|n�mm � 0 iru
vrph 0 : f dqg doo |1 Fkrrvh vrph ixuwkhu vxevhtxhqfh vxfk wkdw �| ' �
dqg �| ' � iru doo |1 Lw lv dozd|v srvvleoh wr fkrrvh wklv vxevhtxhqfh ehfdxvh
hyhu| rughuhg sdlu ri djhqwv E�c �� lv pdwfkhg lq�qlwho| riwhq1 Wkhq fkrrvh
d ixuwkhu vxevhtxhqfh vxfk wkdw %| $ + dqg %�|n� � %�| $ 5 dorqj wklv
vxevhtxhqfh1 Lw lv srvvleoh wr fkrrvh vxfk d vxevhtxhqfh ehfdxvh wkh vhw ri
dwwdlqdeoh doorfdwlrqv lv frpsdfw1 Vlqfh

*�4
|<"

�&E%&|� ' *�4
|<"

�&E%&|n�� ' �&Es
W�c

iru & ' �c �/ lw pxvw eh wkh fdvh wkdw

��E+�� ' ��E+� n 5� ' ��Es
W�

��E+�� ' ��E+� � 5� ' ��Es
W��

E| vwulfw frqfdylw|/

��E+� n 5*2� : ��Es
W�

��E+� � 5*2� : ��Es
W��

E| frqwlqxlw|/

��E%�| n 5*2� : ��Es
W�

��E%�| � 5*2� : ��Es
W�c

iru doo | vx!flhqwo| odujh1 Wklv frqwudglfwv wkh htxloleulxp frqglwlrqv vlqfh �
fdq r�hu � wr wudgh 5*2 dqg pdnh wkhp erwk ehwwhu r�1

Wklv odvw vwhs lv qrw hqwluho| reylrxv/ vlqfh zh duh frqvlghulqj d ghyldwlrq
iurp wkh htxloleulxp sdwk1 Zh kdyh vkrzq wkdw � fdq r�hu � d wudgh zklfk
fdq pdnh wkhp erwk ehwwhu r� wkdq wkh| zrxog eh dorqj wkh htxloleulxp
sdwk1 Krzhyhu/ � pd| uhmhfw wklv r�hu li/ e| grlqj vr/ kh fdq dfklhyh dq
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rxwfrph wkdw lv ehwwhu vwloo1 Fdq � gr ehwwhu vwlooB Lq d Pdunry htxloleulxp/
wkh dqvzhu lv qr1 Vlqfh vwudwhjlhv duh phpru|ohvv/ li � uhmhfwv �*v r�hu wkh
doorfdwlrq dw wkh ehjlqqlqj ri wkh qh{w shulrg lv h{dfwo| wkh vdph dv lw zdv
dw wkh ehjlqqlqj ri wkh suhvhqw shulrg1 Vlqfh s W lv d PSH/ wkh htxloleulxp
sd|r� ghshqgv rqo| rq wkh qh{w vwdwh E%|c | n �� dqg fdq eh ghqrwhg e|
��E%|c | n ��1 Rq wkh rqh kdqg/ vlqfh wudgh lv yroxqwdu|/ ��E%|c | n �� pxvw
vdwlvi|

��E%|c | n �� � ��Es
W�(

rwkhuzlvh � frxog gr ehwwhu wkdq klv htxloleulxp sd|r� e| uhixvlqj dq| r�hu
dw gdwh | dqg wklv zrxog frqwudglfw wkh htxloleulxp frqglwlrqv1 Rq wkh rwkhu
kdqg/ li kh dffhswv wkh r�hu ri 5/ klv sd|r� pxvw eh dw ohdvw

��E%
�c | n �� � ��E%�| � 5*2� : ��Es

W�c

zkhuh wkh qhz doorfdwlrq %� lv gh�qhg e|

%�& '

;?
=

%�| n 5*2 li & ' �
%�| � 5*2 li & ' �
%&| rwkhuzlvh1

Vr lq d PSH djhqw � pxvw dffhsw wkh r�hu ri 51 Wkhq � fdq dfklhyh d sd|r�
ri dw ohdvw ��E%�| n 5*2� : ��Es

W� dqg pxvw ghyldwh1
Qrwh wkdw lq rughu wr vkrz wkdw � pxvw dffhsw �*v r�hu lw lv rqo| qhfhv0

vdu| wr orrn dkhdg rqh shulrg1 Wklv lv ehfdxvh zh duh dvvxplqj wkdw wkh
vwudwhjlhv sW frqvwlwxwh dq htxloleulxp1 Vr li � uhmhfwv wkh r�hu/ wkh uhvxowlqj
sd|r� lv ghwhuplqhg e| wkh htxloleulxp vwudwhjlhv ehjlqqlqj zlwk wkh fxuuhqw
doorfdwlrq dw wkh qh{w gdwh1 Vlqfh wklv sd|r� lv ohvv wkdq kh zdv r�huhg/ �*v
htxloleulxp vwudwhj| pxvw eh wr dffhsw �*v r�hu1

Vr wkh k|srwkhvlv wkdw i%|j lv qrw Fdxfk| ohdgv wr d frqwudglfwlrq ri wkh
htxloleulxp frqglwlrqv1 Wklv frqwudglfwlrq hvwdeolvkhv wkdw i%|j lv d Fdxfk|
vhtxhqfh/ vr i%|j frqyhujhv wr d olplw doorfdwlrq %"1

Wr vkrz wkdw %" 5 � zh xvh d vlplodu dujxphqw1 Vxssrvh wkdw %" *5 � 1
Wkhq %" lv qrw sdluzlvh0h!flhqw/ dffruglqj wr Sursrvlwlrq 4/ dqg iru vrph
sdlu E�c ��/ wkhuh h{lvwv d ihdvleoh wudgh 5 vxfk wkdw

��E%�" n 5� : ��E%�"� ' ��Es
W�

��E%�" � 5� : ��E%�"� ' ��Es
W�
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dqg e| frqwlqxlw|

��E%�| n 5� : ��Es
W�

��E%�| � 5� : ��Es
W�c

iru doo | vx!flhqwo| odujh1 Vlqfh wkh sdlu E�c �� lv pdwfkhg lq�qlwho| riwhq rq
// zh fdq xvh wkh suhylrxv dujxphqw vkrz wkdw � pxvw ghyldwh e| r�hulqj 5
wr �/ frqwudglfwlqj wkh htxloleulxp frqglwlrqv1 Wklv vkrzv wkdw %" 5 � 1

41: Frpshwlwlyh Vhtxhqfhv ri Hfrqrplhv

Wr jhw dq| ixuwkhu zlwk rxu vwru|/ zh kdyh wr doorz wkh qxpehu ri djhqwv wr
jurz xqerxqghgo| odujh1 Wkhuh duh vhyhudo zd|v wr gr wklv1 Rqh vlpsoh zd|
lv wr dvvxph wkhuh lv d �{hg vhtxhqfh ri djhqwv � ' �c 2c ���/ hdfk fkdudfwhu0
l}hg e| d frqvxpswlrq vhw f�/ dq hqgrzphqw e� 5 f� dqg d xwlolw| ixqfwlrq
�� G f� $ +1 Iru hdfk srvlwlyh lqwhjhu 6/ gh�qh d sxuh h{fkdqjh hfrqrp|
H6 frqvlvwlqj ri wkh �uvw 6 djhqwv1 Xvlqj wklv hfrqrp| dqg d pdwfklqj
suredelolw| Z6/ rqh fdq gh�qh d pdwfklqj dqg edujdlqlqj jdph K6 frqvlvw0
lqj ri wkh sod|huv U6 ' i�c ���c 6j/ wkh vwudwhj| vhwv 86 ' �6

�'�8� dqg wkh
sd|r� ixqfwlrqv i�6� j6�'� gh�qhg lq wkh xvxdo zd|1 Wkh vhw ri Pdunry shuihfw
htxloleuld fruuhvsrqglqj wr wkh jdph K6 lv ghqrwhg e| ��.EK6�1

Wkh remhfwlyh ri wklv vhfwlrq lv wr vwxg| wkh ehkdylru ri d vhtxhqfh ri
htxloleuld is6j"6'�/ zkhuh s

6 5 ��.EK6� iru hdfk 61
Iru hdfk htxloleulxp s6/ ohw %6 ' i%6| j"|'� ghqrwh wkh vhtxhqfh ri dw0

wdlqdeoh doorfdwlrqv revhuyhg dorqj wkh htxloleulxp sdwk/ dqg ohw

+6 ' *�4
|<"

%6| �

Lq rwkhu zrugv/ +6 lv wkh olplw doorfdwlrq1 Vlqfh +6 5 � wkh Vhfrqg Zho0
iduh Wkhruhp dqg wkh xvxdo frqfdylw| dvvxpswlrqv lpso| wkdw wkhuh h{lvwv d
vxssruwlqj sulfh yhfwru R6 vxfk wkdw

��E+�� � ��E+
6
� � : +� 9' +6� ', R6 � +� : R6 � +6� /

iru hyhu| � ' �c ���c 61 Wr vhh wklv/ qrwh wkdw h!flhqf| lpsolhv wkh h{lvwhqfh
ri d frpprq yhfwru R6 sursruwlrqdo wr hdfk judglhqw yhfwru u��E+

6
� �> vwulfw

frqfdylw| dqg wkh judglhqw lqhtxdolw| lpso| wkh uhvw1
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Zh fdq qrupdol}h wkh sulfhv vr wkdw nR6n ' � iru hyhu| 61 Vlqfh wkh
vhtxhqfh iR6j lv erxqghg/ lw srvvhvvhv d vxevhtxhqfh frqyhujlqj wr d olp0
lwlqj sulfh yhfwru Rf1 Ghqrwh wkh frqyhujhqw vxevhtxhqfh e| 6 5 P1 Wklv
vxevhtxhqfh lv wkh irfxv ri dwwhqwlrq lq zkdw iroorzv1

Ehfdxvh ri wkh frpsoh{lw| ri wkh vhtxhqfh ri jdphv dqg fruuhvsrqglqj
htxloleuld/ wzr dgglwlrqdo dvvxpswlrqv duh uhtxluhg lq rughu wr fkdudfwhul}h
htxloleuld lq wkh olplw1 Rqh frqfhuqv wkh frqwlqxlw| ri wkh htxloleulxp sod| ri
wkh jdph> wkh rwkhu frqfhuqv wkh fxuydwxuh ri wkh lqglylgxdo xwlolw| ixqfwlrqv1

41:14 Frqwlqxlw|

Dv wkh qxpehu ri djhqwv jhwv yhu| odujh/ d vlqjoh lqglylgxdo ehfrphv qhjoljl0
eoh lq whupv ri klv hqgrzphqw dqg klv srwhqwldo frqwulexwlrq wr wkh jhqhudo
zhoiduh1 Krzhyhu/ wklv grhv qrw hqvxuh wkdw klv h�hfw rq wkh olplw doorfd0
wlrq zloo eh qhjoljleoh/ hyhq zkhq wkh qxpehu ri djhqwv jhwv yhu| odujh1 Lq
d g|qdplf jdph/ wkh srvvlelolw| ri d odujh qxpehu ri djhqwv frqglwlrqlqj
wkhlu uhvsrqvhv rq wkh dfwlrqv ri d vlqjoh sod|hu hqgrjhqrxvo| jhqhudwhv wkh
srvvlelolw| wkdw d vlqjoh sod|hu kdv d qrq0qhjoljleoh h�hfw lq htxloleulxp1 Wr
dyrlg wklv srvvlelolw|/ d frqwlqxlw| dvvxpswlrq zloo lpsrvhg1 Wkh hvvhqwldo
lghd lv vlpsoh1 Wkh frqwlqxlw| dvvxpswlrq uhtxluhv wkdw d vlqjoh sod|hu kdyh
d qhjoljleoh lpsdfw rq wkh olplwlqj doorfdwlrq1

Ehiruh ghvfulelqj wkh frqwlqxlw| dvvxpswlrq lw lv zruwk pdnlqj vhyhudo
jhqhudo srlqwv derxw wkh qdwxuh dqg uroh ri wkh dvvxpswlrq1 Iluvw/ lw lv dq
dvvxpswlrq derxw hqgrjhqrxv yduldeohv1 Dv vxfk lw gluhfwo| uhvwulfwv wkh
nlqgv ri htxloleuld wkdw zloo eh frqvlghuhg/ udwkhu wkdq wkh sulplwlyhv ri wkh
prgho1 Vxfk dvvxpswlrqv duh riwhq uhjdughg zlwk vxvslflrq ehfdxvh lw lv qrw
dw doo fohdu zkdw lv ehlqj uxohg rxw1 Vhfrqgo|/ lw lv dq dvvxpswlrq derxw
vwudwhjlhv/ lqvridu dv lw uhvwulfwv wkh uhvsrqvh ri sod|huv wr ghyldwlrqv iurp
htxloleulxp sod|1 Wklugo|/ lw lv d frpsoh{ dvvxpswlrq1 Wkh vlwxdwlrq wr
zklfk wkh frqwlqxlw| dvvxpswlrq dssolhv lqyroyhv wzr olplwv/ rqh dv wlph
jrhv wr lq�qlw| dqg wkh rwkhu dv wkh qxpehu ri sod|huv jurzv zlwkrxw erxqg1
Xqlirup frqwlqxlw| lv qhhghg zlwk uhvshfw wr erwk olplwv1

Iru dq| vwudwhj| sur�oh s 5 86 wkhuh lv d xqltxh vhtxhqfh ri udqgrp do0
orfdwlrqv 1E@s� ' i1|E@s �j"|'�/ zkhuh 1|E@s� lv wkh +udqgrp, doorfdwlrq dw gdwh
|1 Reylrxvo|/ wkh doorfdwlrq dw gdwh | lv gh�qhg rq l dqg lv I|0phdvxudeoh1
Vxssrvh wkdw djhqw � ghyldwhv iurp wkh htxloleulxp e| fkrrvlqj dq duelwudu|
vwudwhj| 	s� 5 8�1 Wkh uhvxowlqj sdwk lv ghqrwhg e| @Es3�c 	s�� dqg wkh rxwfrph
lv 1E@Es3�c 	s���1 Wkh lpsdfw ri wkh ghyldwlrq rq wkh rxwfrph ri wkh jdph fdq
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eh phdvxuhg e| wkh glvwdqfh ri wkh fxuuhqw doorfdwlrq dw dq| gdwh iurp wkh
htxloleulxp olplw doorfdwlrq1 Li + lv wkh htxloleulxp olplw doorfdwlrq dqg wkh
fxuuhqw doorfdwlrq dw gdwh | lv 1|E@Es3�c 	s��� wkhq wkh glvwdqfh ehwzhhq wkh
fxuuhqw dqg wkh olplw doorfdwlrqv lv

�

6

6[
�'�

n1�|E@Es3�c 	s���� +�n�

Qrwh wkdw zh wdnh wkh dyhudjh glvwdqfh1 Zkdw zh qhhg wr hqvxuh lv wkdw d
ghyldwlrq e| d vlqjoh djhqw � grhv qrw fdxvh d odujh fkdqjh lq wkh rxwfrph
dv phdvxuhg e| wklv glvwdqfh1

� Ohw is6j eh d �{hg exw duelwudu| vhtxhqfh ri PSH1 Wkh frqwlqxlw|
dvvxpswlrq uhtxluhv wkdw iru dq| " : f wkhuh h{lvw� dqg A vxfk wkdw
iru dq| djhqw � dqg dq| vwudwhj| s� 5 86

� /

�

6

6[
�'�

n1�|E@Es63�c s���� +6� n 	 "c ;6 : �c ;| : Ac

zkhuh lw lv xqghuvwrrg wkdw 6 5 P1

Lq rwkhu zrugv/ dq| ghyldwlrq e| d vlqjoh sod|hu fdqqrw fkdqjh wkh dyhudjh
doorfdwlrqv e| d odujh dprxqw iru vx!flhqwo| odujh ydoxhv ri | dqg 61 Wklv
grhv qrw lpso| wkdw wkh ghyldwlqj sod|hu fdqqrw fkdqjh wkh frqvxpswlrq
exqgohv ri vrph sod|huv/ klpvhoi lqfoxghg/ e| d qrq0qhjoljleoh dprxqw1 Zkdw
lw grhv lpso| lv wkdw kh fdqqrw fkdqjh wkh frqvxpswlrq exqgohv ri prvw
sod|huv e| d qrq0qhjoljleoh dprxqw1 Dovr/ qrwh wkdw zh kdyh erxqghg wklv
glvwdqfh xqlirupo| lq | dqg 61 Xqliruplw| lv qhfhvvdu|> rwkhuzlvh wkh rughu
ri olplwv zrxog pdwwhu1

Dq dvvxpswlrq ri wklv nlqg/ zklfk uhvwulfwv wkh ydoxhv ri hqgrjhqrxv
yduldeohv/ lv xqiruwxqdwho| revfxuh1 Zh gr qrw nqrz zkdw wklv dvvxpswlrq
lv uxolqj rxw ru uxolqj lq lq whupv ri wkh sulplwlyhv ri wkh prgho1 Zh gr qrw
nqrz zkhwkhu wkh dvvxpswlrq lv olnho| wr eh vdwlv�hg e| prvw PSH ru qrw1
Iru wkh prphqw/ zh kdyh wr dffhsw lw rq wkh edvlv ri lqwxlwlyh sodxvlelolw|
dqg wkh idfw wkdw vrphwklqj olnh wklv lv qhhghg wr pdnh wkh dqdo|vlv wudfwdeoh
dqg wr jhw wkh uhvxow zh zdqw1 Lq wkh iroorzlqj fkdswhu zh lqyhvwljdwh wkh
edvlv iru wklv nlqg ri dvvxpswlrq lq pruh ghwdlo1

D vlplodu dvvxpswlrq kdv ehhq xvhg e| Juhhq +4<;7, wr vkrz wkdw wkh
Qdvk htxloleuld ri dq ?0shuvrq jdph frqyhujh wr Qdvk htxloleuld ri d frqwlq0
xxp jdph dv wkh ydoxh ri ? lqfuhdvhv zlwkrxw erxqg1
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Dq dvvxpswlrq ri wklv nlqg dsshduv wr eh qhhghg lq rughu wr vkrz wkdw
wkh Qdvk htxloleuld ri d Frxuqrw roljrsro| jdph frqyhujh wr frpshwlwlyh
htxloleuld dv wkh qxpehu ri �upv lqfuhdvhv zlwkrxw erxqg1 Urehuwv +4<;3,
surylghv d frxqwhu0h{dpsoh wr wkh frpshwlwlyh olplw uhvxow1 Li wkh htxloleulxp
sulfh fruuhvsrqghqfh/ zklfk pdsv txdqwlwlhv fkrvhq e| �upv lqwr htxloleulxp
sulfhv/ lv pxowl0ydoxhg wkhq d vpdoo fkdqjh lq txdqwlw| e| rqh �up fdq ohdg
wr d glvfrqwlqxrxv fkdqjh lq sulfh1 Wklv glvfrqwlqxrxv h�hfw ri d vlqjoh �up*v
dfwlrq fdq suhyhqw wkh dfklhyhphqw ri shuihfw frpshwlwlrq lq wkh olplw/ hyhq
wkrxjk hdfk �up lv �vpdoo� lq whupv ri lwv lpsdfw rq wrwdo rxwsxw1

41:15 Fxuydwxuh

Wkh vhfrqg dvvxpswlrq uhtxluhv xqliruplw| lq wkh fxuydwxuh ri wkh djhqwv*
suhihuhqfhv1 Dv zh ohw wkh qxpehu ri sod|huv jurz zlwkrxw erxqg/ wkh ghjuhh
ri vxevwlwxwdelolw| dorqj dq djhqw*v lqgl�huhqfh fxuyhv pd| eh idoolqj dv wkh
lqgh{ ri wkh djhqw jhwv yhu| odujh1 Wkh dvvxpswlrq lqwurgxfhg lq wklv vhfwlrq
sxwv d erxqg rq krz olwwoh vxevwlwxwdelolw| wkhuh fdq eh1 Wklv dvvxpswlrq
lv qrw vwulfwo| qhfhvvdu|/ iru uhdvrqv lqglfdwhg ehorz lq Vhfwlrq 41:17/ exw lw
pdnhv olih d orw hdvlhu1

Wkh �uvw sduw ri wkh dvvxpswlrq jxdudqwhhv wkdw wkh lqgl�huhqfh vxuidfh
kdv srvlwlyh fxuydwxuh/ wkdw lv/ wkh lqgl�huhqfh vxuidfh lv qrw nlqnhg1 Wklv lv
jxdudqwhhg e| wkh dvvxpswlrq wkdw/ iru dq| frqvxpswlrq exqgoh %�/ wkhuh lv
d edoo zlwk srvlwlyh udglxv frqwdlqhg lq wkh vhw ri exqgohv suhihuuhg wr %� dqg
wdqjhqw wr wkh lqgl�huhqfh vxuidfh dw %�1 Wkh odujhu wklv edoo lv/ wkh  dwwhu
wkh lqgl�huhqfh vxuidfh pxvw eh1 Iru suhvhqw sxusrvhv/ lw lv dovr qhfhvvdu| wr
hqvxuh vrph ghjuhh ri xqliruplw| lq wkh fxuydwxuh ri wkh lqgl�huhqfh vxuidfhv1
Wklv fdq eh grqh e| dvvxplqj wkdw iru hyhu| djhqw � dqg hyhu| exqgoh %�/ wkh
edoo fdq eh fkrvhq wr kdyh d �{hg plqlpxp udglxv o : f1 Wkh uhvw ri wklv
vhfwlrq ghdov zlwk ghwdlov wkdw fdq eh vnlsshg e| wkh qrq0whfkqlfdo uhdghu1

Iru dq| djhqw � dqg frqvxpswlrq exqgoh %� 5 f�/ ohw

M�E%�� � i%�� 5 f�m��E%��� � ��E%��j

ghqrwh wkh vhw ri frqvxpswlrq exqgohv wkdw duh dw ohdvw dv jrrg dv %�1 Gh�qh
wkh qrupdo ixqfwlrq }� G f� $ +� e| sxwwlqj

}�E%�� ' �u��E%��*nu��E%��n�
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Wkhq zh qrwh wkdw iru dq| k : f/ wkh srlqw %� � k}�E%�� ehorqjv wr M�E%��
dqg olhv dw d glvwdqfh k iurp wkh srlqw %�1 Ohw

�E%c o� ' i+ 5 +�m n%� +n � oj

ghqrwh wkh edoo zlwk fhqwhu % dqg udglxv o1

� Rxu fxuydwxuh dvvxpswlrq lv wkdw iru vrph k : f/ iru dq| � dqg iru
dq| %� 5 f�/

�E%� � k}�E%��c k� � M�E%��c

wkdw lv/ hyhu| srlqw lq wkh edoo zlwk udglxv k dqg fhqwhu %� � k}�E%�� lv
zhdno| suhihuuhg wr %�1

Dv ehiruh/ zh frxog uhvwulfw wklv dvvxpswlrq wr krog rqo| iru lqglylgxdoo|
udwlrqdo exqgohv %� vxfk wkdw ��E%�� � ��Ee��1

Qrwh wkdw wkh vwuhqjwk ri wklv dvvxpswlrq frphv iurp wkh idfw wkdw k lv
fkrvhq lqghshqghqwo| ri � dqg wkh frqvxpswlrq exqgoh %�1 Wklv phdqv wkdw
wkhuh lv d xqlirup erxqg rq wkh fxuydwxuh ri wkh lqgl�huhqfh fxuyhv ri hyhu|
djhqw dw hyhu| srlqw lq klv frqvxpswlrq vhw1 Dv xvxdo/ zh rqo| qhhg wklv
dvvxpswlrq wr dsso| wr wkh lqglylgxdoo| udwlrqdo exqgohv iru hdfk djhqw1

41:16 Olqhdulw|

Wkh suhfhglqj vhfwlrqv kdyh lqwurgxfhg wzr vshfldo dvvxpswlrqv wkdw duh
qhhghg wr frqwlqxh wkh ghyhorsphqw ri d frpshwlwlyh olplw wkhruhp1 Wkh
qh{w vwhs lv wr vkrz wkdw exgjhw edodqfh lv vdwlv�hg1 Pruh suhflvho|/ lw zloo eh
suryhg wkdw dq| qhw wudgh o|lqj lq wkh frpshwlwlyh exgjhw vhw i5 5 +�mRf �5 �
fj lv dfklhydeoh lq dq dv|pswrwlfdoo| sxuh PSH iru 6 vx!flhqwo| odujh1 Lq
rwkhu zrugv/ zh vkdoo kdyh ghprqvwudwhg wkdw hdfk djhqw fdq dfklhyh wkh
vdph xwlolw| wkdw kh zrxog rewdlq lq d frpshwlwlyh htxloleulxp zlwk sulfh
yhfwru Rf1

Wkh vwudwhj| ri wkh surri/ zklfk lv dq dgdswdwlrq ri wkh surri xvhg lq Jdoh
+4<;9,/ frqvlvwv ri d qxpehu ri vwhsv1 Iluvw/ zh qrwh wkdw vlqfh wkh olplwlqj
doorfdwlrq lv h!flhqw dqg kdv d vxssruwlqj sulfh yhfwru/ iru dq| qhw wudgh 5
vxfk wkdw Rf � 5 	 f zh fdq �qg d qxpehu ? vxfk wkdw �5*? lv d suhihuuhg
wudgh iru dq| djhqw � kroglqj wkh olplwlqj exqgoh +6� 1 Wklv iroorzv iurp wkh
fxuydwxuh dvvxpswlrq1 Wkhq zh fodlp wkdw wkh iroorzlqj vwudwhj| pxvw doorz
djhqw � wr dfklhyh wkh qhw wudgh 51 Vlpso| r�hu wr wudgh 5*? zkhqhyhu wkh
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rssruwxqlw| dulvhv dqg uhixvh doo rwkhu wudghv1 Uhshdw wklv sdwwhuq xqwlo wkh
wudgh 5*? kdv ehhq h{hfxwhg ? wlphv1 Dq| djhqw � pxvw eh zloolqj wr wudgh
�5*? iru | vx!flhqwo| odujh ehfdxvh dv | jhwv odujh wkh djhqw*v fxuuhqw exqgoh
frqyhujhv wr +6� vr �5*? lv d suhihuuhg wudgh1 Vlqfh djhqw � kdv dq lq�qlwh
qxpehu ri rssruwxqlwlhv wr pdnh wkhvh wudghv/ zlwk suredelolw| rqh/ kh zloo
vxuho| dfklhyh wkh qhw wudgh 51

D qxpehu ri dvvxpswlrqv duh qhhghg wr pdnh wklv dujxphqw jr wkurxjk/
krzhyhu1 Zh kdyh douhdg| phqwlrqhg wkh fxuydwxuh dvvxpswlrq1 Dqrwkhu lv
wkh frqwlqxlw| dvvxpswlrq1 Lw lv fuxfldo wkdw wkh djhqw*v ghyldwlrq grhv qrw
fkdqjh wkh olplw doorfdwlrq/ e| yhu| pxfk/ iru prvw sod|huv1 Li lw glg/ wkh
vxssruwlqj sulfhv Rf dqg wkh vhw ri suhihuuhg wudghv 5 zrxog eh dowhuhg/ vr
zh frxog qrw eh vxuh wkdw dq|rqh zrxog dffhsw �5*?1 Ilqdoo|/ wkh Pdunry
dvvxpswlrq lv lpsruwdqw/ dv lw zdv lq wkh surri ri h!flhqf|/ ehfdxvh lw hqvxuhv
wkdw li dq djhqw � uhixvhv wr wudgh �5*? zlwk djhqw � kh lv qrw jrlqj wr eh
uhzdughg iru wkdw uhixvdo lq wkh frqwlqxdwlrq jdph1

Ohppd 7 Ohw is6j eh d frpshwlwlyh vhtxhqfh ri dv|pswrwlfdoo| sxuh PSH
vdwlvi|lqj wkh pdlqwdlqhg dvvxpswlrqv1 Iru dq| � dqg 5 vxfk wkdw e�n5 5 f�

dqg Rf � 5 	 f/ �6� Es
6� � ��Ee� n 5� iru doo 6 5 P vx!flhqwo| odujh1

Surri1 Il{ � dqg fkrrvh 5 vxfk wkdw Rf � 5 	 f1 Fkrrvh � vr wkdw R6 � 5 	 f
iru doo �6 : � dqg wkhq fkrrvh f 	 b � � dqg " : f vr wkdw iru doo � � 6
dqg 6 : � / wkh edoo zlwk udglxv " dqg fhqwhu +6� � b5 lv frqwdlqhg lq wkh
edoo zlwk udglxv k dqg fhqwhu +6� nkR6 dqg khqfh frqwdlqhg lq M�E+

6
� �1 Wkh

srvvlelolw| ri wklv frqvwuxfwlrq lv jxdudqwhhg e| wkh fxuydwxuh dvvxpswlrq1
Qrz frqvlghu wkh iroorzlqj vwudwhj| s� iru vrph �{hg exw duelwudu| 61

Fkrrvh d qxpehu ? : �*b dqg kdyh djhqw � r�hu wr wudgh 5*? dw hyhu|
rssruwxqlw| xqwlo kh kdv pdgh wkh djjuhjdwh wudgh 51 Lq rwkhu zrugv/ sxw

s�E�� '

;AA?
AA=

5*? li � lv wkh sursrvhu dqg kh kdv wudghg &5*? iru & 	 ?(

f
li � lv wkh sursrvhu dqg kh kdv wudghg vrphwklqj rwkhu
wkdq &5*? iru & 	 ?(

�Qr� li � lv wkh uhvsrqghu1

Wkh h{dfw sdwwhuq ri wudghv ghshqgv rq wkh rughu ri sod|/ exw djhqw �
zloo phhw hyhu| djhqw � 9' � dq lq�qlwh qxpehu ri wlphv1 Wkh frqwlqxlw|
dvvxpswlrq lpsolhv wkdw wkhuh h{lvw qxpehuv � dqg A vxfk wkdw iru doo
6 : � dqg | : A /

�

6

6[
�'�

n1�|Es63�c s��� +6� �n 	 "*2�



5; FKDSWHU 41 SHUIHFW FRPSHWLWLRQ

Wklv lpsolhv wkdw iru dw ohdvw kdoi wkh djhqwv/

n1�|Es63�c s��� +6� �n 	 "� +415,

Ohw a ghqrwh wkh vhw ri djhqwv vdwlvi|lqj wkh lqhtxdolw| +415,1 Wkhq iru doo �
ehorqjlqj wr wklv vhw dqg iru 6 : � dqg | : A /

��E1�|Es
6
3�c s��� 5*?� : ��E1�|Es

6���

Wklv iroorzv iurp wkh idfw wkdw 1�|Es
6
3�c s�� � 5*? ehorqjv wr wkh edoo zlwk

fhqwhu +6� � 5*? dqg udglxv " dqg ��E1�|Es
6�� frqyhujhv wr ��E+

6
� � dv | $ 41

Wkhq wkh Pdunry surshuw| lpsolhv wkdw dq djhqw � 5 a pxvw dffhsw dq
r�hu ri 5*? iru | : A vx!flhqwo| odujh li kh kdv qrw douhdg| grqh vr1

Wkxv/ djhqw � fdq lq wkh olplw fduu| rxw wkh wudgh 5 iru doprvw hyhu|
uhdol}dwlrq / dqg vr 1�|Es

6
3�c s�� $ e� n 5 dv | $ 41

Ohppd 7 vkrzv wkdw/ lq wkh olplw/ wkh rxwfrph ri d PSH ri wkh jdph
pd{lpl}hv hdfk djhqw*v xwlolw| vxemhfw wr d olqhdu exgjhw frqvwudlqw1 Wklv
eulqjv xv wr wkh frqfoxvlrq ri rxu dujxphqw wkdw/ lq wkh olplw dv wkh qxpehu
ri djhqwv jhwv yhu| odujh/ wkh g|qdplf pdwfklqj dqg edujdlqlqj jdph dfklhyhv
d frpshwlwlyh htxloleulxp doorfdwlrq1 Wkh doorfdwlrqv duh dozd|v dwwdlqdeoh
dqg Ohppd 7 vkrzv wkdw wkh whuplqdo frqvxpswlrq exqgoh ri hdfk djhqw jlyhv
klp d xwlolw| htxdo wr wkh frpshwlwlyh htxloleulxp lqgluhfw xwlolw| ��ER

fc Rf �e��
dw sulfhv Rf zlwk wkh zhdowk Rf � e�1

41:17 D Frxqwhu0H{dpsoh zlwk Olplwhg Vxevwlwxwlrq

Lw lv qrz fohdu zk| xqlirup fxuydwxuh zdv qhhghg iru wkh suhfhglqj dujxphqw1
Zh zdqw wr vkrz wkdw dq djhqw fdq wudgh dq| yhfwru 5 vxfk wkdw R � 5 	 f
e| euhdnlqj 5 xs lqwr ? slhfhv 5*? dqg wudglqj hdfk ri wkhvh slhfhv zlwk d
gl�huhqw djhqw1 Li wkh djhqwv gr qrw kdyh xqlirup fxuydwxuh/ wkhuh pd| qrw
eh ? ri wkhp iru zkrp �5*? lv d suhihuuhg wudgh1 Ri frxuvh/ wkhuh frxog eh
rwkhu zd|v ri dfklhylqj wkh qhw wudgh 51 Rqh frxog �qg d vhtxhqfh i4�j ri
srvlwlyh qxpehuv vxpplqj wr rqh dqg pdnh d vhtxhqfh ri wudghv i4�5j1 Li wkh
qxpehuv 4� $ f zhuh fkrvhq dssursuldwho| lw pljkw eh srvvleoh wr pdnh wkh
ghvluhg wudgh zlwkrxw dvvxplqj xqlirup fxuydwxuh1 Fohduo|/ wkh djhqwv zkr
kdyh olplwhg vxevwlwxwdelolw| zrxog eh r�huhg wkh vpdoohvw wudghv1 Krzhyhu/
hyhq li wklv dssurdfk zhuh dgrswhg/ vrph erxqg rq vxevwlwxwdelolw| zrxog
eh qhhghg wr hqvxuh wkdw wkh wudgh 5 frxog eh dfklhyhg1 Wr vhh krz odfn
ri xqlirup fxuydwxuh fdq suhyhqw frqyhujhqfh wr d frpshwlwlyh htxloleulxp
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doorfdwlrq/ frqvlghu zkdw zrxog kdsshq li prvw djhqwv* suhihuhqfhv kdg qr
fxuydwxuh dw doo1

Vxssrvh wkdw wkhuh duh wzr frpprglwlhv � ' 2 dqg wzr djhqwv 6 ' 21
Djhqw � kdv Free0Grxjodv suhihuhqfhv

��E%�� ' *L}e %�� n *L}e %�2

dqg djhqw 2 kdv Ohrqwlhi suhihuhqfhv

�2E%2� ' 4�?i%2�c %22j�
Vxssrvh wkdw wkh lqlwldo hqgrzphqw lv jlyhq e| e� ' E�c 2� dqg e2 ' E2c ��1
Wkhuh lv d xqltxh frpshwlwlyh htxloleulxp lq zklfk hdfk djhqw frqvxphv
E2�Dc 2�D� exw wklv lv qrw wkh rqo| olplwlqj htxloleulxp doorfdwlrq ri wkh GPEJ1
Iru h{dpsoh/ wkh doorfdwlrq lq zklfk djhqw � jhwv E2�D� 0c 2�D� 0� dqg djhqw
2 jhwv E2�D n 0c 2�D n 0�/ iru vx!flhqwo| vpdoo 0 : f/ fdq eh vxssruwhg dv dq
htxloleulxp ri wkh GPEJ/ dv lv vkrzq lq Vhfwlrq 41441

Lw lv qr vxusulvh wkdw frpshwlwlrq idlov zlwk wzr djhqwv/ exw wkh vdph
nlqg ri doorfdwlrq fdq eh dfklhyhg dv d PSH ri d GPEJ zlwk dq| qxpehu
ri djhqwv1 Vxssrvh wkdw/ lq dgglwlrq wr djhqwv � dqg 2 wkhuh duh d odujh
qxpehu ri dgglwlrqdo djhqwv zlwk Ohrqwlhi suhihuhqfhv dqg hqgrzphqwv E�c ��1
Wkh vdph exqgohv iru djhqwv � dqg 2 duh vwloo dwwdlqdeoh1 Ixuwkhupruh/ wkh
suhvhqfh ri wkh dgglwlrqdo djhqwv grhv qrw d�hfw wkh htxloleulxp sod| ri wkh
jdph1 Wkhuh lv qr srvvlelolw| ri wudgh ehwzhhq djhqw � dqg djhqwv � : 2/ vr
wkh| pljkw dv zhoo qrw eh wkhuh1

E| frqwudvw/ li wkh dgglwlrqdo djhqwv kdg Free0Grxjodv suhihuhqfhv lghq0
wlfdo wr djhqw �*v dqg hqgrzphqwv htxdo wr E�c �� wkhq wkh dujxphqw ri
Ohppd 7 zrxog dsso|1 E| pdnlqj vpdoo r�huv wr wudgh d vpdoo yhfwru
5*? ' E�f�Dc f�D�*? wr ? gl�huhqw djhqwv/ djhqw � frxog dfklhyh klv frp0
shwlwlyh wudgh 51

41:18 Wkh Frpshwlwlyh Olplw Wkhruhp

Wkh suhfhglqj dqdo|vlv fdq eh vxpphg xs lq d frpshwlwlyh olplw wkhruhp1
Wdnh dq lq�qlwh vhtxhqfh ri djhqwv � ' �c 2c ��� dqg gh�qh wkh h{fkdqjh hfrq0
rp| H6 wr frpsulvh wkh �uvw 6 djhqwv � ' �c 2c ���c 6/ iru hyhu| �qlwh qxpehu
61 Wkhq gh�qh wkh jdph K6 e| vshfli|lqj dq rughu ri sod| Z6 ' iE�6| c �6| �j1
Wkh vhtxhqfh iK6j lv fdoohg d frpshwlwlyh vhtxhqfh ri jdphv li wkh
iroorzlqj dvvxpswlrqv duh vdwlv�hg iru hyhu| �=
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� f� � +� lv qrq0hpsw|/ dqg f� � i%� 5 C�m��E%�� � S�j iru vrph
frqvwdqw S� +khqfh f� lv forvhg,>

� e� 5 f�>

� �� G f� $ + lv vwulfwo| frqfdyh/ lqfuhdvlqj/ dqg �� rq dq rshq vxshuvhw
ri f�(

dqg wkh vhtxhqfh vdwlv�hv

� wkh fxuydwxuh dvvxpswlrq lqwurgxfhg deryh lq vhfwlrq 41:15>

� wkh vhwv if�j duh xqlirupo| erxqghg ehorz dqg wkh phdq hqgrzphqwv
63�

S6

�'� e� duh xqlirupo| erxqghg deryh1

Wkh odvw dvvxpswlrq lv wkh rqo| qhz rqh1 Lw jxdudqwhhv wkdw wkh uhvrxufhv
dydlodeoh wr djhqwv gr qrw jurz rq dyhudjh dv wkh vl}h ri wkh hfrqrp| h{sdqgv
zlwkrxw olplw1

Qrz ohw is6j eh d vhtxhqfh ri htxloleulxp vwudwhj| sur�ohv vxfk wkdw
s6 5 ��.EK6� iru hdfk61 D vxevhtxhqfh6 5 P lv fdoohg d frpshwlwlyh
vhtxhqfh ri htxloleuld li wkh iroorzlqj surshuwlhv duh vdwlv�hg=

� iru hyhu| 6/ s6 lv d PSH dqg %6| $ +6 iru doprvw hyhu| />

� iru hyhu| 6 5 P wkhuh h{lvwv d sulfh yhfwru R6 vxfk wkdw nR6n ' �
dqg ��E%�� : ��E+

6
� � lpsolhv R

6 � %� : R6 � +6� / iru � ' �c ���c 6>

� *�46M} +6� ' +f� dqg *�46M} R6 ' Rf>

dqg

� wkh vxevhtxhqfh vdwlv�hv wkh frqwlqxlw| dvvxpswlrq lqwurgxfhg deryh
lq vhfwlrq 41:141

Fdoo E+fc Rf� d frpshwlwlyh olplw htxloleulxp li/ iru hyhu| �/

+f� 5 @h}4@ i��E%��m %� 5 f�c R
f � %� � Rf � e�j�

Lq rwkhu zrugv/ dw wkh olplwlqj doorfdwlrq +f hdfk djhqw lv pd{lpl}lqj klv
xwlolw| vxemhfw wr d exgjhw frqvwudlqw gh�qhg e| wkh olplwlqj sulfh v|vwhp Rf1
Wklv surshuw| lv jxdudqwhhg e| Ohppd 71
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Dowkrxjk wkh olplw doorfdwlrq +zlwk uhvshfw wr wlph, +6 ' E+6� c ���c +
6
6� lv

dwwdlqdeoh lq wkh vhqvh wkdw
S6

�'�E+
6
� � e�� ' f/ wkhuh lv qr jxdudqwhh wkdw

wkh olplw doorfdwlrq +zlwk uhvshfw wr qxpehuv ri djhqwv, +f ' E+f�c +
f
2c ���� zloo

eh dwwdlqdeoh lq wkh vhqvh wkdw

63�

6[
�'�

E+f� � e�� $ f� +416,

Wkh uhdvrq +f pd| qrw eh dwwdlqdeoh lv wkdw wkh frqyhujhqfh ri i+6� j"6'� wr
+f� pd| qrw eh xqlirup zlwk uhvshfw wr �1 Ri frxuvh/ li zh dvvxph xqlirup
frqyhujhqfh wkhq zh fdq eh vxuh wkdw wkh olplwlqj doorfdwlrq +f zloo eh dw0
wdlqdeoh1 Iru dq| 0 : f dqg doo 6 vx!flhqwo| odujh/ xqlirup frqyhujhqfh
lpsolhv wkdw mm+f� � +6� mm � 0 iru � ' �c ���c61 Iurp wklv lw hdvlo| iroorzv wkdw

63�mm
6[
�'�

E+f� � e��mm ' 63�mm
6[
�'�

E+f� � +6� n +6� � e��mm

' 63�mm
6[
�'�

+f� � +6� mm

� 63�

6[
�'�

mm+f� � +6� mm � 0

iru doo 6 vx!flhqwo| odujh1 Wkxv/

*�4
6<"

63�mm
6[
�'�

E+f� � e��mm � 0�

Vlqfh wkh fkrlfh ri 0 zdv duelwudu|/ wkh olplw lv lq idfw }hur1
Fdoo E+fc Rf� d vwurqj frpshwlwlyh olplw htxloleulxp li lw lv d frpshw0

lwlyh olplw htxloleulxp dqg +f lv dwwdlqdeoh lq wkh vhqvh ri frqglwlrq +416,1

Wkhruhp 8 Ohw iK6j eh d frpshwlwlyh vhtxhqfh ri jdphv/ ohw is6j6M}
eh d fruuhvsrqglqj frpshwlwlyh vhtxhqfh ri htxloleuld dqg ohw +f dqg Rf eh
wkh olplwlqj doorfdwlrq dqg sulfh v|vwhp1 Xqghu wkh pdlqwdlqhg dvvxpswlrqv
E+fc Rf� lv d frpshwlwlyh olplw htxloleulxp dqg li wkh frqyhujhqfh ri i+6� j wr
+f lv xqlirup wkhq E+fc Rf� lv d vwurqj frpshwlwlyh htxloleulxp1

Wklv eulqjv xv wr wkh hqg ri rxu �uvw dwwhpsw wr fkdudfwhul}h wkh PSH
ri wkh g|qdplf pdwfklqj dqg edujdlqlqj jdph1 Dv zh kdyh vhhq/ vrph



65 FKDSWHU 41 SHUIHFW FRPSHWLWLRQ

vwurqj dvvxpswlrqv duh qhhghg wr fduu| wkurxjk wkh surjudp ri surylglqj
vwudwhjlf irxqgdwlrqv iru wkh wkhru| ri frpshwlwlyh htxloleulxp1 Wkhvh zloo
eh lqyhvwljdwhg lq pruh ghwdlo lq wkh qh{w fkdswhu1 Lq wkh uhpdlqghu ri
wklv fkdswhu/ zh h{soruh vrph rwkhu dvshfwv ri wkh wkhru|/ ehjlqqlqj zlwk
h{lvwhqfh1

41; H{lvwhqfh

Vr idu/ zh kdyh irfxvhg rq wkh fkdudfwhul}dwlrq ri PSH zlwkrxw zruu|lqj
wr pxfk derxw wkh uhvwulfwlyhqhvv ri wkh Pdunry surshuw|1 Gr PSH hyhq
h{lvwB D frpsohwh fkdudfwhul}dwlrq ri h{lvwhqfh lv qrw srvvleoh lq jhqhudo/
exw lq d vshfldo fdvh zh fdq vd| txlwh d orw1 Lw wxuqv rxw wkdw PSH gr h{lvw
iru d ulfk fodvv ri hfrqrplf hqylurqphqwv1 Ixuwkhupruh/ wkh| kdyh d qlfh
vwuxfwxuh wkdw pdnhv wkhp qdwxudo remhfwv wr vwxg| dqg doorzv xv wr sxuvxh
d frqvwuxfwlyh dssurdfk wr h{lvwhqfh1

Wkh vwudwhj| iru surylqj wkdw d PSH htxloleulxp h{lvwv lv txlwh vlpsoh1
Lq wkh wkhru| ri uhshdwhg jdphv dqg GPEJv zlwk d frqwlqxxp ri djhqwv/
h1j1/ Jdoh +4<;9,/ rqh frqvwuxfwv dq htxloleulxp e| jxhvvlqj wkh htxloleulxp
rxwfrph dqg wkhq surylqj wkdw lw fdq eh vxssruwhg dv d PSH e| dssur0
suldwh vwudwhjlhv1 Khuh wrr wkh surri lv frqvwuxfwlyh1 L dvvxph wkdw wkh
rxwfrph ri wkh PSH frqyhujhv wr d frpshwlwlyh htxloleulxp doorfdwlrq iru
wkh hfrqrp|1 Wkh �uvw vwhs lv wr �qg wudglqj uxohv wkdw zloo doorz djhqwv wr
wudgh frpprglwlhv wr jhw iurp wkhlu lqlwldo hqgrzphqwv wr wkhlu frpshwlwlyh
htxloleulxp frqvxpswlrq exqgohv zkloh nhhslqj wkh ydoxh ri wkhlu fxuuhqw
exqgohv frqvwdqw1 Wkhvh wudglqj uxohv fdq eh xvhg dv wkh edvlv ri wkh htxl0
oleulxp vwudwhjlhv= zkdwhyhu doorfdwlrq kdv ehhq uhdfkhg/ wkh djhqwv wdnh
dv wkhlu wdujhw d frpshwlwlyh htxloleulxp uhodwlyh wr wkdw doorfdwlrq dqg xvh
wkh wudglqj uxohv wr wudgh wrzdugv wkhlu wdujhw1 Wkh gl!fxow vwhs lv wr vkrz
wkdw wkhvh vwudwhjlhv frqvwlwxwh d PSH/ wkdw wkh| suhyhqw dq|rqh iurp grlqj
ehwwhu wkdq klv htxloleulxp sd|r�1 Lq idfw wklv fdq rqo| eh vkrzq lq vshfldo
fdvhv/ vr lw lv qhfhvvdu| wr pdnh vrph vshfldo dvvxpswlrqv1 Wklv vkrxog qrw
eh vxusulvlqj/ jlyhq wkh idfw wkdw lq d �qlwh hfrqrp| hdfk ri wkh djhqwv kdv
vrph cpdunhw srzhu*1 Lq jhqhudo/ zh vkrxog h{shfw wkh frpshwlwlyh htxlole0
ulxp wr eh wkh rxwfrph ri d PSH zkhq wkh qxpehu ri djhqwv lv xqerxqghgo|
odujh1

Ohw H ' iEf�c ��c e��j6�'� eh d �{hg exw duelwudu| hfrqrp| dqg iru dq|
dwwdlqdeoh doorfdwlrq % 5 	f ohw HE%� ghqrwh wkh h{fkdqjh hfrqrp| iruphg



41;1 H[LVWHQFH 66

e| wdnlqj % dv wkh lqlwldo hqgrzphqw/ wkdw lv/ HE%� ' iEf�c ��c %��j6�'�1 Ohw
` EHE%�� ghqrwh wkh vhw ri Zdoudv doorfdwlrqv ri HE%�/ wkdw lv/ wkh vhw ri
doorfdwlrqv %W vxfk wkdw iru vrph sulfh v|vwhp RW wkh rughuhg sdlu ERWc %W�
lv d frpshwlwlyh htxloleulxp ri HE%�1 Xqghu fhuwdlq frqglwlrqv/ lw fdq eh
vkrzq wkdw wkhuh h{lvwv d PSH ri K wkdw lpsohphqwv wkh Zdoudv doorfdwlrqv
ri H1 Wklv hqvxuhv wkdw wkh glvfxvvlrq ri wkh suhfhglqj vhfwlrqv kdv qrw ehhq
ydfxrxv1 Pruh lqwhuhvwlqjo|/ lw vkrzv wkdw wkh frpshwlwlyh htxloleulxp fdq
eh lpsohphqwhg e| d PSH hyhq iru �qlwh jdphv1 Wklv frqfoxvlrq zrxog qrw
eh wrr vxusulvlqj li zh frqvlghuhg VSH udwkhu wkdq PSH/ ehfdxvh VSH doorz
iru wkh xvh ri wuljjhu vwudwhjlhv1 Iru wklv uhdvrq/ wkh vhw ri VSH pd| eh pxfk
odujhu wkdq wkh vhw ri PSH1 Lq dq| fdvh/ wkh surri ri h{lvwhqfh ri PSH lv qrw
zlwkrxw gl!fxow|1

Xqghu wkh pdlqwdlqhg dvvxpswlrqv/ hyhu| h!flhqw doorfdwlrq % 5 � kdv
dvvrfldwhg zlwk lw dq hvvhqwldoo| xqltxh yhfwru ri vxssruwlqj sulfhv1 Ohw
{ ' iR 5 +�

nm
S�

�'� R� ' �j ghqrwh wkh E� � ��0glphqvlrqdo vlpsoh{1 Iru
dq| Sduhwr0h!flhqw doorfdwlrq % 5 � / ohw ZE%� ghqrwh wkh xqltxh sulfh yhfwru
lq { vxfk wkdw

R � Y��E%��

Y%�
c ;� ' �c ���c6�

E| Sursrvlwlrq 4 zh nqrz wkdw wkh judglhqwv ri wkh xwlolw| ixqfwlrqv duh
sursruwlrqdo1 Vr wkh sulfh yhfwru h{lvwv dqg lv srvlwlyh xqghu wkh pdlqwdlqhg
dvvxpswlrqv dqg wkh qrupdol}dwlrq hqvxuhv wkdw lw lv xqltxh1

Iru dq| Sduhwr0h!flhqw doorfdwlrq %/ ohw ME%� ghqrwh wkh k|shusodqh
wkurxjk % gh�qhg e|

ME%� ' i%� 5 +�6mZE%� � %�� ' ZE%� � %�c � ' �c ���c 6j

dqg ohw �E%� ghqrwh wkh vhw ri dwwdlqdeoh doorfdwlrqv lq ME%�/ wkdw lv/ �E%� '
ME%� _ f1 Wkh lpsruwdqfh ri wkh vhw �E%� lv wkdw vwduwlqj iurp dq lqlwldo
hqgrzphqw lq �E%�/ wkh doorfdwlrq % lv d Zdoudv doorfdwlrq1

Sursrvlwlrq 9 Vxssrvh wkdw % lv d Sduhwr0h!flhqw doorfdwlrq dqg %� 5 �E%�1
Wkhq % lv d Zdoudv doorfdwlrq ri HE%��/ wkdw lv/ % 5 ` EHE%���1

Surri1 E| frqvwuxfwlrq dqg wkh judglhqw lqhtxdolw|/ iru hyhu| djhqw �/
��E%

��
� � : ��E%�� lpsolhv wkdw ZE%� � %��� : ZE%� � %� ' ZE%� � %��1 Wkxv/

%� 5 @h}4@ i��E%��� �m%��� 5 f�c ZE%� � %��� � ZE%� � %��jc ;� ' �c ���c6c
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dqg EZE%�c %� lv d frpshwlwlyh htxloleulxp iru HE%��1
Wkh vhfrqg idfw wkdw zh qhhg lv wkdw wkh vhwv i�E%�m% 5 �j irup d sdu0

wlwlrq ri wkh vhw ri dwwdlqdeoh doorfdwlrqv/ wkdw lv/ hdfk dwwdlqdeoh doorfdwlrq
ehorqjv wr rqh dqg rqo| rqh vhw lq i�E%�m% 5 �j1 Wr hqvxuh wklv zh qhhg
wr dvvxph wkdw wkh frpshwlwlyh htxloleulxp doorfdwlrq ri HE%� lv xqltxh iru
hyhu| dwwdlqdeoh %1

Xqltxhqhvv Dvvxpswlrq= Iru dq| dwwdlqdeoh doorfdwlrq %/ wkh vhw ri Zdo0
udv doorfdwlrqv ` EHE%�� lv d vlqjohwrq1

Wkhuh duh zhoo nqrzq frqglwlrqv vxfk dv jurvv vxevwlwxwdelolw| wkdw fdq jxdu0
dqwhh xqltxhqhvv1 Wkhuh lv qr qhhg wr sxuvxh wkh ghwdlov khuh1

Qrz qrwh wkdw li
%�� 5 �E%� _�E%��

iru wzr Sduhwr0h!flhqw doorfdwlrqv % 9' %�/ wkhq % dqg %� duh erwk Zdoudv
doorfdwlrqv iru wkh h{fkdqjh hfrqrp| HE%���/ frqwudglfwlqj rxu dvvxpswlrq1
Wkxv/ xqltxhqhvv ri htxloleulxp lpsolhv wkdw wkh vhwv i�E%� G % 5 �j duh
qrq0lqwhuvhfwlqj1 Vhfrqgo|/ dq| dwwdlqdeoh doorfdwlrq %� pxvw ehorqj wr �E%�
iru vrph Sduhwr0h!flhqw doorfdwlrq %1 Wklv lv ehfdxvh xqghu wkh pdlqwdlqhg
dvvxpswlrqv/ hdfk h{fkdqjh hfrqrp| HE%�� kdv d Zdoudv doorfdwlrq % dqg
hyhu|Zdoudv doorfdwlrq lv Sduhwr0h!flhqw1 Wkxv/ zh kdyh wkh iroorzlqj uhvxow1

Sursrvlwlrq : Wkh vhw ri dwwdlqdeoh doorfdwlrqv 	f lv sduwlwlrqhg e| i�E%� G
% 5 �j1

Zlwk wkhvh wzr sursrvlwlrqv hvwdeolvkhg/ zh duh uhdg| wr gh�qh dq htxl0
oleulxp vwudwhj| iru K1 Gh�qh wkh ixqfwlrq � G 	f $ � e| sxwwlqj

�E%� ' �3�E%�

iru dq| dwwdlqdeoh doorfdwlrq %1 Lq wkh htxloleulxp zh duh jrlqj wr frqvwuxfw/
�E%� zloo eh wkh wdujhw doorfdwlrq rqfh wkh fxuuhqw doorfdwlrq % kdv ehhq
dfklhyhg1 Lq rwkhu zrugv/ iru dq| dwwdlqdeoh doorfdwlrq % wkdw lv uhdfkhg
gxulqj wkh sod| ri wkh jdph/ wkh PSH zloo lpsohphqw d Zdoudv doorfdwlrq
�E%� 5 ` EHE%�� lq wkh frqwlqxdwlrq jdph1 Wr vhh h{dfwo| krz wklv zloo eh
grqh/ lw lv qhfhvvdu| wr vshfli| d wudglqj uxoh1 Lqwxlwlyho|/ zkhq djhqwv �
dqg � phhw/ wkh wudglqj uxoh pd{lpl}hv d phdvxuh ri wkhlu wudgh vxemhfw wr
d qxpehu ri frqvwudlqwv1
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Ohw % eh wkh fxuuhqw doorfdwlrq dqg E�c �� eh wkh pdwfkhg sdlu gxulqj wkh
fxuuhqw shulrg1 Ohw 5 ' lE%c �c �� ghqrwh wkh sursrvdo pdgh e| djhqw �/ zkhuh
lE%c �c �� lv gh�qhg e| sxwwlqj

lE%c �c �� ' @h}4@ 

�[
�'2

� i Ti5�j

v1w1 m5�m � m�&�E%�� %&�mc & ' �c �(� ' 2c ���c �(
r�}?i5�j ' r�}?i���E%�� %��j ' �r�}?i���E%�� %��jc
iru & ' �c �c � ' 2c ���c �(
ZE%� � 5 ' f(
%� n 5 5 f�c %� � 5 5 f��

Vlqfh �E%� lv d Zdoudv doorfdwlrq uhodwlyh wr wkh lqlwldo hqgrzphqw %/ zh
fdq wklqn ri �E%� � % dv wkh yhfwru ri djhqwv* h{fhvv ghpdqgv1 Wkh �uvw
frqvwudlqw vd|v wkdw wkh devroxwh ydoxh ri wkh wudgh lq frpprglwlhv � ' 2c ���c �
fdqqrw h{fhhg wkh devroxwh ydoxh ri wkh h{fhvv ghpdqgv ri djhqwv � dqg � iru
wkh fruuhvsrqglqj frpprglw|1 Wkh vhfrqg frqvwudlqw vd|v wkdw wkh wudgh
lq frpprglwlhv � ' 2c ���c � pxvw kdyh wkh vdph vljq dv wkh djhqwv* h{fhvv
ghpdqgv1 Wkh �qdo frqvwudlqw vd|v wkdw wkh wudgh pxvw uhvshfw wkh djhqwv*
exgjhw frqvwudlqwv dw wkh htxloleulxp sulfhv ZE%�1 Qrwh wkh vshfldo uroh ri
frpprglw| �1 Lw dfwv dv d phdqv ri sd|phqw dqg djhqwv pd| eh irufhg wr
wudgh lq d gluhfwlrq wkdw lqfuhdvhv ru fkdqjhv wkh vljq ri wkhlu h{fhvv ghpdqgv
lq rughu wr edodqfh wkh exgjhw frqvwudlqw1

Qrz wkh wudglqj uxoh � fdq eh xvhg wr gh�qh dq htxloleulxp vwudwhj|
sur�oh s ' Es�c ���c s6� dv iroorzv1 Iru dq| dwwdlqdeoh doorfdwlrq % dqg rughuhg
sdlu E�c ��/ sxw

s�E%c �c �� ' lE%c �c �� +417,

dqg iru dq| qhw wudgh 5 sxw

s�E%c �c �c 5� '

�
�|hv� li ZE%� � 5 � fc %� � 5 5 f�c
�qr� rwkhuzlvh1

+418,

Wkh �uvw vwhs lq hvwdeolvklqj wkdw s lv d PSH lv wr vkrz wkdw s ohdgv wr
dq rxwfrph �E%� vwduwlqj iurp dq| lqlwldo doorfdwlrq %1 Wkh rqo| revwdfoh
wr wklv rxwfrph lv wkh srvvleolw| wkdw wkh surfhvv zloo jhw vwxfn ehfdxvh ri
dq lqdghtxdwh dprxqw ri wkh qxphudluh jrrg1 Wr dyrlg wklv srvvlelolw|/ zh
pdnh wkh iroorzlqj dvvxpswlrq1
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Lqwhulrulw| Dvvxpswlrq= Iru hdfk � dqg dq| dwwdlqdeoh doorfdwlrq % zh
dvvxph wkdw hlwkhu +l, ��E%� ' %� ru +ll, iru vrph 0 : f/ �E%��E0c fc ���c f� 5 f�1

Wkhuh zloo h{lvw h!flhqw doorfdwlrqv rq wkh erxqgdu| ri f zkhuh frqglwlrq
+ll, fdqqrw eh vdwlv�hg/ exw lq wkdw fdvh zh dvvxph wkdw qr wudgh lv rswlpdo/ vr
wkdw djhqw � h�hfwlyho| grhv qrw sduwlflsdwh lq wkh wudglqj surfhvv1 Qrwh wkdw
li wkh doorfdwlrq �E%� lv lqglylgxdoo| udwlrqdo uhodwlyh wr wkh lqlwldo hqgrzphqw
e wkhq �E%� ehorqjv wr wkh lqwhulru ri f dq|zd|/ exw vlqfh zh kdyh wr gh�qh
d frqwlqxdwlrq htxloleulxp iru hyhu| srvvleoh vxejdph/ l1h1/ iru hyhu| srvvleoh
doorfdwlrq %/ zh fdqqrw uho| rq lqglylgxdo udwlrqdolw| uhodwlyh wr e wr hqvxuh
wkh wudglqj surfhvv grhv qrw jhw vwxfn1

Xqghu wkh lqwhulrulw| dvvxpswlrq/ li doo djhqwv dgrsw wkh vwudwhjlhv lq s
wkhq wkh doorfdwlrq zloo frqyhujh doprvw vxuho| wr wkh Zdoudv doorfdwlrq �E%�1

Sursrvlwlrq ; Iru dq| lqlwldo doorfdwlrq % ohw i5|j ghqrwh wkh vhtxhqfh ri
h{fhvv ghpdqgv jhqhudwhg dorqj wkh htxloleulxp sdwk e| wkh vwudwhj| sur�oh
s 1 Wkhq i5|j frqyhujhv f1

Surri1 E| frqvwuxfwlrq/ wkh devroxwh ydoxhv ri wkh h{fhvv ghpdqgv iru frp0
prglwlhv � ' 2c ���c � duh prqrwrqlfdoo| qrq0ghfuhdvlqj1 Wkxv/ wkh| pxvw
frqyhujh1 Vxssrvh wkh h{fhvv ghpdqgv 5| frqyhujh wr vrph olplw 5"/ vd|1

Li 5" ' f wkhq wkhuh lv qrwklqj wr suryh/ vr vxssrvh wkdw 5" 9' f1 Wkhq
wkhuh duh wzr fdvhv wr eh frqvlghuhg1 Hlwkhu +l, hyhu| djhqw kdv dfklhyhg klv
ghpdqg iru frpprglw| � dqg khqfh fdq d�rug wr jlyh xs d vpdoo dprxqw
ri frpprglw| � lq h{fkdqjh iru rwkhu frpprglwlhv ru +ll, vrph djhqw � kdv
dq h{fhvv vxsso| ri frpprglw| �1 Lq fdvh +l, pdunhw0fohdulqj +dwwdlqdelolw|,
dqg wkh exgjhw frqvwudlqwv lpso| wkdw wkhuh h{lvw dw ohdvw wzr djhqwv � dqg �
dqg vrph frpprglw| � � 2 vxfk wkdw 5�� 	 f dqg 5�� : f1 E| frqvwuxfwlrq/
lE%c �c �� lv erxqghg dzd| iurp f iru dq| % 5 �E%W� forvh wr wkh olplw ydoxh
%W � 5"/ zkhuh %W ' �E%� lv wkh Zdoudv doorfdwlrq1 Vlqfh E�c �� duh pdwfkhg
lq�qlwho| riwhq zh kdyh d frqwudglfwlrq ri wkh dvvxpswlrq ri frqyhujhqfh1 Lq
fdvh +ll,/ 5f�� 	 f iru djhqw � dqg wkh exgjhw frqvwudlqw lpsolhv wkdw 5��" : f
iru vrph frpprglw| �1 Wkhq pdunhw fohdulqj lpsolhv wkdw wkhuh lv vrph
djhqw � vxfk wkdw 5��" 	 f dqg e| frqvwuxfwlrq/ lE%c �c �� lv erxqghg dzd|
iurp f iru dq| % 5 �E%W� forvh wr wkh olplw ydoxh %W�5"1 Vlqfh � dqg � phhw
lq�qlwho| riwhq wklv frqwudglfwv wkh frqyhujhqfh dvvxpswlrq1 Wklv hvwdeolvkhv
wkdw 5" ' f1
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Iru dq| dwwdlqdeoh doorfdwlrq %/ Sursrvlwlrq ; vkrzv wkdw djhqw �*v htxl0
oleulxp sd|r� lq wkh frqwlqxdwlrq jdph ehjlqqlqj dw % lv jlyhq e|

��E%� ' ��E��E%��c;� ' �c ���c 6�

Wr vkrz wkdw s lv d PSH zh qhhg wr vkrz wkdw wkh vwudwhjlhv gh�qhg e| +417,
dqg +418, duh ehvw uhvsrqvhv dw hyhu| lqirupdwlrq vhw1 D vx!flhqw frqglwlrq
iru wklv lv wkh iroorzlqj=

Lqghshqghqfh Dvvxpswlrq= Wkh frpshwlwlyh htxloleulxp sulfh yhfwru lv
lqghshqghqw ri wkh dwwdlqdeoh doorfdwlrq %/ wkdw lv/ ZE%� ' R iru doo %1

Wklv dvvxpswlrq lv txlwh vwurqj1 Lw zrxog eh vdwlv�hg/ iru h{dpsoh/ lq d uhs0
uhvhqwdwlyh djhqw hfrqrp|/ zkhuh doo djhqwv kdg lghqwlfdo/ krprwkhwlf suhi0
huhqfhv1 Wkh lqghshqghqfh dvvxpswlrq zrxog dovr eh vdwlv�hg li djhqwv kdg
wudqvihudeoh xwlolw|1 Vwulfwo| vshdnlqj/ wudqvihudeoh xwlolw| lv qrw frqvlvwhqw
zlwk rwkhu dvvxpswlrqv zh kdyh pdgh/ wkrxjk wkh uhvxowv zrxog suredeo|
frqwlqxh wr krog zlwkrxw wkhp1

Wr vkrz wkdw wkh sursrvhu*v vwudwhj| lv rswlpdo/ vxssrvh wkdw wkh fxuuhqw
doorfdwlrq lv %/ wkh sdlu E�c �� lv pdwfkhg/ dqg wkh yhfwru 5 lv wudghg1 Wkdw
lv/ djhqw � uhfhlyhv wkh exqgoh %� n 5 dqg djhqw � uhfhlyhv wkh exqgoh %� � 51
Ohw %� ghqrwh wkh qhz doorfdwlrq dqg ohw R ' ZE%� ' ZE%��1 Li R � 5 	 f/ wkhq

R � ��E%�� ' R � %��
	 R � %�
' R � ��E%�

zklfk lpsolhv wkdw ��E%� ' ��E��E%�� : ��E%
�� ' ��E��E%

���/ vr wkdw djhqw �
lv zruvh r�1 Rq wkh rwkhu kdqg/ wkh uhvsrqghu zloo qrw dffhsw dq| yhfwru 5
vxfk wkdw R � 5 : f1 Wkxv/ wkh rqo| srvvlelolw| iru � wr lqfuhdvh klv sd|r� lv
wr r�hu d wudgh 5 vxfk wkdw R � 5 ' f1 Exw zh nqrz iurp wkh gh�qlwlrq ri s
wkdw dq| vxfk 5 ohdgv wr �E%� dqg vr grhv qrw lqfuhdvh wkh xowlpdwh sd|r�1
Wkxv/ r�hulqj lE%c �c �� lv zhdno| rswlpdo iru wkh sursrvhu1

Qrz zh fdq vkrz wkdw wkh uhvsrqghu*v vwudwhj| lv rswlpdo1 Wkh uhvsrqghu
dffhswv dq| yhfwru 5 vxfk wkdw R � 5 � f1 E| wkh suhfhglqj dujxphqw zh fdq
vkrz wkdw dq| wudgh 5 vxfk wkdw R � 5 : f pdnhv � zruvh r�/ vr lw lv rswlpdo
wr uhmhfw vxfk r�huv/ dqg dq| wudgh 5 vxfk wkdw R � 5 ' f ohdgv wr wkh vdph
rxwfrph vr lw lv zhdno| rswlpdo wr dffhsw vxfk r�huv1 Rq wkh rwkhu kdqg/ li
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R � 5 	 f wkhq

��E%
�� ' ��E�E%

���

� @h}4@ i��E	%��m	%� 5 f�c R � 	%� � R � %��j
: @h}4@ i��E	%��m	%� 5 f�c R � 	%� � R � %�j
' ��E��E%�� ' ��E%�c

vr lw lv rswlpdo wr dffhsw vxfk r�huv1 Wklv frpsohwhv wkh surri ri wkh ghvluhg
uhvxow1

Wkhruhp < Li wkh Xqltxhqhvv/ Lqwhulrulw| dqg Lqghshqghqfh Dvvxpswlrqv
duh vdwlv�hg/ wkhq wkh vwudwhj| sur�oh s gh�qhg lq +417, dqg +418, lv d PSH
dqg wkh htxloleulxp rxwfrph i%|j frqyhujhv wr wkh dv|pswrwlf doorfdwlrq %W '
�Ee�1

Wkh nh| hohphqwv ri wkh dujxphqw suhvhqwhg deryh vhhp wr eh wkh Xqltxh0
qhvv Dvvxpswlrq/ zklfk hqvxuhv wkdw wkh vwudwhj| s lv Pdunry/ dqg wkh Lqgh0
shqghqfh Dvvxpswlrq/ zklfk hqvxuhv wkdw ydoxh0lqfuhdvlqj +ydoxh0uhgxflqj,
wudghv duh sd|r�0lqfuhdvlqj +sd|r�0uhgxflqj,1 Dq lqwhuhvwlqj txhvwlrq lv
zkhwkhu dqg krz wkh Lqghshqghqfh Dvvxpswlrq fdq eh zhdnhqhg1

Wkh Lqghshqghqfh Dvvxpswlrq lv fohduo| qrw d qhfhvvdu| frqglwlrq1 Dv
orqj dv wkh h�hfw ri sulfh fkdqjhv lv qrw wrr juhdw d vlplodu dujxphqw zrxog
krog1 Iru h{dpsoh/ iru dq| h!flhqw doorfdwlrq % ohw

��E%� ' i%�� 5 f�mZE%� � %�� ' ZE%� � %�j�
Wkhq wkh iroorzlqj dvvxpswlrq/ zklfk orrnv olnh d vwuhqjwkhqlqj ri wkh Xqltxh0
qhvv Dvvxpswlrq/ zloo gr wkh wulfn1

Qrq0Lqwhuvhfwlrq Surshuw|= Iru dq| %c %� 5 � dqg dq| djhqw �/ hlwkhu
��E%� _��E%

�� ' B ru ��E%� ' ��E%
��1

Wkh Qrq0Lqwhuvhfwlrq Surshuw| lv fohduo| lpsolhg e| wkh Xqltxhqhvv dqg Lq0
ghshqghqfh Dvvxpswlrqv1 Lw lpsolhv xqltxhqhvv/ exw lw lv zhdnhu wkdq lq0
ghshqghqfh ehfdxvh lw doorzv iru wkh vxssruwlqj sulfhv ZE%� wr ydu| zlwk
%1

Fruroodu| 43 Li wkh Qrq0Lqwhuvhfwlrq Surshuw| dqg wkh Lqwhulrulw| Dvvxps0
wlrq duh vdwlv�hg/ wkhq wkh vwudwhj| sur�oh s gh�qhg lq +417, dqg +418, lv d
PSH dqg wkh htxloleulxp rxwfrph i%|j frqyhujhv wr wkh dv|pswrwlf doorfdwlrq
%W ' �Ee�1
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Surri1 Vxssrvh dv lq wkh surri ri Wkhruhp < wkdw wzr djhqwv � dqg �
kdyh phw dqg pdgh d wudgh wkdw fkdqjhv wkh doorfdwlrq iurp % wr %�1 Li
ZE%� � ��E%�� : E��ZE%� � ��E%� dqg ZE%� � ��E%�� � E:�ZE%� � ��E%� wkhq wkh
Qrq0Lqwhuvhfwlrq Surshuw| lpsolhv wkdw ZE%� �%�� : E��ZE%� �%� dqg ZE%� �%�� �
E:�ZE%� � %�1 Exw wklv lv lpsrvvleoh vlqfh %� n %� ' %�� n %��1 Khqfh/ rqh ri
wkh djhqwv fdq rqo| eh pdgh ehwwhu r� li wkh rwkhu lv pdgh zruvh r� dqg wklv
suhyhqwv dq| sd|r�0lqfuhdvlqj ghyldwlrq iurp wkh vwudwhj| s 1

Lq jhqhudo/ zh vkrxog qrw h{shfw wr dfklhyh d frpshwlwlyh htxloleulxp
uhodwlyh wr wkh lqlwldo hqgrzphqwv e zkhq wkhuh lv d vpdoo qxpehu ri djhqwv1
Hyhq zlwk d odujh exw �qlwh qxpehu ri djhqwv/ wkh pdunhw srzhu srvvhvvhg e|
lqglylgxdo djhqwv pd| ohdg wr glvwruwlrqv wkdw suhyhqw wkh dwwdlqphqw ri wkh
frpshwlwlyh htxloleulxp1 Exw wkh pdunhw srzhu ri djhqwv vkrxog jhw vpdoohu
dv wkh qxpehu ri djhqwv jhwv odujhu dqg wklv pd| doorz wkh dwwdlqphqw ri dq
dssur{lpdwh frpshwlwlyh htxloleulxp dv d PSH ri wkh GPEJ1 Dowhuqdwlyho|/
wkh frpshwlwlyh htxloleulxp pd| eh dq 00htxloleulxp iru d vx!flhqwo| odujh
qxpehu ri djhqwv 61 Iru h{dpsoh/ li zh frxog vkrz wkdw iru dq| doorfdwlrq %
wkdw rffxuv rq wkh htxloleulxp sdwk dqg dq| wudgh wkdw lv srvvleoh iru djhqwv
� dqg �/ lw lv lpsrvvleoh iru wkhp wr lqfuhdvh wkhlu xwlolwlhv e| pruh wkdq
0 e| ghyldwlqj iurp wkh htxloleulxp sdwk/ wkhq wkh frpshwlwlyh htxloleulxp
frxog eh dfklhyhg dv dq 00PSH1 Zkdwhyhu wudghv wkhvh djhqwv fdq pdnh/
wkh htxloleulxp sulfhv zloo qrw fkdqjh e| yhu| pxfk li wkh qxpehu ri djhqwv
lv yhu| odujh/ dqg frqvhtxhqwo| wkh| fdqqrw fkdqjh wkhlu sd|r�v yhu| pxfk
e| glvwruwlqj wkh sulfhv1 Qrwh krzhyhu wkdw wkh qrwlrq ri 00PSH xvhg khuh
lv dssolhg wr hdfk lqirupdwlrq vhw vhsdudwho|1 Lq fdofxodwlqj wkh lqfuhdvh lq
sd|r� iurp d ghyldwlrq/ dq djhqw dvvxphv wkdw lq wkh ixwxuh sod| wkh rwkhu
djhqwv zloo iroorz wkh htxloleulxp vwudwhjlhv dqg khqfh kh fdqqrw pdnh dq|
sd|r�0lqfuhdvlqj ghyldwlrqv lq wkh ixwxuh1 D vhtxhqfh ri vxffhvvixo ghyld0
wlrqv pljkw lqfuhdvh klv sd|r� e| pruh wkdq 0 exw wklv lv qrw wdnhq lqwr
frqvlghudwlrq ehfdxvh hdfk ri wkhp lq lvrodwlrq lv xqdeoh wr lqfuhdvh sd|r�v
e| pruh wkdq 0 dqg khqfh zloo qrw vxffhhg lq ehlqj pdgh1

41< H!flhqf| zlwk Glvfrxqwlqj

Xs xqwlo qrz zh kdyh dvvxphg wkdw djhqwv gr qrw glvfrxqw ixwxuh xwlolwlhv1 Lq
wklv vhfwlrq/ wkh dqdo|vlv lv h{whqghg wr lqfoxgh wkh srvvlelolw| ri glvfrxqwlqj1

Wkhuh duh wzr uhdvrqv iru zdqwlqj wr lqfoxgh glvfrxqwlqj1 Wkh �uvw uhdvrq
lv wkdw wlph pdwwhuv1 Li frqyhujhqfh wr dq h!flhqw ru Zdoudvldq doorfdwlrq
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wdnhv d yhu| orqj wlph/ wkhq hyhq d vpdoo dprxqw ri glvfrxqwlqj zloo kdyh d
odujh h�hfw rq wkh sd|r�v1 Wkh dvvxpswlrq wkdw djhqwv gr qrw fduh zkhwkhu
wkh| frqvxph hduo| ru odwh zloo qrw eh d jrrg dssur{lpdwlrq1 E| lqwurgxflqj
glvfrxqwlqj/ zh fdq whvw wkh urexvwqhvv ri wkh h!flhqf| uhvxowv zkhq wkh wlph
wdnhq wr frqyhujh pdwwhuv1 Ri frxuvh/ lqwurgxflqj d frvw ri wlph zloo fkdqjh
wkh uhvxowv vrphzkdw/ vlqfh frqyhujhqfh zloo dozd|v wdnh vrph wlph dqg glv0
frxqwlqj zloo uhgxfh wkh hyhqwxdo sd|r�v1 Iru wkdw uhdvrq/ zh frqfhqwudwh
rq wkh fdvh zkhuh wkh glvfrxqw udwh lv vpdoo +wkh shulrg ohqjwk lv vkruw, dqg
dvn zkhwkhu zh rewdlq dssur{lpdwho| wkh vdph uhvxowv dv lq wkh fdvh zlwk qr
glvfrxqwlqj1

Wkh vhfrqg uhdvrq iru wkh lqwhuhvw lq glvfrxqwlqj lv wkdw lw kdv sod|hg d
fuxfldo uroh lq wkh edujdlqlqj olwhudwxuh/ zkhuh lw kdv ehhq vkrzq wr |lhog gh0
whuplqdwh rxwfrphv xqghu fhuwdlq flufxpvwdqfhv1 Ehjlqqlqj zlwk wkh Vwdko0
Uxelqvwhlq wkhru|/ lw kdv ehhq vkrzq wkdw glvfrxqwlqj irufhv djhqwv wr uhdfk
d ghwhuplqdwh djuhhphqw/ zkhuhdv wkh edujdlqlqj sureohp kdv dq lq�qlwh
qxpehu ri vroxwlrqv lq wkh devhqfh ri glvfrxqwlqj1 Vr lw lv dq lqwhuhvwlqj
txhvwlrq zkhwkhu glvfrxqwlqj pdnhv d gl�huhqfh lq wkh suhvhqw frqwh{w1

Lq wkh edujdlqlqj olwhudwxuh/ wkhuh duh wzr lqwhusuhwdwlrqv ri glvfrxqwlqj1
Rqh lv wkh xvxdo lqwhusuhwdwlrq wkdw lqglylgxdov suhihu hduo| frqvxpswlrq
wr odwh frqvxpswlrq dqg wkdw wkhlu wlph suhihuhqfhv fdq eh uhsuhvhqwhg e|
jhrphwulfdoo| glvfrxqwlqj wkh xwlolw| ri ixwxuh frqvxpswlrq1 Li wkh +frqvwdqw,
udwh ri wlph suhihuhqfh lv 4/ wkh glvfrxqw idfwru dssolhg wr ixwxuh xwlolwlhv lv
gh�qhg wr eh � ' E�n4�3�1 Dq djuhhphqw uhdfkhg dw gdwh | jlylqj wkh djhqw
dq +xqglvfrxqwhg, xwlolw| � lv zruwk �|3�� lq whupv ri suhvhqw xwlolw|1

Wkh vhfrqg lqwhusuhwdwlrq dvvxphv wkdw wkhuh lv d srvlwlyh suredelolw|
wkdw wkh edujdlqlqj surfhvv zloo eh vwrsshg ehiruh dq djuhhphqw lv uhdfkhg1
Li qr djuhhphqw lv uhdfkhg/ wkh djhqwv erwk uhfhlyh }hur/ vr wkh htxloleulxp
sd|r� lv htxdo wr wkh vxp ryhu doo | ri wkh suredelolw| wkdw wkh jdph grhv qrw
hqg ehiruh | wlphv wkh xwlolw| ri wkh djuhhphqw uhdfkhg dw |1 Wkh suredelolw|
wkdw wkh jdph frqwlqxhv xqwlo gdwh |n�/ frqglwlrqdo rq wkh jdph odvwlqj xqwlo
gdwh |/ lv d frqvwdqw f 	 � 	 �/ vr wkh suredelolw| wkdw wkh jdph uhdfkhv
gdwh | lv �|3�1 Ohw �| ghqrwh wkh htxloleulxp sd|r� li djuhhphqw lv uhdfkhg
dw gdwh |� Wkhq wkh h{shfwhg sd|r� lv

S"

|'� �
|3��|1

Vr/ wkh wzr dssurdfkhv surgxfh wkh vdph sd|r� ixqfwlrqv dqg duh iru0
pdoo| htxlydohqw1 +Vhh Elqpruh/ Uxelqvwhlq dqg Zrolqvn| +4<;9, iru d vxewoh
dqdo|vlv ri wkh gl�huhqfhv ehwzhhq wkh wzr lqwhusuhwdwlrqv,1

Lq wkh suhvhqw frqwh{w/ wkh vhfrqg lqwhusuhwdwlrq lv hdvlhu wr xvh1 Zh fdq
vlpso| dvvxph wkdw zkhq wkh jdph vwrsv dw gdwh | hyhu| lqglylgxdo frqvxphv
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wkh exqgoh wkdw kh lv fxuuhqwo| kroglqj1 Li wkh jdph vwrsv dw gdwh | dqg
djhqw � lv kroglqj wkh exqgoh %�| wkhq kh uhfhlyhv wkh xwlolw| ��E%�|�1 Vlqfh wkh
suredelolw| wkdw wkh jdph vwrsv dw gdwh | lv �|3�E�� ��/ wkh h{shfwhg xwlolw|
ri djhqw � iurp wkh rxwfrph i%|j lv

E�� ��
"[
|'�

�|3���E%�|��

Wklv lqwhusuhwdwlrq kdv d qxpehu ri dgydqwdjhv ryhu wkh wlph0suhihuhqfh
lqwhusuhwdwlrq1 Iluvw/ xqghu wkh wlph0suhihuhqfh lqwhusuhwdwlrq lw lv qrw fohdu
h{dfwo| zkhq frqvxpswlrq wdnhv sodfh1 Lw frxog wdnh sodfh dq| wlph diwhu
wudglqj vwrsv/ exw wudglqj pd| frqwlqxh iru gl�huhqw ohqjwkv ri wlph iru gli0
ihuhqw djhqwv dqg iruhyhu iru vrph1 Lq dq| fdvh/ lw lv qrw fohdu krz wr dsso|
wlph0suhihuhqfh glvfrxqwlqj1 Vhfrqgo|/ zkhq wkh ixwxuh lv glvfrxqwhg/ wkhuh
pd| eh dq lqfhqwlyh iru vrph djhqwv wr gurs rxw ri wkh wudglqj surfhvv dqg
frqvxph wkhlu exqgohv lpphgldwho|/ li wkh jdlqv iurp ixwxuh wudgh duh vx!0
flhqwo| vpdoo1 Ru wkhuh pd| eh dq lqfhqwlyh wr ehjlq frqvxplqj ehiruh wudgh
kdv �qlvkhg1 Erwk ri wkhvh srvvlelolwlhv/ yroxqwdu| h{lw dqg frqwlqxrxv frq0
vxpswlrq/ lqwurgxfh frpsolfdwlrqv wkdw duh eh|rqg wkh vfrsh ri wkh suhvhqw
wuhdwphqw1

41<14 Wkh Htxloleulxp Sdwk

Li sW lv d PSH dqg i%|j lv wkh htxloleulxp rxwfrph/ wkhq wkh htxloleulxp
sd|r� ri djhqw � dw wkh ehjlqqlqj ri gdwh |/ ehiruh d sursrvdo kdv ehhq pdgh/
lv d ixqfwlrq ri wkh dwwdlqdeoh doorfdwlrq %| dqg wkh gdwh |1 Ohw ��E%|c |�
ghqrwh wkh htxloleulxp sd|r� ri sod|hu � dw gdwh | zkhq wkh lqlwldo doorfdwlrq
dw wkdw gdwh lv %|1 Dv lq wkh fdvh zlwkrxw glvfrxqwlqj/ zh fdq vkrz wkdw wkh
xwlolwlhv ��E%�|� frqyhujh wr wkh htxloleulxp sd|r�v ��E%|c |�/ exw wkh dujxphqw
lv voljkwo| gl�huhqw zlwk glvfrxqwlqj1

Wkh qr0wudgh vwudwhj| lv dozd|v dydlodeoh wr wkh djhqw/ vr dw dq| gdwh dq
djhqw fdq hqvxuh wkdw kh krogv klv fxuuhqw exqgoh xqwlo wkh jdph vwrsv1 Vlqfh
wkh jdph vwrsv zlwk suredelolw| rqh/ klv htxloleulxp sd|r� pxvw eh dw ohdvw
dv juhdw dv wkh xwlolw| iurp klv fxuuhqw exqgoh1 Wkxv/ dw hdfk gdwh | dqg iru
hdfk djhqw �/

��E%|c |� � ��E%�|�� +419,

Vxssrvh qrz wkdw wkh jdph kdv frqwlqxhg xqwlo gdwh |1 Zlwk suredelolw|
E���� wkh jdph vwrsv dw gdwh | dqg wkh djhqw lv irufhg wr frqvxph klv fxuuhqw
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exqgoh %�|1 Zlwk suredelolw| � wkh jdph frqwlqxhv dw ohdvw rqh pruh shulrg
dqg kh ehjlqv gdwh | n � zlwk d frqwlqxdwlrq0jdph sd|r� ri ��E%|n�c | n ��1
Wkhq wkh htxloleulxp sd|r�v pxvw vdwlvi| wkh uhfxuvlyh uhodwlrq

��E%|c |� ' E�� ����E%�|� n ���E%|n�c |n ��� +41:,

Wkhvh wzr uhodwlrqvklsv +419, dqg +41:, lpso| wkdw wkh htxloleulxp sd|r�v
duh qrq0ghfuhdvlqj/

��E%|c |n �� � ��E%|n�c |n ��c +41;,

iru hyhu| |1
Iurp wkh gh�qlwlrq ri wkh sd|r�v/ zh nqrz wkdw

��E%|c |� ' E�� ��
"[
r'|

�r3|3���E%�r�

Frqvhtxhqwo|/

��E%|c |�� ���E%|n�c | n ��

' E�� ��
"[
r'|

�r3|3���E%�r��
"[

r'|n�

�r3|��E%�r�

' E�� ����E%�|�c +41<,

Wdnlqj olplwv lq +41<, dqg glylglqj e| E�� �� lpsolhv wkdw

*�4
|<"

��E%|c |� ' *�4
|<"

��E%�|�

Khqfh zh kdyh wkh iroorzlqj uhvxow=

Sursrvlwlrq 44 Ohw s W eh d PSH ri K/ ohw i%|j"|'� eh wkh htxloleulxp rxw0
frph dqg ohw i��E%|c |�j"|'� eh wkh htxloleulxp sd|r�v1 Wkhq

*�4
|
��E%�E|�� ' *�4

|
��E%|c |��

dqg ��E%|c |� � *�4|<" ��E%|c |� iru hyhu| |1
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41<15 Dv|pswrwlf H!flhqf|

Sursrvlwlrq 44 fdq eh xvhg wr suryh wkh dv|pswrwlf h!flhqf| ri wkh htxlole0
ulxp doorfdwlrqv1 Wkh surri lv wkh vdph dv lq wkh fdvh zlwkrxw glvfrxqwlqj
dqg zloo qrw eh suryhg khuh1

Sursrvlwlrq 45 Wkhuh h{lvwv dq dwwdlqdeoh doorfdwlrq %" vxfk wkdw

*�4
|<"

%| ' %" 5 �

doprvw vxuho|1

41<16 Sduhwr0H!flhqf|

Dowkrxjk wklv sursrvlwlrq sdudoohov wkh h!flhqf| wkhruhp ghulyhg iru wkh
jdph zlwkrxw glvfrxqwlqj/ lw lv lq idfw zhdnhu1 Dv|pswrwlf h!flhqf| lpsolhv
qrwklqj derxw wkh htxloleulxp sd|r�v ri wkh jdph/ ylhzhg iurp wkh lqlwldo
gdwh/ ehfdxvh wkh jdph whuplqdwhv lq �qlwh wlph zlwk suredelolw| rqh1 Wkh
qdwxudo fdvh wr orrn dw lv wkh rqh lq zklfk � $ �/ zklfk rqh krshv zloo
dssur{lpdwh wkh �iulfwlrqohvv� fdvh � ' �1 Khuh wkhuh lv d sureohp1 Li
wkh frqyhujhqfh ri wkh vhtxhqfh i%|j lv vx!flhqwo| idvw/ wkhq d vpdoo ulvn
ri whuplqdwlrq vkrxog qrw pdwwhu wrr pxfk1 Exw zkdw kdsshqv li wkh udwh
ri frqyhujhqfh lv vorzB Pruh suhflvho|/ vxssrvh wkdw iru hdfk ydoxh ri �/
s� lv d PSH ri KE�� dqg ohw i%�| j ghqrwh wkh fruuhvsrqglqj vhtxhqfh ri
dwwdlqdeoh doorfdwlrqv dorqj wkh htxloleulxp sdwk1 Lq jhqhudo/ rqh zrxog
h{shfw ��Es

�� 	 ��E%
�
�"�/ zkhuh %�" lv wkh olplw ri i%�"j dv | $ 41 Li wkh

udwh ri frqyhujhqfh ri i%�| j wr %�" ehfrphv vorzhu dv � $ �/ wkhq wkhuh lv qr
uhdvrq wr h{shfw wkdw wkh ghvluhg uhvxow

*�4
�<f

d��E%
�
�"�� ��Es

��o ' f

krogv1
Vrph erxqg rq wkh udwh ri frqyhujhqfh wr wkh dv|pswrwlf doorfdwlrq lv

qhhghg wr hqvxuh wkdw wkh h�hfw ri glvfrxqwlqj glvdsshduv lq wkh olplw dv
� $ f1 Lw lv yhu| gl!fxow wr rewdlq vxfk d erxqg lq jhqhudo ehfdxvh wkh
vwudwhjlhv fdq eh yhu| frpsoh{1 Wkhuh duh wrr pdq| srvvlelolwlhv wkdw fdqqrw/
lq rxu suhvhqw vwdwh ri nqrzohgjh/ eh uxohg rxw1

Lqvwhdg ri ghdolqj zlwk wkh frpsoh{lw| ri wkh fxuuhqw jdph/ zh fdq vlp0
soli| lw e| dvvxplqj wkdw wkh jdph kdv d �qlwh qxpehu ri vwdwhv1 Wkhq wkh
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Pdunry surshuw| dqg wkh �qlwhqhvv ri wkh vwdwh vsdfh lpphgldwho| hqvxuh wkdw
frqyhujhqfh lq xwlolw| rffxuv lq �qlwh wlph1 Vlqfh xwlolw| lv qrq0ghfuhdvlqj
dqg wkhuh duh rqo| d �qlwh qxpehu ri vwdwhv/ wkh xwlolwlhv fdqqrw nhhs fkdqjlqj
lqgh�qlwho|1

Wkhuh duh vhyhudo srvvleoh prwlydwlrqv iru wkh dvvxpswlrq ri �qlwhqhvv1

� Lqglylvlelolw| fdq eh prwlydwhg e| uhdolvp1 Lq sudfwlfh/ prvw frpprgl0
wlhv kdyh dq luuhgxfleoh plqlpxp txdqwlw| wkdw fdq eh wudghg1 Doo
wudghv kdyh wr eh pdgh lq pxowlsohv ri wklv xqlw1 Dv d uhvxow/ wkh vhw ri
dwwdlqdeoh doorfdwlrqv lv �qlwh1

� Wkh frqfhsw ri d shuihfwo| glylvleoh frpprglw| lv dq lghdol}dwlrq ri d
frpprglw| zlwk d vpdoo exw �qlwh plqlpxp xqlw1 Wkh lqwurgxfwlrq ri
d vpdoo plqlpxp xqlw iru hdfk frpprglw| fdq eh wkrxjkw ri dv d whvw
ri urexvwqhvv ri wkh prgho zlwk shuihfwo| glylvleoh frpprglwlhv1 Li wkh
lqwurgxfwlrq ri dq lqglylvleoh xqlw pdnhv d elj fkdqjh wr wkh uhvxowv/
wkh shuihfwo| glylvleoh frpprglw| lv qrw d jrrg dssur{lpdwlrq1

� D frqwlqxrxv vwudwhj| vsdfh doorzv iru yhu| frpsoh{ vwudwhjlhv/ zklfk
pd| eh h{wuhpho| vhqvlwlyh wr vpdoo fkdqjhv lq wkh vwdwh ri wkh jdph1
Lpsrvlqj �qlwhqhvv lv d zd| ri erxqglqj frpsoh{lw| dqg wkxv exloglqj
lq dq hohphqw ri erxqghg udwlrqdolw|1

Iru dq| # : f/ ohw f#
� ghqrwh wkh vxevhw ri f� frqvlvwlqj ri exqgohv

frqvlvwlqj ri lqwhjudo pxowlsohv ri #3� ri hdfk frpprglw|=

f#
� � i%� 5 f�m%�� ' 6�#

3�c ;�c<6� 5 ifc �c ���c �jj�
Wkh jdph zlwk wklv frqvxpswlrq vhw vxevwlwxwhg iru f� lv ghqrwhg e| KE�c #�1

Ohw s�c# ghqrwh d Pdunry shuihfw htxloleulxp ri KE�c #� dqg i%�c#| j wkh
fruuhvsrqglqj rxwfrph1 Frqyhujhqfh lq xwlolwlhv lv suryhg lq h{dfwo| wkh
vdph zd| dv ehiruh +glylvlelolw| sod|hg qr uroh lq wkh surri, dqg lw pxvw
rffxu lq d �qlwh qxpehu ri vwhsv vlqfh wkhuh lv rqo| d �qlwh qxpehu ri ydoxhv
wkdw ��E%|c |� fdq dwwdlq1 Ohw ��c# ghqrwh wkh plqlpxp qxpehu ri shulrgv
ehiruh hyhu| djhqw � uhdfkhv wkh olplwlqj sd|r� ��c#� ri wkh htxloleulxp s �c#1
Ilqdoo|/ ohw � 0 ghqrwh wkh 00Sduhwr0rswlpdo vhw ri wkh hfrqrp|/ wkdw lv/ wkh
vhw ri dwwdlqdeoh doorfdwlrqv % vxfk wkdw wkhuh grhv qrw h{lvw dq dwwdlqdeoh
doorfdwlrq %� vxfk wkdw ��E%��� : ��E%�� n 01

Wkh suhylrxv dujxphqwv fdq eh dgdswhg wr vkrz wkdw li %�c#" lv d olplw srlqw
ri wkh vhtxhqfh i%�c#| j dv | $ 4/ wkhq iru dq| 0 : f dqg doo # : #E0�/ %�c#"
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pxvw ehorqj wr � 01 Li qrw/ wkhq iru vrph �{hg 0 : f zh fdq �qg duelwudulo|
odujh ydoxhv ri # vxfk wkdw %�c#" *5 � 01 Ohw %�" eh d olplw srlqw ri %�c#" dv wklv
vxevhtxhqfh ri ydoxhv ri # $ 41 Fohduo|/ %�" *5 � 0 dqg wklv lpsolhv wkdw
wkhuh h{lvwv dq rughuhg sdlu E�c �� zkr phhw lq�qlwho| riwhq dqg d wudgh 5 vxfk
wkdw ��E%

�c#
�" n 5� : ��E%

�c#
�"� dqg ��E%

�
�" n 5� : ��E%

�
�"�1 Wkhq/ e| frqwlqxlw|/

iru vx!flhqwo| odujh ydoxhv ri # zh fdq �qg d wudgh 5�c# vxfk wkdw 5�c# lv d
ihdvleoh wudgh dqg ��E%

�c#
�" n 5�c#� : ��E%

�c#
�"� dqg ��E%

�c#
�" n 5�c#� : ��E%

�c#
�"�1 E|

suhylrxv dujxphqwv zh fdq vkrz wkdw

��c#& E%�c#| c |� � *�4
|<"

��c#& E%�c#| c |� ' �&E%
�c#
&"�

iru & ' �c � dqg wklv doorzv xv wr jhqhudwh d frqwudglfwlrq ri wkh htxloleulxp
frqglwlrqv iru wkh jdph KE�c #� iru vx!flhqwo| odujh # dqg |/ vlqfh djhqwv �
dqg � fdq pdnh dq lpsurylqj wudgh dqg jhw d sd|r� ehwwhu wkdq ��E%

�c#
| c |�

dqg ��E%
�c#
| c |�/ uhvshfwlyho|1 Wklv frqwudglfwlrq suryhv wkh iroorzlqj uhvxow1

Ohppd 46 Ohw s�c# eh d PSH ri KE�c #�1 Iru dq| 0 : f wkhuh h{lvwv d
qxpehu #E0� vxfk wkdw iru doo # : #E0�/ li %�c#" lv wkh olplw ri wkh htxloleulxp
doorfdwlrqv i%�c#| j wkhq %�c#" 5 � 01

Fohduo|/ iru vrph �{hg ydoxh ri # : #E0� wkh yhfwru ri htxloleulxp sd|r�v
�Es�c#� zloo eh 00Sduhwr0h!flhqw lq wkh olplw dv � $ 41 Lq wklv vhqvh/ zh fdq
vd| wkdw s�c# lv dssur{lpdwho| h!flhqw dv � $ � dqg # $ f lq wkdw rughu1

Wkhruhp 47 Ohw s�c# eh d PSH ri KE�c #� iru hyhu| ydoxh ri E�c #�1 Iru
dq| 0 : f wkhuh h{lvw qxpehuv #E0� dqg �E0� vxfk wkdw iru doo # : #E0� dqg
� : �E0�/ s�c# lv 00Sduhwr0rswlpdo/ wkdw lv/ wkhuh grhv qrw h{lvw dq dwwdlqdeoh
doorfdwlrq % vxfk wkdw ��E%�� : ��Es

�c#� n 0 iru hyhu| �1

4143 Udqgrp Pdwfklqj
Lq pdq| edujdlqlqj prghov/ wkh dowhuqdwlqj r�huv dvvxpswlrq lv uhsodfhg e|
wkh dvvxpswlrq wkdw sursrvhuv dqg uhvsrqghuv duh fkrvhq dw udqgrp1 Wklv
dvvxpswlrq pdnhv wkh prgho v|pphwulf dqg khqfh doorzv iru wkh srvvlelolw|
ri vwdwlrqdu| htxloleuld1 Vlploduo|/ lq d GPEJ/ udqgrp pdwfklqj dw hdfk
gdwh lpsrvhv v|pphwu| rq wkh prgho dqg doorzv iru vwdwlrqdu| htxloleuld1 Lq
wkh prgho zlwk d �{hg rughu ri sod|/ wkh vwuxfwxuh ri wkh jdph ghshqgv rq
wkh gdwh ehfdxvh wkh lghqwlw| ri wkh sursrvhuv dqg uhvsrqghuv lv d ixqfwlrq
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ri wkh gdwh1 Wkhuh lv d pruh frpshoolqj uhdvrq wkdq wklv iru ehlqj lqwhuhvwhg
lq udqgrp pdwfklqj/ krzhyhu1 Udqgrp pdwfklqj hqvxuhv wkdw wkh rxwfrph
ri wkh GPEJ lv/ lq sulqflsoh/ udqgrp hyhq li wkh djhqwv duh xvlqj sxuh
vwudwhjlhv dqg wklv udqgrpqhvv udlvhv d qxpehu ri lqwhuhvwlqj lvvxhv1 Iluvw/
ydulrxv frqyhujhqfh surshuwlhv wkdw uhtxluh rqo| hohphqwdu| dqdo|vlv lq wkh
ghwhuplqlvwlf fdvh ehfrph pxfk pruh vxewoh dqg uhtxluh pruh srzhuixo wrrov
lq wkh vwrfkdvwlf fdvh1 Vhfrqgo|/ ehfdxvh djhqwv duh ulvn dyhuvh/ udqgrpqhvv
ehfrphv d vrxufh ri lqh!flhqf| lwvhoi dqg khqfh fdq suhyhqw wkh dwwdlqphqw
ri wkh frpshwlwlyh htxloleulxp1

Lq sodfh ri wkh ghwhuplqlvwlf rughu ri sod| zh dgrsw wkh iroorzlqj dvvxps0
wlrq=

Pdwfklqj1 Dw hdfk gdwh dq rughuhg sdlu ri djhqwv E�c �� lv fkrvhq dw udqgrp1
Ohw Z�� eh wkh suredelolw| wkdw E�c �� lv fkrvhq1 Zh dvvxph wkdw Z�� : f iru
doo E�c �� vxfk wkdw � 9' � dqg Z�� ' fc dqg

S
�

S
� Z�� ' �1 Wkh pdwfklqj

suredelolwlhv duh wkh vdph dw hdfk gdwh dqg lqghshqghqw dfurvv gdwhv1

Wkh dvvxpswlrq wkdw doo rughuhg sdluv E�c �� duh iruphg zlwk srvlwlyh sured0
elolw| dw hdfk gdwh lpsolhv wkdw doo rughuhg sdluv E�c �� duh iruphg dq lq�qlwh
qxpehu ri wlphv zlwk suredelolw| rqh1 Wklv hqvxuhv wkdw wkh djhqwv duh doo
frqqhfwhg dqg irup d vlqjoh/ lqwhjudwhg hfrqrp|1

Wkh uhvw ri wkh prgho lv gh�qhg dv lq Vhfwlrq 416 dqg wkh gh�qlwlrq
ri PSH lv wkh vdph dv lq Vhfwlrq 4171 Ehfdxvh wkh rxwfrph ri wkh jdph lv
vwrfkdvwlf/ lw lv qr orqjhu srvvleoh wr uhvwulfw dwwhqwlrq wr lqglylgxdoo| udwlrqdo
doorfdwlrqv1 Dowkrxjk dq htxloleulxp pxvw eh lqglylgxdoo| udwlrqdo h{ dqwh/
wkh rxwfrph qhhg qrw eh lqglylgxdoo| udwlrqdo h{ srvw1 Vr wkh dvvxpswlrq
+414, kdv wr eh vwuhqjwkhqhg= lqvwhdg/ lw lv dvvxphg wkdw f� frlqflghv zlwk
rqh ri wkh xsshu frqwrxu vhwv ri ��=

� iru dq| �/ iru vrph frqvwdqw S�/

f� � i%� 5 C�m��E%�� � S�j +4143,

Wkh surshuw| +4143, hqvxuhv wkdw sdluzlvh h!flhqf| lv htxlydohqw wr Sduhwr
h!flhqf|1 Zhdnhu frqglwlrqv zrxog dovr vx!fh iru wklv uhvxow1 Iru h{dpsoh/
li zh frxog hqvxuh wkdw lqgl�huhqfh vxuidfhv zhuh wdqjhqw wr wkh erxqgdu| ri
wkh frqvxpswlrq vhw dw hdfk srlqw rq wkh erxqgdu|/ wkh vdph uhvxow zrxog
krog1
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Zh ehjlq wkh dqdo|vlv ri htxloleulxp e| jlylqj d pruh suhflvh ghvfuls0
wlrq ri wkh htxloleulxp sdwk1 Ehfdxvh wkh pdwfklqj surfhvv lv udqgrp/ wkh
htxloleulxp sdwk lv d vwrfkdvwlf surfhvv hyhq li sxuh vwudwhjlhv duh fkrvhq lq
htxloleulxp1 Ohw ElcI c � � ghqrwh wkh xqghuo|lqj suredelolw| vsdfh/ zkhuh l
lv wkh vhw ri vwdwhv ri qdwxuh/ I lv wkh j0�hog ri phdvxudeoh vxevhwv ri l/ dqg
� lv d suredelolw| phdvxuh rq ElcI�1 Doo ri wkh udqgrp yduldeohv wkdw gh�qh
wkh htxloleulxp sdwk duh dvvxphg wr eh gh�qhg rq wklv xqghuo|lqj suredelo0
lw| vsdfh1 Iru h{dpsoh/ zh fdq wdnh l wr eh wkh vhw ri vhtxhqfhv iE�|c �|�j"|'�/
I wkh j0�hog jhqhudwhg e| wkh f|olqghu vhwv ri l dqg � wkh suredelolw| phd0
vxuh ghwhuplqhg e| wkh nhuqho Z1 Wkhq zh fdq uhjdug %E|c /�/ �E|c /�/ �E|c /�/
5E|c /�/ dqg oE|c /� dv vwrfkdvwlf surfhvvhv gh�qhg rq ElcI c � �1

Wkh lqirupdwlrq dydlodeoh dw wkh ehjlqqlqj ri gdwh | lv uhsuhvhqwhg e| d
vxe0j0�hog ri I / zklfk lv ghqrwhg e| I| � I 1 Wkh hohphqwv ri I| duh wkh
revhuydeoh hyhqwv dw wkh ehjlqqlqj ri gdwh |1 Wkh| fruuhvsrqg wr wkh srvvleoh
klvwrulhv �|1 Wkh udqgrp yduldeohv ghwhuplqhg dw gdwh | duh qrw qhfhvvdulo|
phdvxuhdeoh zlwk uhvshfw wr I| ehfdxvh wkh| ghshqg rq lqirupdwlrq wkdw
rqo| ehfrphv dydlodeoh dw gdwh | dqg lv wkhuhiruh qrw lqfoxghg lq I|1 Iru
h{dpsoh/ wkh lghqwlw| ri wkh uhvsrqghu �| lv qrw nqrzq dw wkh ehjlqqlqj ri
gdwh |1

414314 Frqyhujhqfh

Qrz vxssrvh wkdw s W lv d PSH1 Wkh htxloleulxp sd|r� wr d sod|hu dw wkh
ehjlqqlqj ri gdwh |/ ehiruh wkh udqgrp fkrlfh ri sursrvhu dqg uhvsrqghu
kdv ehhq pdgh/ lv d ixqfwlrq ri wkh dwwdlqdeoh doorfdwlrq %E|� dqg wkh gdwh
|1 Uhfdoo wkdw %E|� fdq eh ghwhuplqhg e| orrnlqj dw wkh klvwru| �| dqg
khqfh lv phdvxudeoh zlwk uhvshfw wr I|1 Wkh htxloleulxp sd|r� ri sod|hu
� lv ghqrwhg e| ��Es

W� dqg wkh sd|r� frqglwlrqdo rq gdwh | dqg wkh vwdwh
ri qdwxuh / fdq eh ghqrwhg e| ��Es

Wm%E|c /�c |�1 Vlqfh wkh frqwh{w qrupdoo|
pdnhv wkh htxloleulxp vwudwhj| fohdu/ zh vxssuhvv wkh uhihuhqfh wr s W dqg
zulwh ��E%E|c /�c |� iru wkh sd|r� dw gdwh | lq vwdwh ri qdwxuh /1

Vlqfh wkhuh lv qr glvfrxqwlqj/ wkh htxloleulxp sd|r� dw wkh ehjlqqlqj
ri gdwh | pxvw eh htxdo wr wkh h{shfwhg ydoxh ri wkh htxloleulxp sd|r� dw
wkh ehjlqqlqj ri gdwh | n �/ frqglwlrqdo rq wkh lqirupdwlrq dydlodeoh dw wkh
ehjlqqlqj ri gdwh |1 Wkxv/

.d��E%E|c /�c |�mI|o ' .d��E%E| n �c /�c |�mI|oc ;|� +4144,

Zh fdq gh�qh d vwrfkdvwlf surfhvv iT�E|�j e| sxwwlqj T�E|� htxdo wr wkh
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htxloleulxp sd|r� dw gdwh |

T�E|� ' ��E%E|�c |�

dqg htxdwlrq +4144, lpsolhv wkdw iT�E|�j lv d pduwlqjdoh zlwk uhvshfw wr wkh
�owudwlrq iI|j"|'� +Nduolq dqg Wd|oru +4<:8,/ Fkdswhu 9,1

Wkh qh{w vwhs lv wr vkrz wkdw htxloleulxp sd|r�v duh erxqghg1 Wudgh lv
yroxqwdu| vr wkh qr0wudgh vwudwhj| lv dydlodeoh1 Lw iroorzv lpphgldwho| wkdw
lq htxloleulxp/

��E%E|c /�c |� � ��E%�E|c /��c ;|1 +4145,

Wklv suryhv wkdw iT�E|�j lv erxqghg ehorz1 Dovr/ vlqfh %E|� 5 	f dqg 	f lv
frpsdfw/

��E%E|c /�c |� � t�T
%M 	f

��E%�� 	 4c;/c

vr iT�E|�j lv erxqghg deryh1
Wkh Pduwlqjdoh Frqyhujhqfh Wkhruhp whoov xv wkdw d erxqghg pduwlq0

jdoh frqyhujhv wr d frqvwdqw zlwk suredelolw| rqh +Nduolq dqg Wd|oru +4<:8,
Wkhruhp 814/ s15:;,1 Lq wklv fdvh/ wkhuh h{lvwv d udqgrp yduldeoh T"� vxfk
wkdw/ iru doprvw hyhu| // wkh vhtxhqfh iT�E/c |�j frqyhujhv wr wkh frqvwdqw
T"� E/�1 Wklv lv qrw wkh vdph dv vd|lqj wkdw wkhuh h{lvwv d frqvwdqw S dqg wkdw
iT�E|�j frqyhujhv doprvw vxuho| wr S1 Hyhu| vdpsoh sdwk ehfrphv frqvwdqw lq
wkh olplw/ exw gl�huhqw vdpsoh sdwkv pd| kdyh gl�huhqw olplwlqj ydoxhv1 Wkh
Pduwlqjdoh Frqyhujhqfh Wkhruhp dovr whoov xv wkdw wkh phdq lv suhvhuyhg lq
wkh olplw/ vr

.dT�E|�mI|o ' .dT "� mI|o� +4146,

Wkh Pduwlqjdoh Frqyhujhqfh Wkhruhp lv d srzhuixo wrro1 Lw whoov xv wkdw
htxloleulxp sd|r�v pxvw frqyhujh dqg lw doorzv xv wr gudz wklv frqfoxvlrq
zlwk yhu| olwwoh lqirupdwlrq derxw wkh qdwxuh ri wkh jdph ru wkh htxloleulxp
vwudwhjlhv1

Rqfh zh nqrz wkdw wkh htxloleulxp sd|r�v frqyhujh/ zh fdq vkrz wkdw
wkh vdph pxvw eh wuxh iru wkh xwlolw| dvvrfldwhg zlwk wkh olplwlqj doorfdwlrqv1
Wr vhh wklv/ uhfdoo wkdw djhqw �*v sd|r� lv gh�qhg wr eh wkh h{shfwhg ydoxh ri
wkh olp lqi ri wkh xwlolw| ri klv frpprglw| exqgoh=

��Es
W� ' .d*�4 �?u

|<"
��E1�|E@

sW��o�

Wkxv/ wkh h{shfwhg sd|r� frqglwlrqdo rq wkh lqirupdwlrq dydlodeoh dw wkh
ehjlqqlqj ri gdwh | pxvw vdwlvi|

.dT�E|�mI|o ' .d*�4 �?u
r
��E%�Er��mI|o
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Vlqfh wkh phdq lv suhvhuyhg lq wkh olplw/ dffruglqj wr htxdwlrq +4146,/ zh
kdyh/

.dT "� mI|o ' .d*�4 �?u
r
��E%�Er��mI|o� +4147,

Rq wkh rwkhu kdqg/ iurp wkh lqglylgxdo udwlrqdolw| frqglwlrq/ +4145, zh fdq
vhh wkdw

*�4 t�T
|

��E%�E|�� � *�4 t�T
|

T�E|� +4148,

' T"| c

vr/ sxwwlqj htxdwlrqv +4147, dqg +4148, wrjhwkhu/ zh kdyh wkdw iru doprvw
hyhu| /

*�4
|
��E%�E|�� ' T "�

Lq rwkhu zrugv/ wkh xwlolw| ri wkh frpprglw| exqgoh khog e| djhqw � frqyhujhv
doprvw vxuho| ^d1v1` wr d frqvwdqw1 Sxwwlqj doo ri wkhvh uhvxowv wrjhwkhu/ zh
kdyh wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 48 Ohw s W eh d PSH ri K/ ohw i%E|�j"|'� eh wkh htxloleulxp
rxwfrph dqg ohw iT�E|�j"|'� eh wkh htxloleulxp sd|r�v1 Wkhq

*�4
|
��E%�E|�� ' *�4

|
T�E|� ' T"� d1v1

dqg .dT�E|�mI|o ' .dT "� mI|o�

Dv ehiruh/ zh fdq xvh wklv frqyhujhqfh uhvxow wr vkrz wkdw wkh olplwlqj
doorfdwlrq pxvw eh sdluzlvh0 dqg khqfh Sduhwr0h!flhqw1

414315 H!flhqf|

Wkh hvvhqwldo lghd lv wkh vdph dv lq wkh qrq0vwrfkdvwlf fdvh/ wudgh frqwlqxhv
xqwlo doo jdlqv iurp wudgh duh h{kdxvwhg dqg wkh uhvxowlqj htxloleulxp door0
fdwlrq pxvw eh Sduhwr0h!flhqw1 Wkh dgglwlrqdo frpsolfdwlrq lq wklv fdvh lv
wkdw wkh olplwlqj sd|r�v pd| eh udqgrp dqg ghshqg rq wkh uhdol}dwlrq ri //
vr hdfk vdpsoh sdwk kdv wr eh frqvlghuhg vhsdudwho|1

Iru wkh surri ri Sursrvlwlrq 6/ zh qhhghg wr vwuhqjwkhq wkh dvvxpswlrqv
rq suhihuhqfhv1 Vshfl�fdoo|/ zh dvvxphg wkdw=

� Hdfk xwlolw| ixqfwlrq �� lv vwulfwo| frqfdyh1
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Wklv dvvxpswlrq lv qhhghg khuh wrr wr vkrz wkdw doorfdwlrqv frqyhujh li xwlo0
lwlhv frqyhujh1 Wkh qh{w sursrvlwlrq fkdudfwhul}hv wkh olplwlqj vhw ri door0
fdwlrqv rq wkh htxloleulxp sdwk1 Lw vkrzv �uvw wkdw wkh fxuuhqw doorfdwlrq
frqyhujhv wr d frqvwdqw dqg vhfrqgo| wkdw wkh olplwlqj doorfdwlrq lv Sduhwr0
h!flhqw1 Exw qrwh wkdw wkh olplwlqj doorfdwlrq pd| eh d udqgrp yduldeoh/
wkdw lv/ lw ghshqgv rq wkh sduwlfxodu uhdol}dwlrq ri wkh htxloleulxp sdwk1

Sursrvlwlrq 49 Wkhuh h{lvwv d udqgrp yduldeoh %" rq l vxfk wkdw

*�4
|<"

%E|� ' %" 5 �

doprvw vxuho|1

Surri1 Ohw lW ghqrwh wkh vhw ri vwdwhv vxfk wkdw iru hyhu| / 5 l/ hdfk
sdlu E�c �� lv pdwfkhg lq�qlwho| riwhq dqg wkh htxloleulxp frqglwlrqv duh vdw0
lv�hg rq wkh vhtxhqfh i@E|c /�j"|'�1 Fohduo|/ lW lv d vhw ri ixoo phdvxuh1 Wkh
�uvw vwhs lq wkh surri lv wr vkrz wkdw iru dq| �{hg / lq lW/ i%E|c /�j lv
d Fdxfk| vhtxhqfh1 Wkh surri lv e| frqwudglfwlrq1 Vxssrvh/ frqwudu| wr
zkdw zh zdqw wr suryh/ wkdw iru vrph vxevhtxhqfh +xvlqj wkh vdph qrwd0
wlrq, mm%E|c /� � %E| n �c /�mm � 0 iru vrph 0 : f dqg doo |1 Fkrrvh vrph
ixuwkhu vxevhtxhqfh vxfk wkdw �E|c /� ' � dqg �E|c /� ' � iru doo |1 Lw lv
dozd|v srvvleoh wr fkrrvh wklv vxevhtxhqfh ehfdxvh wkh dvvxpswlrqv rq wkh
pdwfklqj suredelolwlhv dZ��o jxdudqwhh wkdw hyhu| rughuhg sdlu ri djhqwv E�c ��
lv pdwfkhg lq�qlwho| riwhq iru doprvw hyhu| vwdwh /1 Wkhq fkrrvh d ixuwkhu
vxevhtxhqfh vxfk wkdw %E|c /� $ + dqg %�E| n �c /�� %�E|c /� $ 5 dorqj wklv
vxevhtxhqfh1 Lw lv srvvleoh wr fkrrvh vxfk d vxevhtxhqfh ehfdxvh wkh vhw ri
dwwdlqdeoh doorfdwlrqv lv frpsdfw1 Vlqfh

*�4
|<"

�&E|c /� ' *�4
|<"

�&E| n �c /� ' T"& E/�c

iru & ' �c �/ lw pxvw eh wkh fdvh wkdw

��E+�� ' ��E+� n 5� ' T "� E/�

��E+�� ' ��E+� � 5� ' T"� E/��

E| vwulfw frqfdylw|/

��E+� n 5*2� : T"� E/�

��E+� � 5*2� : T"� E/��
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E| frqwlqxlw|/

��E%�E|c /� n 5*2� : T�E|c /�

��E%�E|c /�� 5*2� : T�E|c /�c

iru doo | vx!flhqwo| odujh1 Wklv frqwudglfwv wkh htxloleulxp frqglwlrqv vlqfh �
fdq r�hu � wr wudgh 5*2 dqg pdnh wkhp erwk ehwwhu r�1 Wklv odvw vwhs iroorzv
iurp wkh Pdunry surshuw|1 Wkh dujxphqw lv wkh vdph dv wkh rqh xvhg lq wkh
surri ri Sursrvlwlrq 6 iru wkh ghwhuplqlvwlf fdvh1

Vr wkh k|srwkhvlv wkdw i%E|c /�j lv qrw Fdxfk| ohdgv wr d frqwudglfwlrq
ri wkh htxloleulxp frqglwlrqv1 Wklv frqwudglfwlrq hvwdeolvkhv wkdw i%E|c /�j
lv d Fdxfk| vhtxhqfh/ vr i%E|�j frqyhujhv wr d udqgrp yduldeoh %" doprvw
vxuho|1

Wr vkrz wkdw %"E/� 5 � doprvw vxuho| zh xvh d vlplodu dujxphqw1 Vxs0
srvh wkdw iru vrph / lq lW/ %"E/� *5 � 1 Wkhq %"E/� lv qrw sdluzlvh0h!flhqw/
dffruglqj wr Sursrvlwlrq 4/ dqg iru vrph sdlu E�c ��/ wkhuh h{lvwv d ihdvleoh
wudgh 5 vxfk wkdw

��E%
"
� E/� n 5� : T "� E/�

��E%
"
� E/�� 5� : T "� E/�

dqg e| frqwlqxlw|

��E%�E|c /� n 5� : T�E|c /�

��E%�E|c /�� 5� : T�E|c /�c

iru doo | vx!flhqwo| odujh1 Vlqfh wkh sdlu E�c �� lv pdwfkhg lq�qlwho| riwhq rq
// zh fdq xvh wkh suhylrxv dujxphqw vkrz wkdw � pxvw ghyldwh e| r�hulqj 5
wr �/ frqwudglfwlqj wkh htxloleulxp frqglwlrqv1 Wklv vkrzv wkdw %"E/� 5 �
iru doo / 5 lW1

Sursrvlwlrq 49 vkrzv wkdw wkh olplw doorfdwlrq lv Sduhwr0h!flhqw zlwk
suredelolw| rqh/ exw wklv lv qrw wkh vdph wklqj dv vkrzlqj wkdw wkh htxloleulxp
lv Sduhwr0h!flhqw1 Wkh olplw doorfdwlrq lv d udqgrp yhfwru %" wkdw ehorqjv
wr wkh h!flhqw vhw � doprvw vxuho|1 Vlqfh djhqwv duh ulvn dyhuvh/ Mhqvhq*v
Lqhtxdolw| lpsolhv wkdw

.d��E%
"
� �o � ��E.d%"� o�c

zlwk vwulfw lqhtxdolw| li ��E�� lv vwulfwo| frqfdyh dqg %"� lv qrq0ghjhqhudwh1
Djhqwv zrxog udwkhu kdyh wkh h{shfwhg ydoxh ri wkh olplwlqj doorfdwlrq1 Wkh
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vhw ri dwwdlqdeoh doorfdwlrqv 	f lv frqyh{ vr %" 5 	f lpsolhv wkdw .d%"o 5 	f1
Wr hqvxuh Sduhwr0h!flhqf| h{ dqwh zh zrxog kdyh wr dvvxph wkdw %" lv
ghjhqhudwh/ wkdw lv/ doprvw vxuho| htxdo wr d frqvwdqw doorfdwlrq +1

Fdoo d PSH lv dv|pswrwlfdoo| sxuh li wkh doorfdwlrqv rq wkh htxloleulxp
sdwk frqyhujh wr d vlqjoh doorfdwlrq doprvw vxuho|/ wkdw lv/ / iru vrph frqvwdqw
+ 5 	f

%E|c /� $ +

iru doprvw hyhu| /1 Wklv lv vwurqjhu wkdq uhvwulfwlqj dwwhqwlrq wr sxuh0
vwudwhj| htxloleuld/ ehfdxvh hyhq zlwk sxuh vwudwhjlhv wkh udqgrpqhvv dv0
vrfldwhg zlwk wkh pdwfklqj surfhvv pljkw ohdg wr d udqgrp doorfdwlrq lq wkh
olplw1 Rq wkh rwkhu kdqg/ hyhq li wkh PSH lv dv|pswrwlfdoo| sxuh/ lw grhv
qrw phdq wkdw wkh htxloleulxp lv qrq0vwrfkdvwlf1 Udqgrp pdwfklqj pd|
vwloo kdyh dq h�hfw dorqj wkh htxloleulxp sdwk ohdglqj wr + dqg wkhuh pd| eh
udqgrpqhvv r� wkh htxloleulxp sdwk1

Wkh dvvxpswlrq wkdw d PSH lv dv|pswrwlfdoo| sxuh lv vwurqj1 Ixuwkhu0
pruh/ lw uhvwulfwv hqgrjhqrxv yduldeohv vr lw lv qrw hqwluho| fohdu zkdw lw pljkw
uhtxluh lq wkh zd| ri uhvwulfwlrqv rq wkh sulplwlyhv ri wkh prgho wr hqvxuh
wkdw wkh htxloleulxp lv dv|pswrwlfdoo| sxuh1 Dq h{dpsoh ri d PSH wkdw lv
qrw dv|pswrwlfdoo| sxuh lv jlyhq lq Vhfwlrq 41441

Uhvwulfwlqj dwwhqwlrq wr PSH wkdw duh dv|pswrwlfdoo| sxuh/ rqh fdq gh�qh
d frpshwlwlyh vhtxhqfh ri hfrqrplhv dqg htxloleuld dqg vkrz wkdw lq wkh olplw
dv 6 $ 4 wkh dv|pswrwlf doorfdwlrqv +dv | $ 4, frqyhujh wr d Zdoudv
doorfdwlrq iru wkh olplw hfrqrp|1 Wkh surri lv hvvhqwldoo| wkh vdph dv iru wkh
qrq0vwrfkdvwlf fdvh dqg zloo qrw eh uhshdwhg khuh1

414316 H{lvwhqfh

Wkh surri ri h{lvwhqfh jlyhq lq Vhfwlrq 41; fdq hdvlo| eh dgdswhg wr wkh fdvh ri
udqgrp pdwfklqj1 Wkh vwudwhjlhv duh hvvhqwldoo| wkh vdph dqg dv orqj dv doo
sdluv E�c �� duh pdwfkhg lq�qlwho| riwhq zlwk suredelolw| rqh/ wkh wudglqj uxohv
gh�qhg wkhuh jxdudqwhh frqyhujhqfh wr d frpshwlwlyh htxloleulxp doorfdwlrq
zlwk suredelolw| rqh1 Wkh surri wkdw wklv lv dq htxloleulxp lv wkh vdph dv lq
wkh qrq0vwrfkdvwlf fdvh ehfdxvh wkh dv|pswrwlf doorfdwlrq lv lqghshqghqw ri
wkh uhdol}hg pdwfkhv dv orqj dv doo sdlu duh iruphg lq�qlwho| riwhq1
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414317 Glvfrxqwlqj

Lw lv dovr srvvleoh wr uhzrun wkh dqdo|vlv ri wkh GPEJ zlwk glvfrxqwlqj iru
wkh dvvxpswlrq ri udqgrp pdwfklqj1

Dv ehiruh/ wkh htxloleulxp sdwk fdq eh ghvfulehg dv d vwrfkdvwlf surfhvv
gh�qhg rq wkh xqghuo|lqj suredelolw| vsdfh ElcI c � �1 Lq dgglwlrq wr wkh
udqgrp yduldeohv %E|�/ �E|�/ �E|�/ 5E|�/ dqg oE|� zh kdyh wr gh�qh wkh Pdunry
vwrsslqj wlph � E/� dw zklfk wkh jdph vwrsv1

Li sW lv d PSH/ wkhq wkh htxloleulxp sd|r� wr d sod|hu dw wkh ehjlqqlqj ri
gdwh |/ ehiruh wkh udqgrp fkrlfh ri sursrvhu dqg uhvsrqghu kdv rffxuuhg/ lv
d ixqfwlrq ri wkh dwwdlqdeoh doorfdwlrq %E|� dqg wkh gdwh |1 Ohw ��E%E|c /�c |�
ghqrwh wkh htxloleulxp sd|r� ri sod|hu � dw gdwh | lq wkh vwdwh ri qdwxuh
/1 Wkh qr0wudgh vwudwhj| lv dozd|v dydlodeoh wr wkh djhqw/ vr dw dq| gdwh dq
djhqw fdq hqvxuh wkdw kh krogv klv fxuuhqw exqgoh xqwlo wkh jdph vwrsv1 Vlqfh
wkh jdph vwrsv zlwk suredelolw| rqh/ klv htxloleulxp sd|r� pxvw eh dw ohdvw
dv juhdw dv wkh xwlolw| iurp klv fxuuhqw exqgoh1 Wkxv/ dw hdfk gdwh | dqg iru
hdfk djhqw �/

��E%E|�c |� � ��E%�E|��c +4149,

zlwk suredelolw| rqh1
Vxssrvh qrz wkdw wkh jdph kdv frqwlqxhg xqwlo gdwh |1 Zlwk suredelolw|

E���� wkh jdph vwrsv dw gdwh | dqg wkh djhqw lv irufhg wr frqvxph klv fxuuhqw
exqgoh %�E|�1 Zlwk suredelolw| � wkh jdph frqwlqxhv dw ohdvw rqh pruh shulrg
dqg kh ehjlqv gdwh | n � zlwk d frqwlqxdwlrq0jdph sd|r� ri ��E%E| n ��c |�1
Wkhq wkh htxloleulxp sd|r�v pxvw vdwlvi| wkh uhfxuvlyh uhodwlrq

��E%E|�c |� ' E�� ����E%�E|�� n �.d��E%E| n ��c |n ��mI|oc +414:,

zkhuh wklv htxdwlrq lv xqghuvwrrg wr krog zlwk suredelolw| rqh1 Wkhvh wzr
uhodwlrqvklsv +4149, dqg +414:, lpso| wkdw wkh htxloleulxp sd|r�v irup d
vxepduwlqjdoh/ wkdw lv/

��E%E|�c |� � .d��E%E| n ��c |n ��mI|oc +414;,

iru hyhu| | +Nduolq dqg Wd|oru +4<:8,/ s157;,1 Wr vhh wklv/ vxssrvh wr wkh
frqwudu| wkdw iru vrph qrq0qxoo vhw 7 5 I|/]

7

��E%E|c /�c |�� E_/� :

]
7

��E%E|n �c /�c |n ��� E_/�� +414<,
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Wkhq/ vlqfh � : f/ zh fdq xvh wkh uhfxuvlyh uhodwlrq +414:, dqg +414<, wr
frqfoxgh wkdw]
7

��E%E|c /�c |�� E_/� ' �

]
7

��E%�E|c /��� E_/� n E�� ��

]
7

��E%E|n �c /�c |n ��� E_/�

	 �

]
7

��E%�E|c /��� E_/� n E�� ��

]
7

��E%�E|c /��� E_/�

'

]
7

��E%�E|c /��� E_/�c

zklfk frqwudglfwv +4149,1 Wklv frqwudglfwlrq ghprqvwudwhv +414;, dqg suryhv
wkdw wkh sd|r�v duh d vxepduwlqjdoh1

Dv lq wkh prgho zlwkrxw glvfrxqwlqj/ zh gh�qh d vwrfkdvwlf surfhvv
iT E|�j frqvlvwlqj ri wkh htxloleulxp sd|r�v e| sxwwlqj T�E|c /� ' ��E%E|c /�c |�
iru hyhu| � dqg |1 Zh kdyh vkrzq wkdw iT E|�j lv d vxepduwlqjdoh zlwk uh0
vshfw wr iI|j dqg lw lv vwudljkwiruzdug wr vkrz wkdw iT E|�j lv erxqghg1 Wkhq
wkh Pduwlqjdoh Frqyhujhqfh Wkhruhp lpsolhv wkdw iT�E|�j frqyhujhv doprvw
vxuho| wr d yduldeoh T"� dqg .dT�E|�mI|o � .dT "� mI|o +Nduolq dqg Wd|oru
+4<:8,/ s15:;,1

Iurp wkh gh�qlwlrq ri wkh sd|r�v/ zh nqrz wkdw

.dT�E|�mI|o ' E�� ��.

%
"[
r'|

�r3|3���E%�Er��mI|

&

Frqvhtxhqwo|/

.dT�E|�mI|o� �.dT�E| n ��mI|o

' E�� ��.d
"[
r'|

�r3|3���E%�Er��mI|o�.d
"[

r'|n�

�r3|��E%�Er��mI|o

' E�� ��.d��E%�E|��mI|o ' E�� ����E%�E|��c +4153,

zkhuh wkh h{shfwdwlrq rshudwlrq .d�mI|o fdq eh holplqdwhg lq wkh odvw olqh
ehfdxvh %�E|� lv I|0phdvxudeoh1 Wdnlqj olplwv lq +4153, dqg glylglqj e| E����
lpsolhv wkdw

T"� ' *�4
|<"

��E%�E|�� d1v1

Khqfh zh kdyh wkh iroorzlqj uhvxow=
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Sursrvlwlrq 4: Ohw s W eh d PSH ri K/ ohw i%E|�j"|'� eh wkh htxloleulxp
doorfdwlrqv dqg ohw iT�E|�j"|'� eh wkh htxloleulxp sd|r�v1 Wkhq

*�4
|
��E%�E|�� ' *�4

|
T�E|� ' T"� d1v

dqg .dT�E|�mI|o � .dT"� mI|o�

414318 Dv|pswrwlf H!flhqf|

Sursrvlwlrq 4: fdq eh xvhg wr suryh wkh dv|pswrwlf h!flhqf| ri wkh htxlole0
ulxp doorfdwlrqv1 Wkh surri lv wkh vdph dv lq wkh fdvh zlwkrxw glvfrxqwlqj
dqg zloo qrw eh suryhg khuh1

Sursrvlwlrq 4; Wkhuh h{lvwv d udqgrp yduldeoh %" rq l vxfk wkdw

*�4
|<"

%E|� ' %" 5 �

doprvw vxuho|1

414319 Sduhwr0H!flhqf|

Dv lq wkh prgho zlwk d qrq0vwrfkdvwlf rughu ri sod| +ghwhuplqlvwlf pdwfk0
lqj,/ wkh dv|pswrwlf h!flhqf| uhvxow lpsolhv qrwklqj derxw wkh h!flhqf| ri
htxloleulxp/ ehfdxvh wkh jdph hqgv lq �qlwh wlph zlwk suredelolw| rqh1 Vr
lq dgglwlrq wr wkh qhhg wr dvvxph wkh PSH lv dv|pswrwlfdoo| sxuh/ rqh dovr
qhhgv wr erxqg wkh wlph wdnhq iru frqyhujhqfh ri wkh wudglqj surfhvv1 Wklv
fdq eh grqh dv lq Vhfwlrq 41<16 e| xvlqj d �qlwh vhw ri vhwv +doorfdwlrqv, wr
dssur{lpdwh wkh ruljlqdo jdph1 Wkh ghwdlov duh vlplodu wr wkrvh lq Vhfwlrq
41<16 dqg zloo qrw eh uhshdwhg khuh1

41431: Frpshwlwlyh Vhtxhqfhv ri Htxloleuld

Rqfh h!flhqf| kdv ehhq hvwdeolvkhg/ rqh fdq dqdo|}h frpshwlwlyh vhtxhqfhv
ri htxloleuld lq wkh xvxdo zd|1

4144 Pl{hg Htxloleuld
Lq wkh dqdo|vlv ri wkh prgho zlwk udqgrp pdwfklqj zh irfxvhg rq dv|pswrw0
lfdoo| sxuh PSH1 Wkhuh fdq eh pl{hg htxloleuld dv zhoo1 Lq idfw/ lw lv kdug
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wr uxoh rxw pl{hg htxloleuld1 Wkh hvvhqfh ri wkh sureohp dulvhv iurp wkh idfw
wkdw wkh vhw ri Zdoudv doorfdwlrqv lv jhqhulfdoo| �qlwh exw qrw d vlqjohwrq
+Gheuhx +4<:3,,1 Zh kdyh vhhq wkdw/ xqghu fhuwdlq vshfldo frqglwlrqv/ dq|
ghwhuplqlvwlf htxloleulxp sdwk ohdgv wr d Zdoudv doorfdwlrq1 Ixuwkhupruh/
wkh qxpehu ri PSH pd| eh dv odujh dv wkh qxpehu ri gl�huhqw Zdoudv do0
orfdwlrqv1 Pl{hg htxloleuld fdq eh jhqhudwhg e| udqgrpl}lqj ryhu wkh PSH1
Iru h{dpsoh/ wkh Zdoudv doorfdwlrq wkdw lv hyhqwxdoo| uhdfkhg fdq eh frq0
glwlrqhg rq vrph udqgrp hohphqw ri wkh doorfdwlrq surfhvv/ zklfk dfwv olnh
d vxqvsrw1 Li vxfk dq htxloleulxp h{lvwv/ wkh �qdo rxwfrph zloo eh d sure0
delolw| glvwulexwlrq ryhu Zdoudv doorfdwlrqv1 Li frqvxphuv duh ulvn dyhuvh/ d
suredelolw| glvwulexwlrq ryhu Zdoudv doorfdwlrqv qhhg qrw eh Sduhwr0h!flhqw/
vlqfh wkhuh duh qr pdunhwv iru wudglqj wklv xqfhuwdlqw|1 H{ dqwh/ wkh jdph
grhv qrw lpsohphqw d Zdoudv doorfdwlrq hyhq wkrxjk h{ srvw lw zloo uhvxow lq
rqh ri d �qlwh qxpehu ri Zdoudv doorfdwlrqv1

Wr frqvwuxfw d pl{hg htxloleulxp zlwk d udqgrp rxwfrph/ zh �uvw frq0
vlghu dq h{fkdqjh hfrqrp| H wkdw kdv pxowlsoh frpshwlwlyh htxloleuld1 Wkhq
zh vkrz wkdw hdfk ri wkhvh frpshwlwlyh doorfdwlrqv fdq eh dwwdlqhg dv wkh
dv|pswrwlf rxwfrph ri d PSH1 Zh fdq wkhq frqvwuxfw d pl{hg htxloleulxp
e| xvlqj vrph udqgrp pryh e| Qdwxuh wr vhohfw rqh ri wkh dv|pswrwlfdoo|
sxuh PSH1

Wkh frqvwuxfwlrq lv edvhg rq d wzr0shuvrq Hgjhzruwk Er{ hfrqrp| H '
iEf�c ��c e��j2�'�1 Iru vlpsolflw|/ qr glvfrxqwlqj lv dvvxphg1 Vlqfh H kdv
pxowlsoh frpshwlwlyh htxloleuld zh fdqqrw xvh wkh uhvxowv iurp Vhfwlrq 41;1
Krzhyhu/ zkhq wkhuh duh rqo| wzr djhqwv/ dq| frpshwlwlyh htxloleulxp fdq
eh dwwdlqhg dv|pswrwlfdoo| dv wkh rxwfrph ri d PSH1 Wkh �uvw vwhs lv wr jlyh
dq h{solflw surri ri wklv sursrvlwlrq1

Vxssrvh wkdw ERWc %W� lv d frpshwlwlyh htxloleulxp iru H 1 Ohw � eh d
ixqfwlrq iurp 	f/ wkh vhw ri dwwdlqdeoh doorfdwlrqv/ wr wkh vhw � ri Sduhwr0
h!flhqw doorfdwlrqv wkdw vdwlv�hv wkh lqglylgxdo udwlrqdolw| frqglwlrq=

��E��E%�� � ��E%��c � ' �c 2c

dqg lv frqvlvwhqw zlwk %W=
�Ee� ' %W�

Zh fdq wklqn ri �E%� dv wkh wdujhw doorfdwlrq rqfh % kdv ehhq uhdfkhg1
Qrwh wkdw vwulfw txdvl0frqfdylw| ri �� lpsolhv wkdw �E%� lv wkh xqltxh Sduhwr0
h!flhqw doorfdwlrq wkdw lv dv jrrg dv �E%�/ vr

�E�E%�� ' �E%��
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Vlploduo|/ wkh sd|r� wr sod|hu � frqglwlrqdo rq uhdfklqj wkh doorfdwlrq % lv
��E%� ' ��E��E%��1

Ohw s ' Es�c s2� ghqrwh dq dv|pswrwlfdoo| sxuh PSH wkdw lpsohphqwv
ERWc %W� dqg gh�qh wkh vwudwhj| sur�oh s dv iroorzv1 Li % lv dq dwwdlqdeoh
doorfdwlrq dqg E�c �� d sdlu ri pdwfkhg djhqwv vxfk wkdw � 9' �/ wkhq sxw

s�E%c �c �� ' ��E%�� %�

' %� � ��E%�

dqg

s�E%c �c �c 5� '

�
|hv li 5 ' ��E%�� %� ru ��E%� 5� : ��E%�
qr rwkhuzlvh1

Lq zrugv/ wkh sursrvhu dozd|v pdnhv dq r�hu wkdw/ li dffhswhg/ zloo eulqj wkh
sdlu wr wkh wdujhw doorfdwlrq �E%�> wkh uhvsrqghu dffhswv wkdw r�hu ru rqh
wkdw lv vwulfwo| suhihuuhg dqg uhmhfwv doo rwkhuv1

Wkh vwudwhj| sur�oh s fohduo| lpsohphqwv wkh frpshwlwlyh doorfdwlrq ERWc %W�
lq wkh vhqvh wkdw wkh �qdo doorfdwlrq zloo eh %W li wkhvh vwudwhjlhv duh iroorzhg1
Wr vhh wkdw wklv lv dq dv|pswrwlfdoo| sxuh PSH/ zh qhhg wr vkrz wkdw wkh
djhqwv duh fkrrvlqj ehvw uhvsrqvhv dw hyhu| lqirupdwlrq vhw1 Vxssrvh wkdw
wkh fxuuhqw doorfdwlrq dw wkh ehjlqqlqj ri vrph shulrg lv % dqg wkdw wkh sdlu
E�c �� kdv ehhq fkrvhq e| Qdwxuh1 Wkh htxloleulxp sursrvdo lv 5 ' s�E%c �c ��1
Wkh sursrvhu fdqqrw gr dq| ehwwhu ehfdxvh wkh sursrvdo 5 ' ��E%� � %� lv
lqglylgxdoo| udwlrqdo dqg wkh uhvsrqghu zloo uhmhfw dq| rwkhu r�hu xqohvv lw
vdwlv�hv ��E%� 5� : ��E%�1 Vlqfh �E%� lv Sduhwr0h!flhqw/ wklv odvw lqhtxdolw|
lpsolhv wkdw ��E%� 5� 	 ��E%�/ vr wkh sursrvhu fdqqrw gr ehwwhu wkdq wr r�hu
51

Vlploduo|/ wkh uhvsrqghu fdqqrw gr ehwwhu wkdq wr iroorz wklv vwudwhj|
dorqj wkh htxloleulxp sdwk ehfdxvh wkh sursrvdo 5 lv lqglylgxdoo| udwlrqdo
dqg li kh uhmhfwv wkh r�hu/ zlwk suredelolw| rqh kh zloo hqg xs zlwk wkh vdph
doorfdwlrq lq wkh ixwxuh1 R� wkh htxloleulxp sdwk/ lw lv rswlpdo wr dffhsw
dq| sursrvdo 5 wkdw vdwlv�hv ��E%� 5� : ��E%� dqg zhdno| rswlpdo wr uhmhfw
dq| sursrvdo 5 wkdw vdwlv�hv ��E%� 5� � ��E%�/ vr djdlq s� lv rswlpdo iru wkh
uhvsrqghu1

Wklv frpsohwhv wkh surri ri wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 4< Ohw ERWc %W� eh d frpshwlwlyh htxloleulxp iru wkh wzr0shuvrq
hfrqrp| H1 Wkhq wkhuh h{lvwv dq dv|pswrwlfdoo| sxuh PSH s ri K vxfk wkdw
wkh dv|pswrwlf doorfdwlrq xqghu s lv %W1
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Qrz vxssrvh wkdw wkh hfrqrp| kdv wzr frpshwlwlyh htxloleuld ER�c %��
dqg ER�c %��1 Dv vkrzq deryh/ wkhuh h{lvw dv|pswrwlfdoo| sxuh PSH fruuh0
vsrqglqj wr hdfk ri wkh frpshwlwlyh htxloleuld/ fdoo wkhp s� dqg s� uhvshf0
wlyho|1 Xvlqj wkhvh PSH vwudwhj| sur�ohv/ wkhuh lv qr gl!fxow| lq frqvwuxfwlqj
d vxejdph shuihfw htxloleulxp +VSH, lq zklfk wkh rxwfrph lv d suredelolw|
glvwulexwlrq ryhu wkh wzr Zdoudvldq rxwfrphv ER�c %�� dqg ER�c %��1 Vlpso|
frqglwlrq wkh fkrlfh ri vwudwhj| rq zkr lv �uvw fkrvhq wr eh wkh sursrvhu1

� Li � ' � lv fkrvhq wr eh wkh sursrvhu dw gdwh � wkhq kdyh erwk sod|0
huv dgrsw wkh vwudwhjlhv s� fruuhvsrqglqj wr wkh PSH wkdw ohdgv wr
ER�c %��1

� Li � ' 2 lv fkrvhq wr eh wkh sursrvhu dw gdwh � wkhq kdyh erwk sod|0
huv dgrsw wkh vwudwhjlhv s� fruuhvsrqglqj wr wkh PSH wkdw ohdgv wr
ER�c %��1

Lw lv fohdu wkdw wkh vwudwhjlhv gh�qhg lq wklv zd| frqvwlwxwh d VSH dqg wkdw wkh
rxwfrph surgxfhv %� zlwk suredelolw| �*2 dqg %� zlwk suredelolw| �*21 Vlqfh
wkh djhqwv duh ulvn dyhuvh/ wklv udqgrp doorfdwlrq lv qrw Sduhwr0h!flhqw�wkh|
zrxog erwk suhihu wr uhfhlyh �

2
E%�n%�� iru vxuh�vr lw fdqqrw eh d Zdoudvldq

rxwfrph1 Wkh htxloleulxp lv qrw d PSH/ dv L kdyh gh�qhg lw/ ehfdxvh wkh
vwudwhjlhv ghshqg rq wkh pryh ri Qdwxuh dw wkh �uvw gdwh1

Wkhruhp 53 Vxssrvh wkdw wkh wzr0shuvrq hfrqrp| H kdv wzr htxloleuld
ER�c %�� dqg ER�c %�� zlwk %� 9' %�1 Wkhq wkhuh h{lvwv d vxejdph shuihfw
htxloleulxp vxfk wkdw zlwk suredelolw| �*2 wkh dv|pswrwlf doorfdwlrq lv %� dqg
zlwk suredelolw| �*2 wkh dv|pswrwlf doorfdwlrq lv %�1

Wkh dujxphqwv zh kdyh xvhg lq suhylrxv vhfwlrqv fdqqrw eh xvhg wr holpl0
qdwh wkh srvvlelolw| ri wklv htxloleulxp1 Rqfh wkh jdph ehjlqv zlwk d pryh e|
Qdwxuh dw gdwh �/ lw lv douhdg| wrr odwh1 Wkh frqglwlrqlqj ri wkh vwudwhjlhv rq
wklv udqgrp pryh suhyhqwv wkh dfklhyhphqw ri wkh frpshwlwlyh htxloleulxp
ehiruh dq|rqh kdv d fkdqfh wr pryh1 Wkh uhpdlqlqj sod| ri wkh jdph vdwlv�hv
doo wkh frqglwlrqv zh frxog krsh iru/ vr htxloleulxp dujxphqwv fdqqrw xqgr
wkh frqglwlrqlqj1

Qrwh wkdw wklv frqglwlrqlqj ri wkh sod| ri wkh jdph rq dq lqlwldo pryh
e| Qdwxuh surgxfhv d fruuhodwhg htxloleulxp lq wkh vhqvh ri Dxpdqq +4<:7,/
zlwk d suredelolw| glvwulexwlrq ryhu sxuh htxloleuld1 Wkh lqlwldo pryh e|
Qdwxuh sod|v wkh uroh ri d �vxqvsrw� ru fruuhodwlrq ghylfh1
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Wkh vwuxfwxuh ri wkh htxloleulxp lv yhu| vshfldo dqg lw frxog eh dujxhg
wkdw zh duh lq d vhqvh lpsohphqwlqj wkh frpshwlwlyh htxloleuld1 Iurp gdwh �
rqzdugv lw dsshduv wkdw wkh jdph lpsohphqwv d vlqjoh/ qrq0vwrfkdvwlf frp0
shwlwlyh htxloleulxp uhodwlyh wr wkh lqlwldo hqgrzphqwv1 Krzhyhu/ wkhuh pd|
eh rwkhu/ pruh frpsolfdwhg htxloleuld/ wkdw gr qrw kdyh wklv surshuw|1 Iru
h{dpsoh/ wkhuh pd| eh VSH lq zklfk wkh olplw doorfdwlrq lv qrw d Zdoudv do0
orfdwlrq uhodwlyh wr wkh ruljlqdo hqgrzphqwv1 Ru wkhuh pd| eh VSH lq zklfk/
iru dq| �qlwh gdwh | wkh olplw doorfdwlrq lv qrw d Zdoudv doorfdwlrq uhodwlyh wr
wkh fxuuhqw doorfdwlrq dw gdwh |1 Zh vlpso| gr qrw nqrz1

Li lw wxuqv rxw wkdw udqgrpqhvv lv dq lqwudfwdeoh revwdfoh wr wkh lpsohphq0
wdwlrq ri frpshwlwlyh htxloleuld/ wkhq wkh wkhru| zrxog dsshdu wr eh udwkhu
iudjloh1 Udqgrp pdwfklqj lv d frpprq lqjuhglhqw lq vhdufk prghov1 Lw lv
lqfoxghg rq wkh jurxqgv ri erwk uhdolvp dqg wkh vlpsolflw| lw r�huv lq pdq|
vhwwlqjv1 Dw wkh yhu| ohdvw zh vkrxog zdqw wr lqfoxgh wklv nlqg ri udqgrpqhvv1

Rqh srvvleoh zd| ri suhvhuylqj wkh frpshwlwlyh wkhru| lq vhwwlqjv zlwk
udqgrp pdwfklqj lv wr dsshdo djdlq wr odujh qxpehuv/ wklv wlph wr jhw ulg
ri djjuhjdwh xqfhuwdlqw|1 Ri frxuvh/ li wkhuh lv djjuhjdwh xqfhuwdlqw| lq wkh
zruog/ wkhq shukdsv wkh gh�qlwlrq ri frpshwlwlyh htxloleulxp vkrxog eh h{0
sdqghg wr doorz iru frqglwlrqlqj rq wklv xqfhuwdlqw|1 Wkh sureohp iru wkh
wkhru| lv vpdoo dprxqwv ri xqfhuwdlqw| wkdw qrqhwkhohvv pdwwhu d orw1 Exw li
wkhuh duh odujh qxpehuv ri lqglylgxdov dqg orwv ri udqgrpqhvv lq wkh pdwfklqj
surfhvv/ zh pljkw dvvxph wkdw ryhudoo lw zloo qrw pdwwhu wrr pxfk ehfdxvh
wkh glvwulexwlrq ri pdwfkhv zloo qrw gl�hu wrr pxfk dfurvv uhdol}dwlrqv ri wkh
surfhvv1 Ri frxuvh/ vkrzlqj wklv pd| qrw eh hdv|> exw lw lv qrw lpsodxvleoh
wkdw iru zhoo ehkdyhg fdvhv zh fdq ljqruh wkh h�hfw ri wklv nlqg ri xqfhuwdlqw|
rq wkh htxloleulxp rxwfrph1

4145 D Vxpplqj Xs
Wklv frpsohwhv p| dwwhpsw wr ghyhors d frpshwlwlyh wkhru| edvhg rq g|0
qdplf pdwfklqj dqg edujdlqlqj jdphv zlwk d �qlwh qxpehu ri djhqwv1 Lw
kdv ehhq d exps| urdg1 Vwurqj dvvxpswlrqv kdyh ehhq uhtxluhg/ dvvxps0
wlrqv lpsrvhg qrw rq wkh sulplwlyhv ri wkh prgho/ exw udwkhu rq hqgrjhqrxv
yduldeohv1

� Dwwhqwlrq lv uhvwulfwhg wr Pdunry shuihfw htxloleuld +dowkrxjk dv kdv
ehhq srlqwhg rxw/ lw lv rqo| d vpdoo dprxqw ri lqirupdwlrq wkdw qhhgv
wr eh ljqruhg lq rughu wr suryh wkh frpshwlwlyh olplw wkhruhp,1
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� Wkh frqwlqxlw| dvvxpswlrq lpsrvhg rq frpshwlwlyh vhtxhqfhv ri htxl0
oleuld vd|v wkdw lqglylgxdo djhqwv kdyh d qhjoljleoh h�hfw +uhodwlyh wr
wkh hqwluh hfrqrp|,1

� Htxloleuld duh dvvxphg wr eh dv|pswrwlfdoo| sxuh1

� D �qlwh0vwdwh dssur{lpdwlrq wr wkh ruljlqdo GPEJ lv uhtxluhg wr hq0
vxuh wkdw/ lq wkh fdvh ri glvfrxqwlqj/ wkh wlph wdnhq iru frqyhujhqfh lv
qrw wrr orqj1 Rwkhuzlvh/ wkh h�hfw ri glvfrxqwlqj grhv qrw qhfhvvdulo|
glvdsshdu dv wkh glvfrxqw idfwru � frqyhujhv wr �1

Ixuwkhupruh/ wkh lpsolfdwlrqv ri wkhvh dvvxpswlrqv duh revfxuh1 Lw lv qrw
fohdu zkdw uhvwulfwlrqv rq wkh sulplwlyhv ri wkh prgho zrxog eh qhfhvvdu| wr
hqvxuh wkhvh surshuwlhv krog lq htxloleulxp1

Qrqhwkhohvv/ wkh dvvxpswlrqv wkhpvhoyhv duh qrw lpsodxvleoh1 Wkh lghdv
wkdw vpdoo djhqwv kdyh olwwoh lpsdfw rq htxloleulxp/ wkdw vwudwhjlhv duh Pdunry/
wkdw djhqwv duh dqrq|prxv/ duh lghdv wkdw hfrqrplvwv duh txlwh frpiruw0
deoh zlwk1 Wkh| vhhp wr dffrug zlwk rxu lqwxlwlyh xqghuvwdqglqj ri odujh
hfrqrplhv dqg zlwk dw ohdvw vrph ri wkh �idfwv� zh nqrz derxw frpshwlwlyh
pdunhwv1

Rqh srvvleoh frqfoxvlrq lv wkdw frpshwlwlyh wkhru| uhtxluhv ixqgdphqwdo
surshuwlhv zklfk/ iru vrph uhdvrq/ fdqqrw eh ghulyhg iurp jdph0wkhruhwlf
dqdo|vlv1 Wklv lv dq lqwuljxlqj lghd/ exw rqh wkdw grhv qrw jlyh xv pxfk wr
vd| lq whupv ri wudglwlrqdo jdph wkhru|1

Dqrwkhu ylhz lv wkdw wkh prgho qhhgv wr eh fkdqjhg1 D ulfkhu prgho
pd| jlyh xv pruh vwuxfwxuh dqg doorz xv wr dfwxdoo| vlpsoli| wkh htxloleulxp
dqdo|vlv1 Wklv dssurdfk lv h{soruhg lq wkh qh{w fkdswhu1



Fkdswhu 5

Frqwlqxlw| dqg Dqrq|plw|

Fkdswhu 4 suhvhqwv d wkhru| ri g|qdplf pdwfklqj dqg edujdlqlqj jdphv
+GPEJ, zlwk d �qlwh qxpehu ri djhqwv1 Wklv wkhru| lv pruh gl!fxow wkdq
wkh fruuhvsrqglqj wkhru| iru d frqwlqxxp hfrqrp|/ fklh | ehfdxvh ri wkh
vwudwhjlf sureohpv wkdw dulvh lq �qlwh jdphv1 Wkh wkhru| ri edujdlqlqj ghdov
zlwk vpdoo qxpehuv ri sod|huv/ xvxdoo| rqo| wzr/ dqg vwudwhjlf lvvxhv dulvlqj
lq wkhvh vruwv ri edujdlqlqj sureohpv kdyh ehhq h{kdxvwlyho| vwxglhg1 Edu0
jdlqlqj lq pdunhwv zlwk d odujh exw �qlwh qxpehu ri djhqwv lv vwloo uhodwlyho|
xqh{soruhg whuulwru|/ krzhyhu1 Rqh ri wkh ihz sdshuv ghdolqj zlwk wklv wrslf
lv wkh lqqrydwlyh dqg lpdjlqdwlyh sdshu ri Uxelqvwhlq dqg Zrolqvn| +4<<3,1
Lw lv zhoo zruwk uhylhzlqj wkh uhvxowv lq wklv sdshu ehfdxvh wkh| uhlqirufh wkh
ohvvrqv gudzq iurp Fkdswhu 4 derxw wkh lpsruwdqfh ri Pdunry vwudwhjlhv/
dqrq|plw|/ dqg frqwlqxlw|1

514 Uxelqvwhlq dqg Zrolqvn| +4<<3,

Uxelqvwhlq dqg Zrolqvn| +4<<3,/ khqfhiruwk UZ/ frqwdlqv d ulfk duud| ri
prghov/ looxvwudwlqj wkh lpsruwdqfh ri gl�huhqw lqirupdwlrqdo dqg lqvwlwx0
wlrqdo dvvxpswlrqv lq wkh dqdo|vlv ri GPEJ1 Dv d ehqfkpdun/ UZ ehjlqv
zlwk d prgho lq zklfk wkh pdwfklqj surfhvv lv h{rjhqrxv1 Wkhuh duh 7 vhoohuv
dqg � : 7 ex|huv lq wkh pdunhw1 Hdfk vhoohu kdv rqh xqlw ri dq lqglylvleoh
jrrg zklfk lv zruwk qrwklqj wr klp1 Hdfk ex|hu zdqwv wr ex| dw prvw rqh
xqlw ri wkh lqglylvleoh jrrg/ zklfk lv zruwk rqh groodu wr klp1 Wlph lv gl0
ylghg lqwr glvfuhwh gdwhv | ' �c 2c ���1 Dw hdfk gdwh/ wkh djhqwv duh udqgrpo|
pdwfkhg lq sdluv frqvlvwlqj ri rqh vhoohu dqg rqh ex|hu +hdfk ihdvleoh frq0

4
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�jxudwlrq ri sdluzlvh pdwfkhv kdv htxdo suredelolw|,1 Rqh phpehu ri wkh
sdlu lv udqgrpo| fkrvhq wr eh wkh sursrvhu dqg wkh rwkhu lv wkh uhvsrqghu1
Hdfk phpehu kdv suredelolw| �*2 ri ehlqj fkrvhq dv sursrvhu1 Wkh sursrvhu
fkrrvhv d sulfh R 5 dfc �o1 Wkh uhvsrqghu dffhswv ru uhmhfwv wkh r�hu1

Dw hdfk gdwh/ wkh djhqwv duh udqgrpo| uhpdwfkhg1 Xqpdwfkhg ex|huv duh
irufhg wr uhpdlq lqdfwlyh iru wkh shulrg1

Zkhq djuhhphqw lv uhdfkhg rq d sulfh R/ wkh ex|hu uhfhlyhv d sd|r� ��R
dqg wkh vhoohu uhfhlyhv d sd|r� R1 Wkhuh lv qr glvfrxqwlqj1 Djhqwv h{lw wkh
pdunhw dv vrrq dv dq djuhhphqw lv uhdfkhg1

Djhqwv kdyh frpsohwh lqirupdwlrq derxw wkh sdvw sod| ri wkh jdph/ exw
dw wkh prphqw zkhq wkh| fkrrvh wkhlu dfwlrqv wkh| gr qrw nqrz zkdw dfwlrqv
duh ehlqj vlpxowdqhrxvo| fkrvhq e| rwkhu djhqwv1

Wkh fhqwudo uhvxow wkdw UZ rewdlqv iru wklv prgho lv wkh iroorzlqj wkhr0
uhp1

Wkhruhp 4 Iru hyhu| sulfh RW ehwzhhq f dqg � dqg iru hyhu| rqh wr rqh
ixqfwlrq q iurp wkh vhw ri vhoohuv wr wkh vhw ri ex|huv wkhuh h{lvwv d vhtxhqwldo
htxloleulxp lq zklfk vhoohu r vhoov klv xqlw wr ex|hu qEr� iru d sulfh ri RW1

Lq rwkhu zrugv/ d frqwlqxxp ri rxwfrphv fdq eh vxssruwhg e| vhtxhqwldo
htxloleuld ri wkh jdph +vhtxhqwldo htxloleuld duh qhhghg khuh ehfdxvh lw lv d
jdph ri lpshuihfw lqirupdwlrq,1 Wkh lqwxlwlrq ri wkh surri zdv ghvfulehg
lq Fkdswhu 3 iru wkh fdvh zkhuh wkhuh lv rqh vhoohu 7 ' � dqg pdq| ex|huv
K ' �c ���c �1 Rqh ex|hu KW lv lghqwl�hg dv wkh lqwhqghg uhflslhqw ri wkh jrrg
dw wkh sulfh RW1 Wkh htxloleulxp vwudwhjlhv uhtxluh wkh vhoohu wr r�hu wkh jrrg
dw d sulfh ri R ' � zkhqhyhu kh lv wkh sursrvhu dqg lv pdwfkhg zlwk d ex|hu
K 9' KW1 Hyhu| ex|hu K 9' KW uhmhfwv wkh r�hu1 Zkhqhyhu ex|hu K 9' KW lv wkh
sursrvhu kh r�huv wr ex| wkh jrrg dw d sulfh ri R ' f dqg wkh vhoohu uhmhfwv1
Zkhq wkh vhoohu phhwv ex|hu KW/ zklfkhyhu lv fkrvhq dv wkh sursrvhu r�huv d
sulfh R ' RW dqg wkh uhvsrqghu dffhswv1 Wkhvh vwudwhjlhv fohduo| surgxfh wkh
uhtxluhg rxwfrph dqg wkh sd|r�v ri wkh vhoohu dqg ex|hu KW duh RW dqg ��RW/
uhvshfwlyho|/ ehfdxvh wkhuh lv qr glvfrxqwlqj1

Wr suhyhqw d ghyldwlrq/ zh pdnh xvh ri wkh iroorzlqj vxejdph htxloleulxp
vwudwhjlhv1 Vxssrvh wkdw wkh vhoohu kdv ghyldwhg e| sursrvlqj d sulfh R 9' RW1
Wkh uhvsrqghu uhmhfwv wklv r�hu dqg wkh jdph wkhq pryhv lqwr d vxejdph lq
zklfk wkh iruphuo| uhmhfwlqj ex|hu KWW ehfrphv wkh lqwhqghg uhflslhqw ri wkh
jrrg dqg wkh vhoolqj sulfh ehfrphv RWW ' f1 Wkh vwudwhjlhv duh wkh vdph dv
wkrvh jlyhq hduolhu zlwk wkh sulfh RWW lq sodfh ri RW dqg wkh ex|hu KWW lq sodfh
ri ex|hu KW1
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Li rqh ri wkh ex|huv ghyldwhv e| r�hulqj d sulfh R 9' RW wkhq wkh vhoohu
uhmhfwv/ dqrwkhu ex|hu lv fkrvhq wr eh wkh lqwhqghg uhflslhqw KWW dqg wkh sulfh
dw zklfk wkh xqlw lv wudghg fkdqjhv wr RWW ' �1 Wkh vwudwhjlhv duh gh�qhg lq
wkh xvxdo zd|1

Ghyldwlrqv iurp wkhvh sxqlvkphqw vwudwhjlhv fdq eh wuhdwhg lq dq h{dfwo|
vlplodu zd|1

Lw lv hdv| wr vhh wkdw wkh lqlwldo ghyldwru lv qr ehwwhu r� dqg pd| eh zruvh
r� lq wkh sxqlvkphqw skdvh wkdw lv wuljjhuhg e| klv ghyldwlrq1 Ixuwkhupruh/
wkh uhvsrqghu lv dozd|v dw ohdvw dv zhoo r� iroorzlqj wkh sxqlvkphqw dv kh
zrxog eh li kh dffhswhg wkh sursrvhg ghyldwlrq1 Lw fdq dovr eh vhhq/ e|
lqvshfwlrq ri wkh vwudwhjlhv/ wkdw d uhvsrqghu zkr lv fdoohg xsrq wr uhmhfw dq
r�hu fdq qhyhu eh ehwwhu r� dffhswlqj lw1 Dovr/ d uhvsrqghu zkr lv vxssrvhg
wr dffhsw dqg uhmhfwv lqvwhdg grhv qrw pdnh klpvhoi ehwwhu r� li zh dvvxph
wkdw wkh jdph frqwlqxhv dv ehiruh diwhu d ghyldwlqj uhmhfwlrq1

Wkhvh vwudwhjlhv duh xowlpdwho| txlwh frpsolfdwhg/ lq wkh vhqvh wkdw wkhuh
lv qr olplw wr wkh qxpehu ri srwhqwldo ghyldwlrqv dqg hdfk dgglwlrqdo ghyld0
wlrq uhtxluhv d wdloru0pdgh uhvsrqvh wkdw pdnhv wkh sod| ri wkh jdph pruh
frpsolfdwhg1 Dv UZ srlqw rxw/ rqh fdq wklqn ri wklv frqvwuxfwlrq dv uhtxlu0
lqj d odujh dprxqw ri lqirupdwlrq iru wkh sod|huv wr h{hfxwh wkh htxloleulxp
vwudwhjlhv1 Iru wkh sxusrvhv ri frpsdulvrq/ wkh| frqvlghu dq dowhuqdwlyh
prgho lq zklfk wkh dprxqw ri lqirupdwlrq dydlodeoh wr wkh djhqwv lv olplwhg1
Vshfl�fdoo|/ wkh jdph vdwlv�hv wkh iroorzlqj dqrq|plw| dvvxpswlrq=

Dw wkh ehjlqqlqj ri hdfk gdwh |/ doo wkdw wkh ex|huv dqg vhoohuv
nqrz derxw wkh suhylrxv sod| ri wkh jdph lv wkh qxpehu ri ex|huv
�| dqg wkh qxpehu ri vhoohuv 7| uhpdlqlqj lq wkh jdph1

Xqghu wklv dvvxpswlrq/ wkh sursrvhu*v vwudwhj| lv d ixqfwlrq ri wkh qxpehu
ri ex|huv dqg vhoohuv E�|c 7|� dqg wkh gdwh |1 Wkh uhvsrqghu*v vwudwhj| lv d
ixqfwlrq ri wkh qxpehuv ri djhqwv E�|c 7|�/ wkh gdwh | dqg wkh sursrvdo R1 UZ
vkrz wkdw/ xqghu wkh dqrq|plw| dvvxpswlrq/ wkh rqo| htxloleulxp rxwfrph
lv wkh frpshwlwlyh rqh1

Wkhruhp 5 Li hdfk sod|hu*v lqirupdwlrq frqvlvwv rqo| ri �|c 7|c dqg |/ wkh
xqltxh vhtxhqwldo htxloleulxp rxwfrph lv vxfk wkdw wkh jrrg lv vrog iru d sulfh
ri �1

Wzr srlqwv duh zruwk qrwlqj1 Iluvw/ wkh dqrq|plw| dvvxpswlrq lv lghqwlfdo
wr wkh vwurqj Pdunry dvvxpswlrq/ zklfk uhtxluhv vwudwhjlhv wr eh ixqfwlrqv
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ri d plqlpdo vhw ri sd|r�0uhohydqw yduldeohv dw hdfk gdwh= vwudwhjlhv duh
qrw doorzhg wr eh frqglwlrqhg rq yduldeohv wkdw gr qrw gluhfwo| d�hfw wkh
ixwxuh sd|r�v ri wkh jdph14 Vhfrqgo|/ wkh dvvxpswlrq ri dqrq|plw| kdv wkh
lpphgldwh h�hfw ri suhyhqwlqj wkh djhqwv iurp sxqlvklqj d ghyldwru/ ehfdxvh
ghyldwlrqv duh qrw uhphpehuhg diwhu wkh| rffxu1

Wr vhh krz dqrq|plw| zrunv/ vxssrvh wkhuh lv rqh vhoohu dqg wzr ex|huv1
Wkh jdph vwrsv dv vrrq dv wudgh rffxuv/ vr E�|c 7|� � E2c �� dv orqj dv wkh
jdph frqwlqxhv1 Wkh dqrq|plw| dvvxpswlrq lpsolhv wkdw wkh sursrvdov e|
hdfk djhqw ghshqg dw prvw rq wkh gdwh | dqg wkh uhvsrqvhv ghshqg dw prvw rq
wkh gdwh | dqg wkh sursrvdo R1 Ri frxuvh/ gl�huhqw djhqwv fdq kdyh gl�huhqw
vwudwhjlhv1

Ohw � � k eh wkh lq�pxp ri wkh vhoohu*v sd|r� ryhu doo vxejdph shuihfw
htxloleuld ri wkh jdph +vxejdph shuihfw htxloleulxp vx!fhv khuh ehfdxvh
wkhuh lv rqo| rqh pdwfk shu shulrg,1 Ehfdxvh wkhuh duh wzr ex|huv/ wkh|
fdqqrw erwk jhw wkh jrrg dqg wkh vxp ri wkhlu sd|r�v dw dq| srlqw lq wkh
jdph pxvw eh ohvv wkdq ru htxdo wr k � �1 Wkhq rqh ri wkh ex|huv pxvw eh
h{shfwlqj wr jhw qr pruh wkdq k*2 dqg li wkh vhoohu jhwv d fkdqfh wr pdnh d
sursrvdo wr wklv ex|hu kh fdq dvn iru dq|wklqj xs wr �� k*2 dqg eh vxuh ri
jhwwlqj lw1 Fdoo wklv ex|hu wkh �Orvhu�1 Wkh h{lvwhqfh ri d Orvhu sxwv d orzhu
erxqg rq wkh vhoohu*v sd|r�1 Zlwk suredelolw| �*e wkh vhoohu lv pdwfkhg zlwk
wkh Orvhu dqg wkh vhoohu lv fkrvhq wr pdnh wkh sursrvdo1 Lq wkdw fdvh wkh
vhoohu jhwv �� k*21 Zlwk suredelolw| �*e kh fdqqrw jhw ohvv wkdq �� k1 Vr
klv sd|r� pxvw eh dw ohdvw

�

e
E�� k*2� n

�

e
EE�� k�� ' �� .

H
k � �� k�

Wkh odvw lqhtxdolw| lv vwulfw/ zklfk frqwudglfwv wkh gh�qlwlrq ri �� k dv wkh
lq�pxp ri wkh vhoohu*v sd|r�v/ xqohvv k ' f1 Exw k ' f phdqv wkdw wkh jrrg
lv dozd|v wudghg dw d sulfh R ' �1

Wkh fuxfldo srlqw lq wklv dujxphqw lv wkdw hdfk ri wkh ex|huv kdv d ixwxuh
sd|r� wkdw lv lqghshqghqw ri wkh r�huv pdgh e| wkh vhoohu lq wkh fxuuhqw
shulrg1 Lq wkh khxulvwlf surri ri Wkhruhp 4/ dq| ghyldwlrq e| wkh vhoohu zdv
�uhphpehuhg� e| rwkhu sod|huv dqg uhvxowhg lq d uhzdug iru wkh ex|hu zkr
uhmhfwhg wkh ghyldwlqj sursrvdo1 Lq wkh dqrq|prxv jdph/ e| frqwudvw/ wkh
ex|hu*v uhvhuydwlrq xwlolw| lv lqghshqghqw ri wkh sursrvdo dqg wklv idfw doorzv

4Lq Fkdswhu 4 wkh Pdunry surshuw| zdv xvhg lq d zhdnhu vhqvh= htxloleulxp vwudwhjlhv
zhuh doorzhg wr ghshqg rq wkh gdwh dv zhoo dv d plqlpdo vhw ri sd|r�0uhohydqw yduldeohv1
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wkh vhoohu wr h{sorlw wkh ex|hu*v zhdnqhvv/ ghpdqglqj wkh pd{lpxp sulfh
wkdw lv frqvlvwhqw zlwk wkh ex|hu*v uhvhuydwlrq ohyho1

Wkh devhqfh ri glvfrxqwlqj lv dovr lpsruwdqw1 Zkdw pdnhv Wkhruhp 4
�zrun� lv wkh fuhdwlrq ri uhodwlrqvklsv dprqj ex|huv dqg vhoohuv1 Dw dq| pr0
phqw/ hdfk xqlw ri wkh jrrg lv ghglfdwhg wr d sduwlfxodu ex|hu dw d sduwlfxodu
sulfh1 Hdfk ghyldwlrq iurp wkh htxloleulxp vwudwhjlhv ohdgv wr wkh fuhdwlrq ri
d qhz uhodwlrqvkls wr sxqlvk wkh ghyldwru1 Ehfdxvh wkh pdwfklqj surfhvv lv
udqgrp dqg wkhuh pd| eh d odujh qxpehu ri ex|huv dqg vhoohuv/ lw fdq wdnh
d orqj wlph iru wkh ghvljqdwhg ex|huv dqg vhoohuv wr phhw rqh dqrwkhu dqg
frqvxppdwh wkh wudgh1 Wkh djhqwv gr qrw fduh krz orqj lw wdnhv iru wkh
ghvljqdwhg ex|hu dqg vhoohu wr �qg hdfk rwkhu ehfdxvh wkhuh lv qr glvfrxqw0
lqj1 Krzhyhu/ li djhqwv glvfrxqw wkh ixwxuh/ wkhvh uhodwlrqvklsv fdq eh txlwh
frvwo| wr pdlqwdlq1 E| wkh wlph wudgh wdnhv sodfh wkh vxusoxv jhqhudwhg pd|
eh khdylo| glvfrxqwhg1 Li d vhoohu +ex|hu, frxog wudgh zlwk wkh �uvw ex|hu
+vhoohu, kh phhwv/ kh zrxog eh pxfk ehwwhu r�/ rwkhu wklqjv ehlqj htxdo1 Iru
wklv uhdvrq glvfrxqwlqj pdnhv lw vxerswlpdo wr fduu| rxw wkh sxqlvkphqw
vwudwhjlhv wkdw duh qhhghg wr vxssruw wkh htxloleuld lq Wkhruhp 41 Lq idfw/
glvfrxqwlqj holplqdwhv odujh qxpehuv ri vhtxhqwldo htxloleuld dowrjhwkhu1 Wr
vhh wklv/ vxssrvh wkh prgho lv dphqghg wr doorz iru d frpprq glvfrxqw idfwru
f 	 B 	 �1 Wkhq lw fdq eh vkrzq wkdw wkhuh lv d xqltxh htxloleulxp lq wkh
fdvh ri d vlqjoh vhoohu1 Ohw %E�� dqg +E�� eh gh�qhg dv wkh E%c +� vroxwlrq ri
wkh v|vwhp ri htxdwlrqv

+ '
BE%n +�

2

�� % '
BE�� %n �� +�

2�
�

Wkhruhp 6 Vxssrvh wkdw 7 ' � dqg wkdw doo djhqwv glvfrxqw wkh ixwxuh
xvlqj wkh frpprq idfwru f 	 B 	 �1 Wkhq wkhuh lv d xqltxh vxejdph shuihfw
htxloleulxp lq zklfk wudgh wdnhv sodfh lpphgldwho| dqg wkh sulfh lv %E�� ru
+E�� ghshqglqj rq zkhwkhu wkh ex|hu ru vhoohu zdv fkrvhq wr sursrvh1

Lqwhuhvwlqjo|/ wklv uhvxow kdv qrw ehhq hvwdeolvkhg iru 7 : �15

5Vxssrvh wkdw wkhuh zhuh d xqltxh htxloleulxp iru V A 41 Zkdw zrxog lw orrn olnhB Li
doo wudgh rffxuv dw wkh �uvw gdwh/ wkhq zh fdq xvh Wkhruhp 6 wr fdofxodwh wkh htxloleulxp
sd|r�v1 Li d ex|hu dqg vhoohu idlo wr uhdfk djuhhphqw dw gdwh w wkhq wkh dqwlflsdwh wkdw wkhuh
zloo eh h{dfwo| rqh vhoohu vwloo dfwlyh dw gdwh w.4 dqg wkh sd|r�v lq wkdw frqwlqxdwlrq jdph
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Qrwh wkdw iru �{hg ydoxhv ri � dqg f 	 B 	 �/ wkh vxusoxv lv vkduhg
ehwzhhq wkh wzr vlghv ri wkh pdunhw> exw dv � $ 4 wkh htxloleulxp sulfh
frqyhujhv wr �1 D odujh qxpehu ri ex|huv pdnhv wkh htxloleulxp ri Wkhruhp
4/ lq zklfk rqh ex|hu lv ghvljqdwhg dv wkh jrrg*v uhflslhqw/ h{wuhpho| lqhi0
�flhqw1 Wkh h{ruelwdqw frvw ri pdlqwdlqlqj uhodwlrqvklsv lq wkh olplw ohdgv
wr wkh vdph rxwfrph dv wkh dvvxpswlrq ri dqrq|plw| lq Wkhruhp 51 Dq
lpsruwdqw srlqw wr qrwh/ krzhyhu/ lv wkdw ohwwlqj � $ 4 lv lqfuhdvlqj wkh
qxpehu ri ex|huv uhodwlyh wr wkh qxpehu ri vhoohuv/ vlqfh zh duh kroglqj 7 ' �1
Wklv lv qrw wkh vdph wklqj dv doorzlqj wkh vl}h ri wkh pdunhw wr lqfuhdvh e|
uhsolfdwlrq/ iru h{dpsoh1

Ohvv reylrxv/ exw dovr wuxh/ lv wkh idfw wkdw dv B $ �/ %EBc�� $ � dqg
+EBc�� $ � vr wkdw djdlq wkh vhoohu rewdlqv wkh pd{lpdo sulfh ri �1 Wkhuh lv d
vlpsoh lqwxlwlrq iru wklv uhvxow1 Zkhq B 	 � wkh ex|huv kdyh vrph edujdlqlqj
srzhu ehfdxvh wkh| fdq wkuhdwhq wr ghod| djuhhphqw1 Wklv doorzv wkhp wr
�krog xs� wkh vhoohu dqg jhw vrph ri wkh vxusoxv1 Zkhq B $ � wklv srzhu
glvdsshduv dqg wkh vhoohu lv deoh wr h{sorlw ixoo| klv prqrsro| ri wkh jrrg/
vshfl�fdoo| wkh srzhu wr ghwhuplqh zklfk ex|hu jhwv wkh jrrg1

Zh fdq lqwhusuhw Wkhruhp 6 dv vkrzlqj wkdw wkh pxowlsoh htxloleuld ri
Wkhruhp 4 duh qrw urexvw1 Wkhuh dsshduv wr eh d forvh dqdorj| zlwk wkh
uroh ri glvfrxqwlqj lq wkh Vwdko0Uxelqvwhlq dowhuqdwlqj r�huv prgho1 Lq wkh
dowhuqdwlqj0r�huv jdph zlwk qr glvfrxqwlqj/ dq| Sduhwr0h!flhqw rxwfrph +gl0
ylvlrq ri wkh fdnh, fdq eh vxssruwhg e| d vxejdph shuihfw htxloleulxp> zlwk
d srvlwlyh dprxqw ri glvfrxqwlqj/ krzhyhu vpdoo/ wkhuh lv d xqltxh vxejdph
shuihfw htxloleulxp rxwfrph1 Vr zh wuhdw wkh jdph zlwk qr glvfrxqwlqj dv d
olplwlqj fdvh ri wkh jdph zlwk glvfrxqwlqj dqg dujxh wkdw doo exw rqh ri wkh
htxloleulxp rxwfrphv lq wkh olplw duh sdwkrorjlfdo1 Lq wkh vdph zd|/ zh fdq
dujxh wkdw wkh lqghwhuplqdf| ri htxloleulxp vkrzq lq Wkhruhp 4 lv sdwkr0
orjlfdo/ vlqfh lw glvdsshduv rqfh dq duelwudulo| vpdoo dprxqw ri glvfrxqwlqj lv
lqwurgxfhg1

zloo eh xqltxho| ghwhuplqhg e| Wkhruhp 61 Wkhq lq wkh edujdlqlqj dw gdwh w zh nqrz wkdw
wkh vxejdph shuihfw htxloleulxp sd|r�v zloo eh ghwhuplqhg lq wkh xvxdo zd|= wkh sursrvdo
zloo r�hu d sulfh wkdw pdnhv wkh uhvsrqghu lqgl�huhqw ehwzhhq dffhswlqj wkdw sulfh dqg
uhmhfwlqj lw lq idyru ri wkh sd|r� iurp wkh frqwlqxdwlrq jdph1 Lq wklv htxloleulxp/ wkh
sd|r�v duh ghwhuplqhg qrw e| wkh qxpehu ri ex|huv dqg vhoohuv exw udwkhu e| wkh sd|r�v
lq wkh frqwlqxdwlrq jdph zlwk E � V ex|huv dqg rqh vhoohu1 Zkhwkhu wklv lv wkh rqo|
htxloleulxp lv qrw nqrzq1 Li wklv lv wkh xqltxh htxloleulxp/ lw vxjjhvwv rqfh djdlq wkdw wkh
h�hfw ri odujh qxpehuv lv vwurqjo| ghshqghqw rq wkh ghwdlov ri wkh h{whqvlyh0irup jdph1
Qr pdwwhu krz odujh E dqg V duh/ lw lv wkh gl�huhqfh E� V wkdw dsshduv wr eh fulwlfdo lq
ghwhuplqlqj wkh htxloleulxp sd|r�v1
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UZ kdyh d fohyhu frphedfn wr wkdw fkdujh1 Wkh| srlqw rxw wkdw wkh srzhu
ri glvfrxqwlqj wr lqfuhdvh wkh frvw ri pdlqwdlqlqj uhodwlrqvklsv ghshqgv rq
wkh dvvxpswlrq wkdw erwk wkh irupdwlrq dqg wkh whuplqdwlrq ri pdwfkhv duh
udqgrp dqg h{rjhqrxv1 Li wkh fkrlfh ri sduwqhu zhuh hqgrjhqrxv/ lw rxjkw
wr eh srvvleoh wr vkrz wkh h{lvwhqfh ri pxowlsoh htxloleuld lq wkh suhvhqfh ri
glvfrxqwlqj1 Wr vxssruw wklv fodlp/ wkh| frqvlghu d prgho lq zklfk wkhuh lv d
vlqjoh vhoohu dqg wkh vhoohu fdq fkrrvh/ dw wkh ehjlqqlqj ri hdfk shulrg/ zklfk
ex|hu kh zdqwv wr edujdlq zlwk lq wkdw shulrg1

Wkhruhp 7 Li 7 ' � dqg wkh vhoohu fdq fkrrvh lq hdfk shulrg wkh ex|hu
zlwk zkrp kh zlvkhv wr edujdlq/ wkhuh lv d frqwlqxxp ri vxejdph shuihfw
htxloleulxp rxwfrphv= iru hdfk ex|hu K dqg hdfk sulfh %E�� � R � �/ zkhuh
%E�� lv gh�qhg lq Wkhruhp 6/ wkhuh lv d vxejdph shuihfw htxloleulxp lq zklfk
ex|hu K uhfhlyhv wkh jrrg dqg wkh sulfh lv hlwkhu R ru BR*E2 � B�/ dffruglqj
wr zkhwkhu wkh vhoohu ru ex|hu K lv wkh sursrvhu lq wkh �uvw phhwlqj ehwzhhq
wkhp1

Wkxv/ lqghwhuplqdf| vxuylyhv glvfrxqwlqj1
Wkh lqghwhuplqdf| irxqg lq wklv prgho kdv d idplo| uhvhpeohqfh wr dq

lqghwhuplqdf| wkdw dulvhv lq wkh Uxelqvwhlq0Zrolqvn| +4<;8, prgho ghvfulehg
lq Fkdswhu f1 Lq wkh ruljlqdo sdshu/ lw lv dvvxphg wkdw d sdlu ri djhqwv
vhsdudwhv zkhqhyhu rqh ri wkhp lv pdwfkhg zlwk d qhz djhqw1 Wklv ehkdylru
lv rswlpdo/ jlyhq wkdw hdfk djhqw h{shfwv doo wkh rwkhuv wr iroorz wkh vdph
uxoh1 Vlqfh doo ex|huv duh lghqwlfdo dqg doo vhoohuv duh lghqwlfdo/ dq djhqw lv
lqgl�huhqw ehwzhhq vzlwfklqj wr d qhz sduwqhu dqg uhpdlqlqj zlwk wkh rog/
dqg li wkhuh lv d srvlwlyh suredelolw| wkdw klv fxuuhqw sduwqhu zloo jr r� zlwk
vrphrqh qhz/ wkh djhqw vwulfwo| suhihuv wr sod| lw vdih e| krrnlqj xs zlwk
d qhz sduwqhu klpvhoi1 Krzhyhu/ e| d vlplodu uhdvrqlqj/ lw zrxog dovr eh
rswlpdo iru dq djhqw wr uhpdlq zlwk klv fxuuhqw sduwqhu dqg ljqruh wkh qhz
pdwfkhv/ li wkdw lv zkdw kh eholhyhv doo rwkhu djhqwv zloo gr1 Lq wkdw fdvh/ wzr
djhqwv/ rqfh pdwfkhg/ zloo vwd| wrjhwkhu xqwlo dq djuhhphqw lv uhdfkhg1 Wkh
h{lvwhqfh ri d odujh qxpehu ri ex|huv dqg vhoohuv ehfrphv lppdwhuldo dqg wkh
htxloleulxp rxwfrph zloo eh wkh vdph dv lq wkh wzr0shuvrq edujdlqlqj jdph1

Wkh vdph wzr nlqgv ri htxloleuld h{lvw lq wkh yroxqwdu| pdwfklqj jdph
ghvfulehg lq Wkhruhp 71 Lq rqh/ wkh vhoohu edujdlqv zlwk d vlqjoh ex|hu/
ljqrulqj wkh h{lvwhqfh ri wkh rwkhu ex|huv1 Wklv htxloleulxp vhwv d orzhu
erxqg wr wkh htxloleulxp sulfh/ qdpho| %E��/ wkh sulfh ghwhuplqhg lq wkh
wzr0shuvrq edujdlqlqj jdph1 Lq wkh rwkhu/ frpshwlwlrq dprqj wkh ex|huv
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lv doorzhg ixoo irufh dqg wkh htxloleulxp sulfh lv R ' �1 Rqfh zh kdyh wzr
htxloleuld lq wkh prgho/ lw lv hdv| wr vxssruw pruh1 Rwkhu htxloleuld fdq eh
vxssruwhg e| pdnlqj wkh ghflvlrq wr vhsdudwh ghshqg rq wkh djhqwv* ehkdylru1

Dowkrxjk wkhuh h{lvwv d frqwlqxxp ri htxloleulxp rxwfrphv lq wkh yroxqwdu|0
pdwfklqj prgho +Wkhruhp 7,/ wkh ghjuhh ri lqghwhuplqdf| ghshqgv rq wkh
qxpehu ri ex|huv � dqg wkh glvfrxqw idfwru B1 Mxvw dv lq wkh fdvh ri h{0
rjhqrxv pdwfklqj zlwk glvfrxqwlqj +Wkhruhp 6,/ wkh lqwhuydo ri htxloleulxp
sulfhv froodsvhv wr R ' � li hlwkhu +l, wkh qxpehu ri ex|huv jurzv xqerxqghgo|
odujh/ ru +ll, wkh glvfrxqw idfwru dssurdfkhv �1

Lq wkh hqg/ rqh frxog xvh wkhvh uhvxowv wr dujxh hlwkhu djdlqvw ru lq idyru
ri wkh frpshwlwlyh rxwfrph/ ghshqglqj rq zklfk vhw ri dvvxpswlrqv rqh �qgv
prvw dwwudfwlyh1 Wkh ydoxh ri wkh uhvxowv lv uhdoo| wkdw lw vkrzv wkh lpsruwdqfh
ri wkh �qh ghwdlov ri wkh prgho lq ghwhuplqlqj wkh rxwfrph1 Ixuwkhu lw fodul�hv
wkh uroh ri dqrq|plw|/ frqwlqxlw|/ dqg wkh Pdunry surshuw| lq vxssruwlqj
frpshwlwlyh rxwfrphv1

� Dqrq|plw| dqg rwkhu lqirupdwlrqdo uhvwulfwlrqv/ zklfk UZ wuhdw lq d
zd| wkdw lv htxlydohqw wr wkh Pdunry surshuw|/ duh xvhg wr uxoh rxw frp0
soh{ vwudwhjlhv wkdw duh uhtxluhg wr vxssruw lqghwhuplqdf| lq prghov
zlwk odujh exw �qlwh qxpehuv ri djhqwv1

� Wkh sduwlfxodu vwudwhjlhv wkdw duh xvhg lq wkh surri ri Wkhruhp 4 hqvxuh
wkdw d vlqjoh djhqw pd| kdyh d odujh lpsdfw rq wkh vxevhtxhqw sod| ri
wkh jdph/ hyhq zkhq wkh qxpehu ri sod|huv lv odujh1

� Glvfrxqwlqj uhvwruhv �xqltxhqhvv� zkhq pdwfklqj lv h{rjhqrxv +Wkh0
ruhp 6,/ exw qrw zkhq lw lv hqgrjhqrxv +Wkhruhp 7,1 Krzhyhu/ lq wkh
yroxqwdu|0pdwfklqj jdph zlwk glvfrxqwlqj/ qrq0Pdunry vwudwhjlhv duh
uhtxluhg wr vxssruw lqghwhuplqdf|1

Lw lv shukdsv dovr zruwk qrwlqj wkdw dqrwkhu idfwru wkdw pdnhv lw gl!fxow
wr lqwhusuhw wkhvh uhvxowv dv vxssruwlqj ru frqwudglfwlqj wkh frpshwlwlyh wkh0
ru| lv wkh idfw wkdw wkh frpshwlwlyh rxwfrph lv wkh vdph dv wkh prqrsrolvwlf
rxwfrph1

515 Erxqghg Udwlrqdolw| dqg Xqltxhqhvv
Lq wkh UZ jdph/ vwudwhjlhv duh vhtxhqfhv ri ixqfwlrqv pdsslqj klvwrulhv lqwr
dfwlrqv1 Li zh wklqn ri wkh frpsoh{lw| ri d vwudwhj| dv ehlqj phdvxuhg e|
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wkh qxpehu ri yduldeohv rq zklfk dq djhqw*v dfwlrq fdq eh frqglwlrqhg/ wkhq
wkh vwudwhjlhv dydlodeoh lq vrph yhuvlrqv ri wkh UZ jdph duh xqerxqghgo|
frpsoh{1 Pruh suhflvho|/ vlqfh wkhuh lv qr erxqg rq wkh ohqjwk ri d klvwru|/
wkhuh lv qr erxqg rq wkh frpsoh{lw| ri wkh vwudwhj| wkdw pd| eh dgrswhg1 Lq
wklv vhfwlrq zh h{soruh d uhvwulfwlrq rq djhqwv* vwudwhjlhv wkdw lv ohvv uhvwulf0
wlyh wkdq wkh Pdunry surshuw|/ exw qrqhwkhohvv doorzv iru vrph erxqg rq wkh
delolw| ri wkh djhqwv wr frqglwlrq wkhlu ehkdylru rq wkh klvwru| ri wkh jdph1
Zkhuhdv UZ lqwhusuhw wkhlu uhvwulfwlrqv rq vwudwhjlhv lq whupv ri wkh lqiru0
pdwlrq dydlodeoh wr djhqwv/ wkh uhvwulfwlrqv frqvlghuhg khuh duh lqwhusuhwhg
dv d irup ri erxqghg udwlrqdolw|= wkhuh lv d olplw rq wkh dprxqw ri lqiru0
pdwlrq derxw sdvw sod| ri wkh jdph wkdw dq djhqw fdq uhwdlq dqg surfhvv lq
ghwhuplqlqj wkh ixwxuh sod| ri wkh jdph1 Iru wkh sxusrvh ri wklv glvfxvvlrq/
L uhwdlq wkh dvvxpswlrqv wkdw dsshdu wr eh prvw dphqdeoh wr lqghwhuplqdf|/
qdpho|/ yroxqwdu| pdwfklqj dqg qr glvfrxqwlqj1 Dovr/ rqo| wkh fdvh zlwk d
vlqjoh vhoohu dqg �qlwh qxpehu ri ex|huv lv frqvlghuhg1

51514 Erxqghg phpru| vwdwhv

Wkh Pdunry dvvxpswlrq holplqdwhv wkh xvh ri dq| lqirupdwlrq iurp wkh sdvw
wr frqglwlrq wkh ixwxuh sod| ri wkh jdph1 Lq idfw/ wkh dvvxpswlrq wkdw vwudwh0
jlhv duh phpru|ohvv lv wkh prvw uhvwulfwlyh dvvxpswlrq wkdw lv frqvlvwhqw zlwk
h{lvwhqfh ri dq htxloleulxp1 Dw wkh rwkhu h{wuhph/ wkh hqwluh klvwru| ri wkh
jdph fdq eh uhphpehuhg dqg xvhg wr frqglwlrq wkh ixwxuh sod| ri wkh jdph1
Lq wklv vhfwlrq/ zh wdnh dq lqwhuphgldwh frxuvh/ e| doorzlqj djhqwv wr uhphp0
ehu d olplwhg dprxqw ri zkdw kdsshqhg lq wkh sdvw1 E| sodflqj d erxqg rq
wkh djhqwv* phpru| zh sxw d erxqg rq wkh frpsoh{lw| ri wkhlu vwudwhjlhv1

Dq djhqw*v phpru| lv uhsuhvhqwhg e| d vhw ri phpru| vwdwhv/ hdfk ri
zklfk uhsuhvhqwv dq dgplvvleoh dprxqw ri lqirupdwlrq wkdw fdq eh uhwdlqhg
iurp wkh sdvw1 Ohw 7 ghqrwh wkh vhw ri phpru| vwdwhv dqg qrwh wkdw 7 lv
frpprq wr doo djhqwv1 Wkh vhoohu pdnhv r�huv dqg fkrrvhv wkh ex|hu wr
zkrp wkh r�hu lv pdgh dw hdfk gdwh1 D vwudwhj| iru wkh vhoohu lv d ixqfwlrq
s G 7 $ U � dfc �o wkdw pdsv d phpru| vwdwh r lqwr dq rughuhg sdlu E�c R�/
zlwk wkh lqwhusuhwdwlrq wkdw wkh vhoohu r�huv ex|hu � wkh remhfw iru d sulfh ri
R1 D vwudwhj| iru d ex|hu � lv d ixqfwlrq }� G 7 � dfc �o $ itc�j wkdw pdsv
dq rughuhg sdlu Erc R�/ uhsuhvhqwlqj dq r�hu ri wkh remhfw wr djhqw � dw sulfh
R/ lqwr d uhvsrqvh t ru � 1 Wkhvh vwudwhjlhv dsso| rqo| li wkh remhfw kdv qrw
douhdg| ehhq vrog/ ri frxuvh1 Jlyhq d phpru| vwdwh r/ wkh vwudwhj| sur�oh
Esc }� ' Esc }�c ���c }?� ghwhuplqhv d xqltxh dfwlrq @ ' E�c Rc o� dffruglqj wr
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wkh htxdwlrqv
E�c R� ' sEr� +514,

dqg
o ' }�Erc R� +515,

Wkh phpru| vwdwh hyroyhv dffruglqj wr dq h{rjhqrxvo| jlyhq uxoh �1 Wklv
uxoh uhsuhvhqwv wkh djhqw*v delolw| wr hqfrgh qhz lqirupdwlrq wkdw kh uhfhlyhv
lq wkh odqjxdjh ri wkh phpru| vwdwhv1 Irupdoo|/ � pdsv wkh fxuuhqw phpru|
vwdwh dqg wkh dfwlrqv fkrvhq lq wkh fxuuhqw shulrg lqwr wkh ixwxuh phpru|
vwdwh1 Li r| lv wkh fxuuhqw phpru| vwdwh/ @| wkh mrlqw dfwlrq dw gdwh |/ dqg
r|n� wkh phpru| vwdwh dw gdwh | n �/ wkhq wkh odz ri prwlrq lv zulwwhq

r|n� ' �Er|c @|� +516,

zkhuh @| ' E�|c R|c o|�/ E�|c R|� ' sEr|� dqg o| ' }�|Er|c R|�1 Iru dq| vwudwhj|
sur�oh Esc }� dqg lqlwldo vwdwh rf/ wkhuh lv d xqltxh sdwk ghwhuplqhg e| wkh
htxdwlrqv +514,/ +515,/ dqg +516,1 Zlwk wklv vhw ri vwudwhjlhv dqg wklv sdwk zh
fdq dvvrfldwh d xqltxh sd|r� ixqfwlrq iru wkh sod|huv1 Ohw LEsc }c rf� +uhvs1
T�Esc }c rf�, ghqrwh wkh vhoohu*v +uhvs1 ex|hu �*v, sd|r� iurp wkh vwudwhj|
sur�oh Esc }� dqg lqlwldo vwdwh rf1

Li wkh vhw ri phpru| vwdwhv lv ulfk hqrxjk/ wklv zd| ri ghvfulelqj vwudwhjlhv
grhv qrw uhvwulfw wkh jdph dw doo1 Iru h{dpsoh/ li 7 lv wkh vhw ri doo srvvleoh
klvwrulhv M dqg � G M � � $ M lv gh�qhg e|

�E�c @� � E�c @�c

wkhq wkh jdph lq zklfk vwudwhjlhv duh gh�qhg rq phpru| vwdwhv lv vwudwhjl0
fdoo| htxlydohqw wr wkh UZ jdph lq zklfk vwudwhjlhv duh gh�qhg rq frpsohwh
klvwrulhv1 Wkh srlqw ri wklv irupdolvp lv wr doorz iru  h{lelolw| lq fkrrvlqj
uhvwulfwlrqv rq wkh vhw ri vwudwhjlhv1 Iru h{dpsoh/ li zh wdnh wkh vhw 7 wr
eh d vlqjohwrq/ wkhq zh duh uhvwulfwhg wr wkh Pdunry vwudwhjlhv16 Dvvxplqj
7 wr eh d �qlwh vhw doorzv iru d ulfkhu vhw ri vwudwhjlhv/ exw rqh wkdw olplwv
frpsoh{lw| zkhq ? lv odujh1 Uhvwulfwlqj wkh vhw 7 wr eh �qlwh/ zh fdq vkrz
wkdw wkhuh lv dq hvvhqwldoo| xqltxh rxwfrph/ lq zklfk wkh vhoohu jhwv doo wkh
vxusoxv/ zkhq wkh qxpehu ri sod|huv lv vx!flhqwo| odujh1

6Wkh jdph frqwlqxhv rqo| li wkhuh kdv ehhq qr wudgh/ vr wkhuh lv rqo| rqh sd|r�0uhohydqw
vwdwh lq zklfk wkh jdph frqwlqxhv1
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Wkhruhp 8 Li Esc }� lv d vxejdph shuihfw htxloleulxp ri wkh jdph zlwk d
�{hg vhw ri phpru| vwdwhv 7 dqg m7m 	 ?/ wkhq wkh vhoohu r�huv wkh remhfw wr
rqh ri wkh ex|huv dw d sulfh R ' � dqg wkh ex|hu dffhswv1

Surri1 Wkh htxloleulxp sd|r� iru wkh vhoohu +uhvs1 ex|hu �, lq vwdwh r lv
ghqrwhg e| �Er� ' LEsc }c r� +uhvs1 ��Er� ' T�Esc }c r�,1 Lw ghshqgv rqo| rq
wkh vwdwh r ehfdxvh/ iru d jlyhq vwudwhj| sur�oh Esc }�/ wkh ixwxuh sod| ri wkh
jdph lv d ixqfwlrq ri wkh fxuuhqw vwdwh1 Ihdvlelolw| uhtxluhv wkdw

f �
?[
�'�

��Er� � � +517,

iru doo vwdwhv r1 Wklv lpsolhv wkdw wkhuh h{lvwv d ex|hu � vxfk wkdw

��Er� � �

2
c ;r +518,

Rwkhuzlvh/ iru hdfk ex|hu � wkhuh h{lvwv d vwdwh r� vxfk wkdw ��Er� : �*21
Vlqfh m7m 	 ?/ r� ' r� iru vrph sdlu ri djhqwv � 9' �1 Lq rwkhu zrugv/ wkhuh
h{lvwv d vwdwh r vxfk wkdw ��Er� : �*2 iru dw ohdvw wzr ex|huv/ frqwudglfwlqj
wkh ihdvlelolw| frqglwlrq +517,1 Wklv frqwudglfwlrq suryhv wkdw +518, pxvw krog
iru vrph � ' &/ vd|1

Wkh frqglwlrq +518, doorzv xv wr sodfh d orzhu erxqg rq wkh htxloleulxp
sd|r� ri wkh vhoohu1 Jlyhq dq| vwdwh r/ wkh vhoohu nqrzv wkdw djhqw & fdqqrw
h{shfw d sd|r� kljkhu wkdq �*2 iurp wkh frqwlqxdwlrq ri wkh jdph1 Wkhuhiruh
djhqw & vkrxog dffhsw dq| sulfh r�hu R 	 �*21 Exw wklv phdqv wkdw wkh vhoohu
fdq jhw d sd|r� ri �*2� 0 e| r�hulqj d sulfh R� �*2� 0 wr ex|hu &1 Vlqfh
0 lv duelwudu|/ wkh vhoohu pxvw jhw �*2 lq htxloleulxp=

�Er� � �

2
c ;r� +519,

Frqglwlrq +519, dqg ihdvlelolw| lpso| d qhz erxqg rq wkh vxp ri ex|huv*
sd|r�v

f �
?[
�'�

��Er� � �

2
c ;r

dqg wklv lpsolhv e| wkh suhylrxv dujxphqw wkdw iru vrph djhqw �

��Er� � �

e
c ;r�
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Frqwlqxlqj lq wklv zd|/ zh fdq vhh wkdw/ lq wkh olplw/ zh pxvw kdyh ��Er� ' f
iru doo r dqg � dqg �Er� ' � iru doo �1

Wkh surri ri Wkhruhp 8 xvhv lqgxfwlrq1 Dq dowhuqdwlyh surri/ zklfk lv
ohvv khxulvwlf exw pruh h!flhqw/ grhv qrw uhtxluh lqgxfwlrq= li zh ohw

k ' 4�?
�

4@ 
r

i��Er�j

wkhq zh fdq vhh wkdw �Er� � �� k dqg/ e| wkh xvxdo dujxphqw/ wklv lpsolhv
wkdw k � k*2 dqg khqfh k ' f1 E| fkrrvlqj wr ghdo zlwk wkh zhdnhvw ex|hu
�/ iru zkrp 4@ ri��Er�j ' f/ wkh vhoohu fdq jxdudqwhh klpvhoi wkh pd{lpxp
sd|r�1

Lw lv reylrxv wkdw wudgh pxvw wdnh sodfh lq htxloleulxp ru wkh sd|r�v lq
Wkhruhp 8 fdqqrw eh dfklhyhg1 Krzhyhu/ wudgh grhv qrw kdyh wr wdnh sodfh
dw wkh �uvw gdwh1 Dowkrxjk wkh djhqwv* vwudwhjlhv gr qrw fkdqjh ryhu wlph
wkh vwdwh r fdq fkdqjh ryhu wlph dqg wklv doorzv xv wr lqwurgxfh ghod| lq
wkh htxloleulxp vwudwhjlhv1 Iru h{dpsoh/ ohw 7 ' i�c 2c ���c Aj dqg rf ' � dqg
vxssrvh wkdw iru dq| dfwlrq sur�oh @ wkh hyroxwlrq ri wkh phpru| vwdwh lv

�Erc @� '

+
rn � li r 	 A
r li r ' A

�

Wkhq wkh phpru| vwdwh lv hvvhqwldoo| frxqwlqj wlph dqg zh fdq xvh lw wr frgh
wkh gdwh dw zklfk wudgh wdnhv sodfh1 Iru h{dpsoh/ dw dq| r 	 A wkh vhoohu
r�huv wkh remhfw dw d sulfh R ' � wr ex|hu � dqg ex|hu � uhmhfwv wkh r�hu1 Dw
r ' A wkh vhoohu r�huv wkh remhfw dw d sulfh R ' � wr ex|hu � dqg � dffhswv1
Vlqfh wkhuh lv qr glvfrxqwlqj/ erwk djhqwv duh lqgl�huhqw dprqj wkh A gdwhv
dw zklfk wudgh frxog wdnh sodfh1

Wkh dujxphqw lq wkh surri ri Wkhruhp 8 lv vlplodu wr wkh dujxphqw lq
wkh khxulvwlf surri ri Wkhruhp 51 Lq wkh dqrq|prxv htxloleulxp/ wkhuh lv
d vlqjoh phpru| vwdwh +wkh Pdunry fdvh, dqg wkhuh duh wzr ex|huv/ vr wkh
qxpehu ri ex|huv lv juhdwhu wkdq wkh qxpehu ri phpru| vwdwhv1 Iru wkh surri
ri Wkhruhp 8/ lw lv rqo| qhfhvvdu| wr h{whqg wkh dujxphqw wr dq duelwudu|
�qlwh qxpehu ri phpru| vwdwhv dqg d +odujhu, �qlwh qxpehu ri ex|huv1 Zkdw
pdnhv erwk dujxphqwv zrun lv wkh idfw wkdw wkhuh lv rqo| rqh xqlw ri vxusoxv
dydlodeoh wr uhzdug doo wkh ex|huv iru sxqlvklqj wkh vhoohu1 Lq wkh surri ri
Wkhruhp 4/ wklv rqh xqlw ri vxusoxv lv fohyhuo| xvhg wr uhzdug wkh djhqw zkr
uhsrqgv wr d ghyldqw sursrvdo= e| uhmhfwlqj wkh ghyldwlqj r�hu wkh uhvsrqghu
jhwv doo wkh vxusoxv/ dqg wkdw lv hqrxjk wr glvfrxudjh klp iurp dffhswlqj dq|
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ghyldwlrq iurp wkh htxloleulxp sdwk1 Wkh dvvxpswlrq wkdw wkh vhw ri vwdwhv
lv ohvv wkdq wkh qxpehu ri ex|huv suhyhqwv wkh vhw ri vwudwhjlhv iurp ehlqj
ulfk hqrxjk wr lpsohphqw wklv vfkhph ri sxqlvkphqw dqg uhzdug1 Wkhuh zloo
dozd|v eh rqh ex|hu zkr lv d �Orvhu�/ wkdw lv/ jhwv ohvv wkdq rqh xqlw ri
vxusoxv qr pdwwhu zkdw wkh vhoohu grhv1 Wkh vhoohu fdq wdujhw wklv ex|hu dqg
h{wudfw wkh pd{lpdo dprxqw ri vxusoxv1 Wkh Orvhu lv wkh zhdn olqn lq wkh
fkdlq1 Wkh h{lvwhqfh ri rqh Orvhu hqvxuhv wkdw doo wkh ex|huv duh Orvhuv dqg
xowlpdwho| wkh| doo hqg xs zlwk qrwklqj1

Wkh lqwhusuhwdwlrq ri wkh rxwfrph ri wklv jdph dv �frpshwlwlyh� pd| qrw
eh hqwluho| frqylqflqj1 Lw lv zhoo nqrzq lq edujdlqlqj jdphv zlwk glvfrxqwlqj
wkdw doorzlqj rqh djhqw wr pdnh doo wkh r�huv w|slfdoo| doorzv wkdw djhqw wr
fdswxuh doo wkh vxusoxv1 Vlqfh wkh prqrsrolvwlf rxwfrph lv wkh vdph dv wkh
frpshwlwlyh rxwfrph/ wkh idfw wkdw wkh vhoohu fdswxuhv doo wkh vxusoxv frxog
eh lqwhusuhwhg/ txlwh qdwxudoo|/ dv d prqrsrolvwlf rxwfrph1 Krzhyhu/ wkh
vdph rxwfrph fdq eh rewdlqhg lq d prgho lq zklfk wkh sursrvhu lv fkrvhq
udqgrpo|1 Iru h{dpsoh/ vxssrvh wkdw wkh vhoohu fkrrvhv wkh ex|hu � zlwk
zkrp wr edujdlq dqg wkhq wkh sursrvhu lv fkrvhq zlwk htxdo suredelolw| wr
eh wkh vhoohu ru ex|hu �1 Vlqfh wkhuh lv qr glvfrxqwlqj dqg wkh vhoohu zloo eh
fkrvhq dv sursrvhu lq�qlwho| riwhq/ wkh dujxphqw deryh fdq eh xvhg wr suryh
wkdw wkh vhoohu fdq irufh dq rxwfrph lq zklfk kh jhwv doo wkh vxusoxv1

51515 Lpshuihfw phpru|

Wkh erxqghg phpru| dvvxpswlrq fodul�hv rqh vhqvh lq zklfk erxqghg ud0
wlrqdolw|/ ru erxqghg frpsoh{lw| ri vwudwhjlhv/ fdq vhohfw wkh frpshwlwlyh
rxwfrph iurp d odujh/ srvvleo| lq�qlwh vhw ri htxloleuld1 Dw wkh vdph wlph/
lw lv d udwkhu vwurqj dvvxpswlrq1 Dqrwkhu dssurdfk wr wklv sureohp grhv qrw
uhvwulfw wkh qxpehu ri phpru| vwdwhv lq uhodwlrq wr wkh qxpehu ri sod|huv1
Lqvwhdg/ lw lqwurgxfhv d �vpdoo� dprxqw ri udqgrpqhvv wr plplf wkh h�hfwv
ri lpshuihfw phpru|1 Vshfl�fdoo|/ iru vrph �{hg ydoxh ri 0 : f zh dvvxph
wkdw/ zlwk suredelolw| �� 0/ wkh wudqvlwlrq lv ghwhuplqhg htxdwlrq +516, dqg
zlwk suredelolw| 0 wkh qhz vwdwh lv xqlirupo| glvwulexwhg rq 7=

r|n� '

+
�Er|c @|� z1 su1 �� 0n 0*m7m
r 9' �Er|c @|� z1 su1 0*m7m�

Wkh udqgrp hohphqw lq wkh wudqvlwlrq lv olnh d �wuhpeolqj kdqg� lq wkh sod| ri
wkh jdph1 Lw hqvxuhv wkdw wkhuh lv dozd|v d vpdoo suredelolw| wkdw wkh sod|huv
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lq wkh frqwlqxdwlrq jdph duh iroorzlqj wkh �zurqj� vwudwhj|/ iru h{dpsoh/
uhzduglqj wkh zurqj sod|hu1

Wklv hohphqw ri erxqghg udwlrqdolw| lq wkh jdph ohdgv wr wkh vdph rxw0
frph dv ehiruh1 Lqwxlwlyho|/ wkh vpdoo dprxqw ri udqgrpqhvv suhyhqwv dq|
rqh ex|hu iurp ehlqj dzdughg wkh hqwluh vxusoxv1 Wklv hqvxuhv wkdw wkh vhoohu
fdq jxdudqwhh klpvhoi d srvlwlyh dprxqw ri wkh vxusoxv lq dq| vwdwh1 Wklv lq
wxuq uhgxfhv wkh pd{lpxp wkdw wkh ex|huv dv d jurxs fdq krsh wr jhw dqg
wkh vpdoo dprxqw ri udqgrpqhvv hqvxuhv wkdw dq| ex|hu pxvw jhw ohvv wkdq
wklv qhz/ orzhu pd{lpxp1 Wkhq wkh vhoohu fdq jxdudqwhh klpvhoi hyhq pruh1
Sxuvxlqj wklv dujxphqw wr lwv orjlfdo frqfoxvlrq vkrzv wkdw/ lq htxloleulxp/
wkh vhoohu pxvw jhw wkh hqwluh vxusoxv1

Wkhruhp 9 Li Esc }� lv d vxejdph shuihfw htxloleulxp ri wkh jdph zlwk lp0
shuihfw phpru| dqg ? : 2/ wkhq wkh vhoohu r�huv wkh remhfw wr rqh ri wkh
ex|huv dw d sulfh R ' � dw wkh �uvw gdwh dqg wkh ex|hu dffhswv1

Surri1 Dv ehiruh/ ohw Esc }� eh d �{hg vxejdph shuihfw htxloleulxp dqg sxw
�Er� ' LEsc }c r� dqg ��Er� ' T�Esc }c r� iru � ' �c ���c ?1 Ohw � � k eh wkh
plqlpxp sd|r� wr wkh vhoohu/ wkdw lv/

�� k ' 4�?i�Er� G r 5 7j�

Wkhq ihdvlelolw| lpsolhv wkdw

?[
�'�

��Er� � kc ;r� +51:,

Iurp wkh ihdvlelolw| frqvwudlqw +51:, lw iroorzv wkdw/ iru vrph ex|hu �/ ��Er� �
k*2 iru dw ohdvw d iudfwlrq E?� ��*? ri wkh vwdwhv1 Wr vhh wklv/ ohw

7� ' ir 5 7m��Er� : k*2j�

E| wkh gh�qlwlrq ri 7� dqg wkh ihdvlelolw| frqglwlrq +51:, lw lv fohdu wkdw
7� _ 7� ' > iru � 9' � vr wkhuh pxvw h{lvw dq djhqw � vxfk wkdw

m7�m � 4�?
�'�c���c?

m7�m � m7m
?
�

Iru wklv djhqw �/ m7q7�m � ?3�
?
m7m dv fodlphg1
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Qrz frqvlghu wkh h{shfwhg sd|r� ri djhqw � iru dq| phpru| vwdwh r| dqg
dfwlrq @| ' E�c R�=
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Dv orqj dv ? : 2c wkh suhfhglqj lqhtxdolw| vkrzv wkdw ��Er� 	 �k*e iru hyhu|
r dqg/ lq d vxejdph shuihfw htxloleulxp/ wklv phdqv wkdw djhqw � pxvw dffhsw
dq| r�hu R 	 �� kE�� 0*2�1 Wkhq wkh vhoohu fdq jxdudqwhh klpvhoi d sd|r�
duelwudulo| forvh wr � � kE� � 0*2�1 Wklv frqwudglfwv wkh gh�qlwlrq ri � � k
xqohvv k ' f1

Wkh uhtxluhphqwv iru Wkhruhp 9 duh zhdnhu wkdq iru Wkhruhp 8= Wkhr0
uhp 9 rqo| uhtxluhv wkh h{lvwhqfh ri zkdw zh pljkw fdoo dq 00Orvhu/ wkdw lv/
vrphrqh zkr uhfhlyhv ohvv wkdq E� � 0�k lq hyhu| vwdwh/ dqg 0 : f fdq eh
duelwudulo| vpdoo1 Lq wkh vdph whuplqrorj|/ Wkhruhp 8 uhtxluhv wkh h{lvwhqfh
ri d �*20Orvhu1

Wkh dvvxpswlrqv pdgh lq Wkhruhp 9 duh lq rqh uhvshfw vwurqjhu wkdq
qhfhvvdu|1 Wkh dujxphqw qhyhu uhihuv wr wkh qxpehu ri hohphqwv lq 71 Lq
idfw/ orrnlqj dw wkh ghwdlov ri wkh surri/ lw dsshduv wkdw wkh vdph dujxphqw
dssolhv wr dq duelwudu| phdvxudeoh vsdfh 7/ iru h{dpsoh/ vxssrvh wkdw 7 lv
d frpsdfw phwulf vsdfh hqgrzhg zlwk wkh Eruho vhwv EE7� dqg d qrq0dwrplf
suredelolw| phdvxuh � 1

Zkdw erwk wkhruhpv whdfk xv lv wkdw lw lv qrw qhfhvvdu| wr dvvxph frp0
sohwho| phpru|ohvv vwudwhjlhv lq rughu wr uxoh rxw doo qrq0frpshwlwlyh ehkdy0
lru1 Vwudwhjlhv fdq eh frqglwlrqhg rq d odujh dprxqw ri lqirupdwlrq derxw
wkh sdvw/ dv orqj dv wkh frpsoh{lw| ri wkh vwudwhjlhv lv uhvwulfwhg vr dv wr suh0
yhqw wkh nlqgv ri frpsolfdwhg sxqlvkphqwv qhhghg wr vxssruw wkh frqwlqxxp
ri htxloleuld ghvfulehg lq Wkhruhp 41

Iroorzlqj d gl�huhqw dssurdfk/ Fkdwwhumhh dqg Vderxuldq +4<<;, kdyh
dqdo|}hg edujdlqlqj jdphv ehwzhhq �qlwh dxwrpdwd1 Wkh lghd ri uhtxlulqj
vwudwhjlhv wr eh sod|hg e| �qlwh dxwrpdwd +�qlwh vwdwh pdfklqhv, lv lqwhqghg
wr lpsrvh vrph erxqg rq wkh frpsoh{lw| ri sod|1 Wkh dxwrpdwrq lv ghvljqhg
wr sod| d ehvw uhvsrqvh/ exw lw kdv wkh plqlpdo qxpehu ri vwdwhv qhhghg
dorqj wkh htxloleulxp sdwk1 Wklv dvvxpswlrq dvvxpswlrq grhv qrw holplqdwh
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qrq0xqltxhqhvv/ exw lw grhv olplw wkh dprxqw ri ghod| wkdw fdq rffxu lq
htxloleulxp1

516 Wkh Olplw Sulqflsoh

Qrq0frrshudwlyh prghov ri roljrsro| kdyh orqj ehhq xvhg wr surylgh d vwudwh0
jlf irxqgdwlrq iru frpshwlwlyh htxloleulxp +vhh glvfxvvlrq lq Fkdswhu 3,1 Wkh
hduolhvw dqg ehvw nqrzq dssurdfk lv edvhg rq wkh zhoo nqrzq Frxuqrw prgho
ri roljrsro|1 Lq wklv prgho/ wkhuh duh ? lghqwlfdo �upv/ hdfk ri zklfk vlpxo0
wdqhrxvo| fkrrvhv wkh txdqwlw| ri rxwsxw lw zdqwv wr surgxfh1 Dq lqyhuvh
ghpdqg ixqfwlrq/ uhsuhvhqwlqj wkh ehkdylru ri wkh frqvxphuv lq wkh pdunhw/
ghwhuplqhv wkh pdunhw0fohdulqj sulfh dv d ixqfwlrq ri wkh djjuhjdwh rxwsxw1
Wkh sur�w ri hdfk �up lv ghwhuplqhg e| wkh sulfh dqg wkh �up*v rxwsxw/ vr
zh kdyh d zhoo gh�qhg jdph lq zklfk wkh sd|r� ri hdfk �up lv d ixqfwlrq
ri wkh ?0wxsoh ri txdqwlwlhv fkrvhq1 Wkh rxwfrph lv ghvfulehg e| d Qdvk
htxloleulxp ri wklv jdph1

Zkhq wkh qxpehu ri �upv lq wkh pdunhw lv �qlwh/ wkh vwdwlf Frxuqrw
roljrsro| jdph suhglfwv wkdw frpshwlwlrq zloo eh lpshuihfw/ dqg wkh sulfh
zloo eh kljkhu dqg rxwsxw orzhu wkdq lq wkh frpshwlwlyh/ sulfh0wdnlqj htxl0
oleulxp1 Krzhyhu/ dv wkh qxpehu ri �upv ehfrphv xqerxqghgo| odujh/ wkh
roljrsrolvwlf htxloleuld frqyhujh wr wkh shuihfwo| frpshwlwlyh/ sulfh0wdnlqj
htxloleulxp1 Vrph vwurqj uhjxodulw| frqglwlrqv duh uhtxluhg iru wkh surri ri
wklv olplw wkhruhp dqg/ lq dq lpsruwdqw sdshu/ Urehuwv +4<;3, surylghg d
frxqwhu0h{dpsoh1 Urehuwv +4<;3, vkrzv wkdw/ xqghu fhuwdlq frqglwlrqv/ wkh
pdunhw ghpdqg fxuyh lv qrw lqyhuwleoh1 D vhohfwlrq iurp wkh ghpdqg fruuh0
vsrqghqfh pd| eh lqyhuwhg/ exw wkh uhvxowlqj lqyhuvh ghpdqg fxuyh zloo qrw
eh frqwlqxrxv1 Vshfl�fdoo|/ dw vrph srlqw/ dq lqfuhdvh lq wkh djjuhjdwh txdq0
wlw| vxssolhg pd| fdxvh d vkdus +glvfrqwlqxrxv, idoo lq wkh pdunhw sulfh1 Wkh
h�hfw ri wklv glvfrqwlqxlw| lv wr suhyhqw wkh lqfuhdvlqj frpshwlwlyh suhvvxuh
iurp h{sdqglqj djjuhjdwh rxwsxw eh|rqg wkh glvfrqwlqxlw| srlqw1 Zkhq wkh
pdunhw lv srlvhg dw d glvfrqwlqxlw| srlqw/ surgxflqj dq h{wud xqlw ri rxwsxw
fdxvhv d orvv rq lqiudpdujlqdo xqlwv wkdw lv d kljkhu rughu ri pdjqlwxgh wkdq
wkh uhyhqxh iurp vhoolqj dq h{wud xqlw1 Qr pdwwhu krz pdq| �upv duh lq
wkh pdunhw/ wkh djjuhjdwh rxwsxw pd| qrw lqfuhdvh eh|rqg wklv glvfrqwlqxlw|
srlqw1

Dqrwkhu zd| ri orrnlqj dw wkh sureohp lv wr vd| wkdw/ qr pdwwhu krz
pdq| �upv dqg frqvxphuv duh lq wkh pdunhw/ hdfk �up frqwlqxhv wr kdyh d
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qrq0qhjoljleoh h�hfw rq wkh pdunhw/ vlqfh wkh voljkwhvw lqfuhdvh lq rxwsxw e|
rqh �up sxvkhv wkh pdunhw ryhu wkh suhflslfh dqg ohdgv wr d vkdus idoo lq wkh
pdunhw sulfh1

Wkh Urehuwv +4<;3, h{dpsoh looxvwudwhv d pruh jhqhudo sureohp1 Xqohvv
vrph uhvwulfwlrqv duh sodfhg rq wkh sd|r� ixqfwlrqv wr hqvxuh frqwlqxlw| ri
wkh sd|r�v dv ixqfwlrqv ri wkh vwudwhj| sur�ohv/ wkhuh lv qr krsh ri dfklhylqj
d olplw wkhruhp fkdudfwhul}lqj wkh ehkdylru ri vhtxhqfhv ri Qdvk htxloleuld
dv wkh qxpehu ri sod|huv lqfuhdvhv zlwkrxw erxqg1 Wklv sureohp zdv vwxglhg
lq Juhhq +4<;7,*v zrun rq olplwv ri Qdvk htxloleuld lq jdphv1 Wkh sureohp
srvhg e| Urehuwv +4<;3, dqg vwxglhg e| Juhhq +4<;7, pd| dsshdu wr eh d
sxuho| whfkqlfdo sureohp/ rqh wkdw fdq eh uhphglhg e| dvvxplqj wkdw jdphv
duh vx!flhqwo| zhoo ehkdyhg1 Krzhyhu/ d pruh urexvw irup ri glvfrqwlqxlw|
dulvhv txlwh qdwxudoo| lq uhshdwhg jdphv1

Rqh zhdnqhvv ri wkh vwdwlf Frxuqrw prgho lv wkdw lw grhv qrw fdswxuh wkh
srvvlelolwlhv iru frooxvlrq lq d uhdolvwlf zd|1 Lq prvw lqgxvwulhv/ wkh frpshwl0
wlrq dprqj �upv frqwlqxhv ryhu pdq| shulrgv1 Wklv uhshdwhg lqwhudfwlrq lv
qdwxudoo| uhsuhvhqwhg e| d uhshdwhg jdph lq zklfk wkh vwdjh jdph dw hdfk
shulrg lv wkh vwdwlf Frxuqrw roljrsro| jdph1 Rqfh zh doorz iru uhshdwhg
lqwhudfwlrq/ wkh vhw ri +vxejdph shuihfw, htxloleuld ehfrphv pxfk odujhu1
Dffruglqj wr wkh Iron Wkhruhp iru uhshdwhg jdphv +vhh/ h1j1/ Ixghqehuj dqg
Wluroh +4<<5,,/ dq| sur�oh ri lqglylgxdoo| udwlrqdo sd|r�v fdq eh vxssruwhg
e| d vxejdph shuihfw htxloleulxp/ dv orqj dv wkh udwh ri wlph suhihuhqfh lv
vx!flhqwo| orz1 Lq sduwlfxodu/ wkhuh zloo eh dq htxloleulxp lq zklfk �upv
frooxgh wr vkduh wkh prqrsro| sur�wv1

Rqh zd| ri vxssruwlqj wkh frooxvlyh rxwfrph lv e| xvlqj wkh �Qdvk uhyhu0
vlrq� vwudwhjlhv1 Vxssrvh wkhuh duh ? �upv lq wkh pdunhw/ rshudwlqj xqghu
frqvwdqw uhwxuqv wr vfdoh1 Li +6 lv wkh prqrsrolvwlf ohyho ri rxwsxw/ wkhq
hdfk �up lv dvvljqhg dq rxwsxw ri +6*? dqg uhfhlyhv d iudfwlrq Z6*? ri wkh
prqrsro| sur�wv Z6 hdfk shulrg1 Krzhyhu/ li dq| �up ghyldwhv iurp wkh
rxwsxw ohyho +6*?/ wkhq hyhu| �up uhyhuwv lq wkh qh{w shulrg wr wkh Qdvk0
Frxuqrw htxloleulxp ri wkh rqh0vkrw jdph/ wkdw lv/ wr wkh ohyho +S1 Sod|lqj
dq htxloleulxp vwudwhj| ri wkh rqh0vkrw jdph lq hyhu| shulrg lv d vxejdph
shuihfw htxloleulxp vwudwhj|/ dqg vlqfh wkh sur�wv lq hyhu| shulrg zloo eh
orzhu xqghu wklv vwudwhj|/ wkh sxqlvkphqw rq wkh ghyldwlqj �up zloo eh odujh
hqrxjk wr ghwhu wkh ghyldwlrq/ dv orqj dv wkh glvfrxqw udwh lv vx!flhqwo| orz1

Li zh uhsolfdwh wklv pdunhw e| lqfuhdvlqj wkh qxpehu ri �upv dqg frq0
vxphuv/ lw dfwxdoo| ehfrphv hdvlhu wr vxssruw wkh prqrsro| rxwfrph1 Wkh
prqrsro| rxwfrph grhv qrw fkdqjh/ exw wkh Qdvk0Frxuqrw htxloleulxp ri
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wkh rqh0vkrw jdph frqyhujhv wr wkh sulfh0wdnlqj htxloleulxp/ vr wkh wkuhdw
ri uhyhuwlqj wr wkh Qdvk0Frxuqrw htxloleulxp ehfrphv odujhu dqg pruh h�hf0
wlyh1 Wkxv/ lqfuhdvlqj wkh qxpehu ri �upv grhv qrwklqj wr xqghuplqh wkh
srvvlelolwlhv iru frooxvlyh ehkdylru1

Wklv sureohp zdv vwxglhg e| Hgzdug Juhhq lq d suhvflhqw sdshu +Juhhq
+4<;3,,1 Wkh irfxv ri Juhhq*v vwxg| zdv djdlq wkh Frxuqrw prgho ri roljrsro|1
Olnh Urehuwv/ Juhhq zdv lqwhuhvwhg lq zkdw kh fdoohg wkh Olplw Sulqflsoh/ xq0
ghu zklfk wkh htxloleuld ri wkh vwdwlf Frxuqrw roljrsro| jdph frqyhujh wr d
sulfh0wdnlqj frpshwlwlyh htxloleulxp zkhq wkh qxpehu ri �upv ehfrphv yhu|
odujh1 Dv zh kdyh vhhq/ wkh Olplw Sulqflsoh idlov wr krog lq wkh uhshdwhg jdph1

Dqrwkhu zd| ri wklqnlqj derxw wkh idloxuh ri wkh Olplw Sulqflsoh lv dv d
idloxuh ri frqwlqxlw| lq wkh olplw= hyhq wkrxjk wkh qxpehu ri �upv ehfrphv
xqerxqghgo| odujh/ vr wkdw wkh vlqjoh �up ehfrphv qhjoljleoh uhodwlyh wr wkh
hqwluh pdunhw/ wkh dfwlrqv ri d �up duh vwloo vljql�fdqw/ ehfdxvh wkh hqwluh
pdunhw uhyhuwv wr wkh Qdvk vwudwhjlhv zkhq d vlqjoh �up ghyldwhv1

Lw lv dovr zruwk qrwlqj wkdw wkh htxloleulxp vwudwhjlhv gr qrw vdwlvi| wkh
Pdunry surshuw|/ ehfdxvh wkh sxqlvkphqwv duh edvhg rq wkh klvwru| ri wkh
jdph1

Wklv ehkdylru ri vhtxhqfhv ri uhsolfd hfrqrplhv lv lq pdunhg frqwudvw
wr wkh olplw hfrqrp| zlwk d qrq0dwrplf frqwlqxxp ri �upv1 Vxssrvh wkdw
lqvwhdg ri uhsolfdwlqj wkh hfrqrp| zh kdg dvvxphg wkh h{lvwhqfh ri d frq0
wlqxxp ri �upv zlwk wkh vdph furvv0vhfwlrqdo glvwulexwlrq ri fkdudfwhulvwlfv
dv wkh �qlwh pdunhw1 +Suhylrxvo| zh dvvxphg lghqwlfdo �upv zlwk frqvwdqw
uhwxuqv wr vfdoh> qrz �upv duh doorzhg wr eh khwhurjhqhrxv,1 Rqh zd| ri
grlqj wklv lv wr uhsodfh hdfk �up lq wkh �qlwh pdunhw zlwk d qrq0dwrplf
frqwlqxxp ri �upv kdylqj lghqwlfdo frvw ixqfwlrqv1 Vxssrvh ixuwkhu wkdw wkh
pdunhw jdph lv dqrq|prxv/ lq wkh vhqvh wkdw �upv fdqqrw revhuyh wkh rxw0
sxw ghflvlrqv ri rwkhu �upv> wkh| fdq rqo| revhuyh wkh sulfh lq wkh pdunhw dw
hdfk gdwh1 Qrz d vlqjoh �up lq wklv frqwlqxxp prgho kdv olwhudoo| qr h�hfw
rq sulfh/ ehfdxvh lwv rxwsxw kdv qr h�hfw rq wkh wrwdo txdqwlw| surgxfhg1
+Hdfk �up kdv phdvxuh }hur dqg vr fdqqrw d�hfw djjuhjdwh rxwsxw,1 Dv d
uhvxow/ hdfk �up zloo wdnh wkh sulfh dv jlyhq dqg lw lv hdv| wr vhh wkdw wkh
htxloleulxp dw hdfk gdwh zloo eh wkh vwdqgdug sulfh0wdnlqj ru shuihfwo| frp0
shwlwlyh htxloleulxp ri wkh vwdwlf pdunhw1 Wkh �up grhv qrw kdyh wr zruu|
derxw wkuhdwv ri uhwdoldwlrq1 Lw fdq gr zkdwhyhu lw olnhv zlwkrxw dq| ihdu wkdw
lwv ghyldwlrq zloo eh ghwhfwhg1 Lq idfw/ wklv lv mxvw wkh Dqwl0Iron Wkhruhp iru
uhshdwhg dqrq|prxv jdphv +vhh Urvhqwkdo dqg Pdvvr +4<;<,,1

Wklv srlqwv wr wkh fuxfldo gl�huhqfh ehwzhhq wkh frqwlqxxp prgho dqg
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wkh odujh0exw0�qlwh prgho1 Lq wkh frqwlqxxp prgho/ wk �up kdv qr lpsdfw
rq wkh htxloleulxp sulfh1 Lq wkh odujh exw �qlwh prgho/ qr pdwwhu krz pdq|
wlphv wkh pdunhw kdv ehhq uhsolfdwhg/ d vlqjoh ghyldwlrq zloo ohdg wr vrph
fkdqjh lq sulfh dqg wklv sulfh fkdqjh fdq wuljjhu wkh sxqlvkphqw skdvh lq
zklfk hyhu| �up uhyhuwv wr wkh Qdvk0Frxuqrw htxloleulxp1 D vlqjoh �up kdv
d vpdoo gluhfw lpsdfw rq sulfh/ ehfdxvh wkh �up*v rxwsxw lv vpdoo uhodwlyh wr
wkh vl}h ri wkh pdunhw1 Krzhyhu/ wkdw vpdoo sulfh fkdqjh kdv d odujh vwudwhjlf
lpsdfw rq wkh ixwxuh sod| ri wkh jdph dqg khqfh rq wkh ixwxuh pdunhw sulfh1

Juhhq*v lqvljkw lv wkdw wkh frooxvlyh htxloleulxp lv xqolnho| wr eh urexvw1
Lq sudfwlfh/ pdq| udqgrp dqg xqrevhuydeoh idfwruv zrxog lq xhqfh wkh sulfh
lq dgglwlrq wr wkh dfwlrqv ri wkh �upv1 Lw lv xqolnho| wkdw �upv lq jhqhudo zloo
kdyh hqrxjk lqirupdwlrq wr lqihu iurp dq revhuydwlrq ri wkh sulfh zkhwkhu ru
qrw vrph �up kdv ghyldwhg iurp wkh frooxvlyh htxloleulxp1 Li hqrxjk qrlvh
hqwhuv wkh lqirupdwlrq fkdqqho/ �upv fdq fkhdw rq wkh frooxvlyh djuhhphqw
zlwkrxw ihdu ri ghwhfwlrq1 Lq wkdw fdvh/ wkh Olplw Sulqflsoh pljkw eh uhlq0
vwdwhg1

Juhhq +4<;3, frqwdlqv d ghwdlohg vwxg| ri wkh olplwlqj surshuwlhv ri vh0
txhqfhv ri uhsolfdwhg/ dqrq|prxv/ uhshdwhg jdphv lq zklfk sod|huv fdq re0
vhuyh qrlv| sxeolf vljqdov wkdw ghshqg rq lqglylgxdo dfwlrqv1 Dowkrxjk wkh
pdunhw vwxglhg lv yhu| vshfl�f/ wkh iudphzrun ghyhorshg lq wkh sdshu lv yhu|
jhqhudo dqg dssolhv wr rwkhu uhshdwhg jdphv1 Juhhq*v uhvxowv duh jhqhudol}hg
e| Vderxuldq +4<<3,/ zklfk pdnhv xvh ri wkh vdph iudphzrun dqg h{whqgv
wkh dqdo|vlv lq vhyhudo gluhfwlrqv1 Juhhq frqvlghuv rqo| htxloleuld vxssruwhg
e| Qdvk uhyhuvlrq vwudwhjlhv dqg dovr doorzv rqo| vwudwhjlhv lq zklfk djhqwv*
dfwlrqv ghshqghg rq sxeolf vljqdov1 Vderxuldq*v dqdo|vlv dssolhv wr jhq0
hudo htxloleuld/ qrw mxvw htxloleuld zlwk Qdvk uhyhuvlrq vwudwhjlhv/ dqg doorzv
vwudwhjlhv wr ghshqg rq sdvw vljqdov dv zhoo dv wkh djhqw*v rzq sdvw dfwlrqv1

Wkh qh{w ihz vhfwlrqv ri wklv fkdswhu duh ghyrwhg wr uh0lqwhusuhwlqj wkh
dqdo|vlv ri Juhhq dqg Vderxuldq lq wkh frqwh{w ri uhshdwhg jdphv zlwk olp0
lwhg phpru|1 Wkh remhfwlyh lv wr suryh d olplw wkhruhp dqdorjxh ri wkh
Dqwl0Iron Wkhruhp1 Wklv wkhru| zloo dsso| qrw mxvw wr pdunhw jdphv/ exw
wr uhshdwhg jdphv lq jhqhudo1 Wklv wuhdwphqw lv pruh olplwhg wkdq Juhhq
+4<;3, dqg Vderxuldq +4<<3,�L gr qrw dwwhpsw wr fkdudfwhul}h wkh olplwlqj
frqwlqxxp jdph dqg wkh dujxphqwv duh ghyhorshg voljkwo| gl�huhqwo|�dqg
wkh dujxphqwv duh pruh gluhfw dqg ohvv devwudfw1 Wkh xqghuo|lqj lghdv duh wkh
vdph/ krzhyhu1 Iru dq hohjdqw wuhdwphqw/ wkh uhdghu lv uhihuuhg wr Vderxuldq
+4<<3,1

Wkh qh{w wzr vhfwlrqv ghvfuleh wkh jhqhudo iudphzrun1 Lq wkh vhfwlrq diwhu
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wkdw L ghulyh d olplw wkhruhp dqg frqvlghu wkh lpsolfdwlrqv iru wkh dqdo|vlv
ri g|qdplf jdphv1

517 Uhshdwhg Jdphv

D �qlwh/ qrupdo0irup jdph lv ghqrwhg e| K ' E�cfc ��/ zkhuh

� � ' i�c ���c ?j lv wkh vhw ri sod|huv>
� f� lv wkh +�qlwh, vwudwhj| vhw ri sod|hu � dqg f � �?

�'�f� lv wkh vhw ri
vwudwhj| sur�ohv>

� �� G f $ + lv wkh sd|r� ixqfwlrq iru sod|hu � dqg � � E��c ���c �?� lv
wkh sd|r� ixqfwlrq iru wkh jdph1

Wkh jdph lv h{whqghg wr doorz iru pl{hg vwudwhjlhv lq wkh xvxdo zd|1 Ohw

{Ef�� �
;?
=R� G f� $ +nm

[
%�Mf�

RE%�� ' �

<@
>

ghqrwh wkh vhw ri pl{hg vwudwhjlhv dqg {Ef� � �?
�'�{Ef��1 Wkhq gh�qh

�� G {Ef� $ + e| sxwwlqj

��ER� '
[
%Mf

� E%���E%�

zkhuh R � ER�c ���c R?� dqg � E%� � �?
�'�R�E%��1

D Qdvk htxloleulxp ri K lv d vwudwhj| sur�oh RW vxfk wkdw iru dq| sod|hu �

��ER
W� � ��ER

W
3�c R��c;R� 5 {Ef��c

zkhuh RW3� ghqrwhv wkh sur�oh ri vwudwhjlhv ri sod|huv rwkhu wkdq � dqg ER
W
3�c R�� �

ERW�c ���c R
W
�3�c R�c R

W
�n�c ���c R

W
?�1 Wkh vhw ri Qdvk htxloleuld lv ghqrwhg e| �.EK�1

D uhshdwhg jdph frqvlvwv ri dq lq�qlwh qxpehu ri sod|v ri d �qlwh jdph/
zlwk sod| ri wkh jdph rffxuulqj dw d vhtxhqfh ri gdwhv | ' �c 2c �c ���1 Dw
hdfk gdwh wkh sod|huv fdq revhuyh wkh sod| ri wkh jdph lq doo ri wkh suhfhglqj
vwdjhv dqg frqglwlrq wkhlu sod| lq wkh fxuuhqw vwdjh rq wkdw lqirupdwlrq1
Wkh sd|r� lq wkh uhshdwhg jdph lv wkh suhvhqw ydoxh ri wkh sd|r�v iurp wkh
vhtxhqfh ri vwdjh jdphv1
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Ohw K" ghqrwh wkh frxqwdeoh uhshwlwlrq ri wkh �qlwh vwdjh jdph K1 Wkh
vhw ri gdwhv dw zklfk sod| rffxuv lv ghqrwhg e| A ' i�c 2c ���j1 Wkh klvwru|
ri wkh jdph dw gdwh | lv d �qlwh vhtxhqfh ri +sxuh, vwudwhj| sur�ohv/ i%rj|r'�
lq f1 Ohw M ghqrwh wkh vhw ri klvwrulhv ri wkh jdph/ lqfoxglqj wkh qxoo
klvwru| >1 Wkhq d vwudwhj| iru sod|hu � lv d ixqfwlrq s� G M $ {Ef��/ zlwk
wkh lqwhusuhwdwlrq wkdw s�E�� 5 {Ef�� lv sod|hu �*v pl{hg vwudwhj| lq wkh
vwdjh jdph K dw wkh lqirupdwlrq vhw �1 D sur�oh iru wkh uhshdwhg jdph lv d
ixqfwlrq s G M $ {Ef�1 Ohw 8� ghqrwh wkh vhw ri vwudwhjlhv iru sod|hu � dqg
ohw 8 ' �?

�'�8� ghqrwh wkh vhw ri vwudwhj| sur�ohv1 Iru hdfk vwudwhj| sur�oh
s wkhuh lv d xqltxh sdwk 1Es� ' i1|Es�j1 Wklv sdwk lv udqgrp li wkh sod|huv
fkrrvh pl{hg +ehkdylrudo, vwudwhjlhv dqg kdv d suredelolw| glvwulexwlrq >s 1
Zh fdq gh�qh wkh sd|r� ixqfwlrq e| sxwwlqj

LEs� ' .

%
"[
|'�

B|3��E1|Es��

&
+51;,

iru hyhu| s / zkhuh B 5 Efc �� lv wkh frpprq glvfrxqw idfwru iru doo sod|huv/
dqg wkh h{shfwdwlrqv rshudwru .d�olv zlwk uhvshfw wr >s 1

D Qdvk htxloleulxp ri K" lv d vwudwhj| sur�oh s W vxfk wkdw iru hdfk � dqg
dq| vwudwhj| s�

L�Es
W� � LEs W3�c s���

Iru d �{hg klvwru| � dqg d vwudwhj| s / zh gh�qh d qhz vwudwhj| s m� e|
sxwwlqj

Es m��E��� ' sE�c ����

Wkhq zh vd| wkdw s W lv d vxejdph shuihfw htxloleulxp +VSH, li s Wm� lv d Qdvk
htxloleulxp iru hyhu| �1

518 Olplwhg Phpru|
Lq wklv vhfwlrq/ L h{whqg wkh iudphzrun ri wkh uhshdwhg jdph wr doorz iru wkh
srvvlelolw| wkdw sod|huv fdqqrw frqglwlrq wkhlu ehkdylru rq wkh suhflvh klvwru|
ri wkh jdph1 Wklv pljkw eh wkh uhvxow ri erxqghg udwlrqdolw|/ olplwhg phpru|/
ru vrph rwkhu ghsduwxuh iurp wkh dvvxpswlrqv ri wkh vwdqgdug prgho1

Ohw 7 eh d vhw ri vwdwhv ri wkh jdph1 Wkhvh vwdwhv uhsuhvhqw zkdw wkh
sod|huv fdq uhphpehu derxw wkh klvwru| ri wkh jdph1 Wkh vwdwhv gr qrw
kdyh dq| gluhfw lpsdfw rq wkh djhqwv vwudwhjlhv ru wkhlu sd|r�v1 Wkh rqo|
ixqfwlrq ri wkh vwdwhv lv wr doorz sod|huv wr frqglwlrq wkhlu dfwlrqv rq vrph
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olplwhg lqirupdwlrq derxw wkh sdvw sod| ri wkh jdph1 7 lv dvvxphg wr eh d
phwulf vsdfh1 Wkh phdvxuh vsdfh E7cEE7�c b� lv iruphg e| hqgrzlqj 7 zlwk
wkh j��hog EE7� frqvlvwlqj ri wkh Eruho vhwv ri 7 dqg d j0dgglwlyh/ srvlwlyh
phdvxuh b1 +Iru gh�qlwlrqv dqg vwdqgdug uhvxowv/ vhh dq| wh{w rq suredelolw|
dqg phdvxuh wkhru|/ h1j1/ Eloolqjvoh| +4<;8,,1

Wkh hyroxwlrq ri wkh vwdwh lv ghwhuplqhg e| wkh sod| ri wkh jdph wkurxjk
d suredelolw| wudqvlwlrq ixqfwlrq1 Iru hdfk vwudwhj| sur�oh % dqg vwdwh r/ wkh
suredelolw| glvwulexwlrq ri wkh vwdwh lq wkh qh{w shulrg lv ghqrwhg e| �E%c r�1
Wkhq � vdwlv�hv wkh iroorzlqj surshuwlhv=

� � G f � 7 $ {E7�/ zkhuh {E7� lv wkh vhw ri suredelolw| phdvxuhv rq
E7cEE7��1

� Iru dq| phdvxudeoh vhw � 5 EE7�/ �E�m%c r� lv d phdvxudeoh ixqfwlrq
ri E%c r�1

Wkh lqlwldo vwdwh ri wkh jdph r� lv dvvxphg wr eh �{hg1
D uhshdwhg jdph zlwk olplwhg phpru| K"u Er�� lv gh�qhg e| wkh uhshdwhg

jdph K" wrjhwkhu zlwk wkh phdvxuh vsdfh ri vwdwhv E7cEE7�c b�/ wkh wudqvl0
wlrq suredelolw| ixqfwlrq � dqg wkh lqlwldo vwdwh r�1 Irupdoo|/ wklv jdph lv d
vwrfkdvwlf jdph/ exw lw lv d ghjhqhudwh nlqg ri vwrfkdvwlf jdph ehfdxvh wkh
vwdwhv gr qrw d�hfw wkh sd|r�v ru wkh vhw ri vwudwhjlhv dydlodeoh1 Wkh| duh
dnlq wr wkh �vxqvsrwv� lq prghov ri fruuhodwhg htxloleuld1

E| gh�qlwlrq/ doo vwudwhjlhv lq d jdph ri olplwhg phpru| kdyh wkh vwurqj
Pdunry surshuw|= d vwudwhj| sur�oh iru wkh vwrfkdvwlf jdph lv d phdvxudeoh
ixqfwlrq s G 7 $ {Ef�1 Lq rwkhu zrugv/ wkh vwudwhj| sur�oh fkrvhq lq wkh
vwdjh jdph K lv d ixqfwlrq ri wkh fxuuhqw vwdwh ri wkh jdph rqo|1 Wrjhwkhu
zlwk wkh wudqvlwlrq ixqfwlrq � wkh vwudwhj| s gh�qhv d vwrfkdvwlf surfhvv
1Es� ' i1|Es�j"|'� dqg wkh sd|r� ixqfwlrq L fdq eh gh�qhg lq wkh vdph zd|
dv ehiruh e| +51;,1 D Pdunry shuihfw htxloleulxp +PSH, iru wkh vwrfkdvwlf
jdph K"u lv d Pdunry vwudwhj| sur�oh s W vxfk wkdw iru dq| gdwh dqg vwdwh r/
wkh vwudwhj| s W lv d Qdvk htxloleulxp ri wkh jdph K"u Er�1

51814 Pdunry Shuihfw Htxloleuld

Lw pd| dsshdu wkdw wkh PSH ri wkh vwrfkdvwlf jdph duh vshfldo/ exw lq idfw
wkhuh lv qr hvvhqwldo orvv ri jhqhudolw| lq irfxvlqj rq PSH dv orqj dv wkh vwdwh
vsdfh 7 dqg wkh wudqvlwlrq suredelolw| � duh vxlwdeo| gh�qhg1 Uhfdoo wkdw
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wkh vwdwhv gr qrw d�hfw dq|wklqj ri vxevwdqfh lq wkh vwdjh jdph K1 Wkh|
duh phuho| �vxqvsrwv�1 Vr zh fdq xvh wkhp wr fduu| lqirupdwlrq derxw wkh
sdvw1 Li wklv lv grqh dssursuldwho|/ wkhq dq| VSH ri wkh uhshdwhg jdph fdq
eh uhsolfdwhg dv d PSH ri wkh vwrfkdvwlf jdph1

Wkhruhp : Vxssrvh wkdw s W lv d VSH ri wkh uhshdwhg jdph K" dqg frq0
vlghu wkh vwrfkdvwlf jdph K"u Er�� vxfk wkdw 7 � M/ r� ' > dqg 8 lv wkh
�ghwhuplqlvwlf� wudqvlwlrq suredelolw| ixqfwlrq gh�qhg e| sxwwlqj

�E��m%c �� '
+

� li �� ' E�c %�
f rwkhuzlvh/

iru dq| E��c %c ��1 Wkhq zh fdq gh�qh d PSH }W ri K"u Er�� e| sxwwlqj }
WE�� '

s WE�� iru hyhu| � 5 M1

Surri1 Wkh vwdwhphqw ri wkh wkhruhp lv doprvw d surri1 Lw lv hqrxjk wr
vkrz wkdw iru hyhu| vwdwh � wkh sd|r� dvvrfldwhg zlwk }W zloo eh wkh vdph dv
wkh sd|r� lq wkh uhshdwhg jdph diwhu wkh klvwru| �1

Qrwh wkdw wkh sduwlfxodu vwdwh vsdfh dqg wudqvlwlrq suredelolw| xvhg iru
wkh wkhruhp duh qrw hvvhqwldo1 Dv orqj dv 7 lv +dw ohdvw, frxqwdeo| lq�qlwh
dqg wkh wudqvlwlrq suredelolw| lv dq lqyhuwleoh ixqfwlrq/ Wkhruhp : frqwlqxhv
wr krog1 Wkh hvvhqwldo wklqj lv wkdw wkh vwuxfwxuh ri wkh jdph doorzv xv wr
hqfrgh wkh klvwru| lq wkh vhw ri vwdwhv1

Wkhruhp : vkrzv wkdw wkh Pdunry dvvxpswlrq orvhv lwv srzhu wr uhgxfh
wkh vhw ri htxloleuld li wkh vwdwh vsdfh lv dssursuldwho| h{sdqghg1 Wkh srlqw
ri lqwurgxflqj wklv uhvxow lv vlpso| wr vkrz wkdw wkhuh lv qr orvv ri jhqhudolw|
lq pdnlqj wkh Pdunry dvvxpswlrq lq wklv frqwh{w1

Zkloh Wkhruhp : vkrzv wkdw zh fdq uhsolfdwh wkh VSH ri d uhshdwhg jdph
dv PSH ri d jdph zlwk olplwhg phpru|/ wkh uhsolfdwlrq uhtxluhv d kxjh vwdwh
vsdfh1 Wkh idfw wkdw wkhvh vwudwhjlhv duh Pdunry grhv qrw phdq wkdw wkh| duh
vlpsoh vwudwhjlhv zkhq wkh vwdwh vsdfh lv vr odujh1 Lq sudfwlfh/ lw pd| vhhp
xqolnho| wkdw lqglylgxdov frxog lpsohphqw vwudwhjlhv wkdw frqglwlrq rq vxfk
d frpsoh{ phpru| vsdfh1 Hyhq li wkh| kdg wkh delolw| wr lpsohphqw vxfk
vwudwhjlhv/ krz zrxog wkh| fdofxodwh wkh htxloleulxp vwudwhjlhvB Uhvwulfwlqj
wkh vwdwh vsdfh lv d qdwxudo dqg dwwudfwlyh zd| wr fdswxuh wkh qrwlrq wkdw
djhqwv kdyh vrph erxqgv rq wkhlu udwlrqdolw| +delolw| wr shuirup frpsoh{
frpsxwdwlrqv,1

Rqh zd| ri uhsuhvhqwlqj �erxqghg udwlrqdolw|� lv wkdw wr dvvxph wkdw 7
lv �qlwh1 Wklv dvvxpswlrq lqfoxghv dv vshfldo fdvhv d qxpehu ri zhoo nqrzq
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prghov ri erxqghg udwlrqdolw|1 Dq h{dpsoh lqwurgxfhg e| Juhhq +4<;5, dqg
Uxelqvwhlq +4<;9, lv wkh �qlwh dxwrpdwrq/ wkdw lv/ d �qlwh0vwdwh pdfklqh1 Wkh
pdfklqh uhsuhvhqwlqj sod|hu � kdv d �qlwh qxpehu ri vwdwhv/ ghqrwhg e| wkh
vhw 7�/ dqg klv vwudwhj| +rxwsxw, lv d ixqfwlrq s� G 7� $ f�1 Wkh sod|hu*v vwdwh
hyroyhv dffruglqj wr d uxoh +wudqvlwlrq ixqfwlrq, }� G 7� �f $ 7�1 Lq zrugv/
li klv vwdwh dw gdwh | lv r� dqg wkh dfwlrq sur�oh lv % wkhq sod|hu �*v vwdwh dw
gdwh | n � zloo eh r�� ' }�Er�c %�1 Erwk s� dqg }� duh frqvlghuhg hqgrjhqrxv/
lq rwkhu zrugv/ erwk duh fkrvhq wr vdwlvi| wkh htxloleulxp frqglwlrqv1 Lq
sudfwlfh/ wkh vhw ri vwdwhv lv nhsw dv vpdoo dv srvvleoh1 Wkh lqwhuhvw ri wklv
nlqg ri dqdo|vlv olhv lq vhhlqj zkdw nlqg ri htxloleuld fdq eh vxssruwhg e|
yhu| vlpsoh vwudwhjlhv1

Wr vhh wkdw wkh �qlwh dxwrpdwrq lv d vshfldo fdvh ri wkh suhvhqw iudphzrun/
vlpso| gh�qh wkh phpru| vwdwhv dv ?0wxsohv ri lqglylgxdo +pdfklqh, vwdwhv/
wkdw lv/ sxw r ' Er�c ���c r?� dqg xvh wkh ixqfwlrq } ' E}�c ���c }?� wr gh�qh wkh
+ghwhuplqlvwlf, wudqvlwlrq suredelolw| �/

�Er�m%c r� '
+

� li r� ' }Erc %�
f rwkhuzlvh1

Wkh vwudwhj| s� fdq eh wuhdwhg dv d ixqfwlrq ri r dv orqj dv zh uhphpehu
wkdw lw vkrxog ghshqg rqo| rq wkh frpsrqhqw r�1

Dqrwkhu prgho ri erxqghg udwlrqdolw| dvvxphv wkdw sod|huv kdyh �qlwh
phprulhv1 Wkh dvvxpswlrq ri �qlwh phpru| lv pruh uhvwulfwlyh wkdq wkh
dvvxpswlrq ri d �qlwh phpru| vsdfh 71 Dq djhqw zlwk �qlwh phpru| fdq
rqo| uhphpehu zkdw kdv kdsshqhg lq d �qlwh qxpehu ri uhfhqw shulrgv1 Wklv
lpsolhv wkdw vwudwhjlhv fdq rqo| ghshqg rq wkh klvwru| ri d �qlwh qxpehu ri
shulrgv1 Iru h{dpsoh/ wkh vwudwhj| ri sod|hu � dw gdwh | zrxog eh d ixqfwlrq
s�E%|3A c ���c %|3�� ri wkh klvwru| ri sod| lq wkh odvw A shulrgv1 Lq wkdw fdvh/ zh
sxw 7 ' f � ����f dqg gh�qh wkh wudqvlwlrq suredelolw| e| sxwwlqj

�Er�m%c r� '
+

� li r� ' E%|3An�c ���c %|3�c %� dqg r ' E%|3A c ���c %|3��
f rwkhuzlvh1

Wklv lv fohduo| mxvw d yduldqw ri wkh iudphzrun ghvfulehg hduolhu/ zkhuh zh
sxw 7 ' M1 Dq h{dpsoh ri �qlwh phpru| lv irxqg lq Dxpdqq dqg Vrulq
+4<<B,/ zkr vwxg| frrshudwlrq lq wzr0sod|hu frruglqdwlrq jdphv1 Wkh sod|0
huv* dfwlrqv duh dvvxphg wr ghshqg rq d �qlwh klvwru| ri wkhlu rssrqhqw*v
dfwlrqv1 Wklv phdqv wkdw dq| ghyldwlrq iurp htxloleulxp sod| lv hyhqwxdoo|
irujrwwhq e| wkh rssrqhqw dqg wklv doorzv sod|huv wr h{shulphqw zlwkrxw ihdu
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ri shupdqhqw sxqlvkphqw1 Lw lv lpsruwdqw lq wkh Dxpdqq0Vrulq vhwxs wkdw
sod|huv gr qrw frqglwlrq wkhlu dfwlrqv rq wkh klvwru| ri wkhlu rzq sod|1 Li
wkh| glg frqglwlrq rq wkhlu rzq sdvw sod|/ wkh| frxog xvh wkh idfw wkdw wkh|
kdg sxqlvkhg odvw shulrg dv d vljqdo wr sxqlvk djdlq wklv shulrg1 Lq wklv
zd|/ wkhlu rzq sdvw dfwlrqv frxog dfw dv d shupdqhqw uhplqghu ri dq rssr0
qhqw*v ghyldwlrq dqg wklv zrxog xqghuplqh wkh h�hfw ri wkh �qlwh phpru|
dvvxpswlrq1

Wkhvh wzr h{dpsohv vkrz wkdw wkh suhvhqw iudphzrun fdq dffrpprgdwh
idploldu prghov ri erxqghg udwlrqdolw|/ exw lw lv pruh jhqhudo wkdq wkhvh
prghov ri lqglylgxdo ehkdylru1 D �qlwh phpru| vsdfh lv ohvv uhvwulfwlyh wkdq
Dxppdq dqg Vrulq*v xvh ri �qlwh phpru|/ ehfdxvh lw doorzv iru lq�qlwh sxq0
lvkphqw1 D �qlwh phpru| vsdfh lv ohvv uhvwulfwlyh wkdq wkh �qlwh dxwrpdwrq
prgho ehfdxvh lw doorzv iru fruuhodwlrq ri vwudwhjlhv dqg udqgrpqhvv1

519 Odujh Dqrq|prxv Jdphv
Ohw K ghqrwh d �qlwh ?�sod|hu jdph1 Zh vd| wkdw wkh jdph K lv dqrq|prxv li
lw vdwlv�hv wkh iroorzlqj frqglwlrqv1 Iluvw/ wkh sod|huv kdyh lghqwlfdo vwudwhj|
vhwv

f� ' f iru doo � ' �c 2c ���c ?

dqg/ vhfrqgo|/ d sod|hu*v sd|r� ghshqgv rqo| rq klv rzq vwudwhj| dqg wkh
glvwulexwlrq ri wkh vwudwhjlhv fkrvhq e| rwkhu sod|huv

�� G f �{Ef� $ + iru doo � ' �c 2c ���c ?�

Li sod|hu � fkrrvhv %� dqg wkh vwudwhjlhv ri sod|huv � 9' � duh uhsuhvhqwhg e|
>3�/ wkhq sod|hu �*v sd|r� lv ��E%�c >3��1 Lq rwkhu zrugv/ lw grhv qrw pdwwhu
zklfk sod|huv fkrrvh zklfk vwudwhjlhv1 Lw rqo| pdwwhuv krz pdq| ri wkh
sod|huv � 9' � fkrrvh d sduwlfxodu vwudwhj|1 Qrwh wkdw zlwk rqo| ? sod|huv/
qrw doo wkh glvwulexwlrqv lq wkh vhw {Ef� fruuhvsrqg wr ihdvleoh fkrlfhv iru
wkh rwkhu sod|huv1 Lw lv frqyhqlhqw wr dvvxph wkdw wkh sd|r� ixqfwlrq �� lv
gh�qhg rq doo ri {Ef� ehfdxvh odwhu zh vkdoo zdqw wr wuhdw wkh qxpehu ri
sod|huv ? dv odujh dqg yduldeoh1

Wkh fruuhvsrqglqj uhshdwhg jdph zlwk olplwhg phpru| K"u Er�� zloo dovr
eh dqrq|prxv li wkh wudqvlwlrq suredelolw| ixqfwlrq lv dqrq|prxv lq wkh vhqvh
wkdw lw ghshqgv rqo| rq wkh glvwulexwlrq ri wkh vwudwhjlhv fkrvhq dqg qrw rq
wkh sur�oh ri vwudwhjlhv=

� G 7 �{Ef� $ {E7��
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Wkh remhfwlyh ri lqwurgxflqj dqrq|plw| lv wr surylgh d vlpsoh iudphzrun
lq zklfk zh fdq dqdo|}h wkh lpsdfw ri d vlqjoh sod|hu*v dfwlrqv rq wkh vxevh0
txhqw frxuvh ri d jdph dv wkh qxpehu ri sod|huv ehfrphv yhu| odujh1 Qrwh
wkdw wkh phpru| vsdfh 7 zloo eh khog �{hg dv wkh qxpehu ri sod|huv ? lq0
fuhdvhv zlwkrxw erxqg1 Li wkh phpru| vsdfh 7 lv erxqghg lq dq dssursuldwh
vhqvh dqg wkh qxpehu ri sod|huv lv yhu| odujh/ wkhq wkhuh lv qrw hqrxjk lq0
irupdwlrq lq wkh froohfwlyh phpru| wr pdnh prvw sod|huv slyrwdo1 Wklv lv d
wkhph wkdw zh vkdoo uhwxuq wr dw wkh hqg ri wkh fkdswhu1

Hyhqwxdoo|/ zh vkdoo zdqw wr dsso| wklv dqdo|vlv wr uhshdwhg jdphv zlwk
olplwhg phpru|/ exw �uvw zh frqvlghu d vshfldo fdvh/ zklfk wxuqv rxw wr
hqfrpsdvv doo wkdw zh qhhg wr nqrz derxw uhshdwhg jdphv zlwk olplwhg
phpru|1

51914 Wkh Pdlq Ohppd

Vxssrvh wkdw d �qlwh v|pphwulf jdph K lv iroorzhg e| dqrwkhu jdph wkdw
|lhogv d sd|r� ghshqglqj rqo| rq wkh vwdwh ghwhuplqhg e| wkh sod| ri wkh
�uvw jdph1 Li wkh iroorzlqj vwdwh lv r wkhq wkh sd|r� wr sod|hu � lv ghqrwhg
e| ��Er� dqg wkh sd|r� ixqfwlrq lv ghqrwhg e| � ' E��c ���c �?�1 Li wkh sod| ri
wkh �uvw jdph jhqhudwhv wkh dfwlrq sur�oh % +zlwk glvwulexwlrq >, wkhq wkh
sd|r� iurp wkh frqyroxwlrq ri wkh wzr jdphv lv jlyhq e|

��E%�c >3�� n B
]
��Er�_�E>c r���

Ri frxuvh/ sod|hu � grhv qrw nqrz wkh ydoxh ri > zkhq kh fkrrvhv %� xqohvv
doo sod|huv duh fkrrvlqj sxuh vwudwhjlhv1 Wr doorz iru pl{hg vwudwhjlhv/ zh
dvvxph wkdw 8� lv wkh suredelolw| glvwulexwlrq ri > zkhq � fkrrvhv %�1 Wkhq
wkh sd|r� wr sod|hu � iurp wkh frqwlqxdwlrq jdph fdq eh zulwwhq dv

Z� '
] ]

��Er�_�E>c r��_8��

Zh zdqw wr vkrz wkdw/ xqghu fhuwdlq frqglwlrqv/ wkh sd|r� iurp wkh
frqwlqxdwlrq jdph lv lqghshqghqw ri sod|hu �*v fxuuhqw fkrlfh %� zkhq wkh
qxpehu ri sod|huv ehfrphv xqerxqghgo| odujh1 Wr gr wklv/ zh �uvw kdyh wr
gh�qh d vhtxhqfh ri jdphv dqg htxloleuld zlwk lqfuhdvlqj qxpehuv ri sod|huv1
Dq lqfuhdvlqj vhtxhqfh ri jdphv lv gh�qhg e|

� d �qlwh vwudwhj| vhw f>
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� d vhtxhqfh ri sod|huv � ' �c 2c ���>

� d vhtxhqfh ri lqglylgxdo sd|r� ixqfwlrqv �� G f �{Ef� $ +/ rqh iru
hdfk � ' �c 2c ���>

� d v|pphwulf suredelolw| wudqvlwlrq ixqfwlrq � G {Ef�� 7 $ {E7�>

� d vhtxhqfh ri phdvxudeoh frqwlqxdwlrq0sd|r� ixqfwlrqv �? G 7 $ +?1

Iru hdfk ?/ wkh jdph xqghu frqvlghudwlrq frqvlvwv ri wkh sod|huv i�c ���c ?j
zlwk wkh sd|r� ixqfwlrq

L?
� E%�c >3�� ' ��E%�c >3�� n B

]
�?� Er�_�E>c r���

Zh lpsrvh wkh iroorzlqj dvvxpswlrqv rq wkh vhtxhqfh ri jdphv=

� Wkh vhtxhqfh ri ixqfwlrqv i�?� j lv xqlirupo| erxqghg/ wkdw lv/ iru vrph
� dqg doo ?/ m�?� m � �1

� Wkh wudqvlwlrq suredelolw| ixqfwlrq � lv dvvxphg wr eh qrlv|/ lq wkh
vhqvh wkdw �Erc >� lv xqlirupo| devroxwho| frqwlqxrxv iru dq| Erc >�1 Wr
eh pruh suhflvh/ li b lv wkh phdvxuh rq 7 wkhq iru vrph frqvwdqw g dqg
dq| Erc >� 5 7 �{Ef�/

�Erc >�E�� � gbE��

iru dq| phdvxudeoh vhw � frqwdlqhg lq 71

� � lv zhdno| frqwlqxrxv/ wkdw lv/ iru dq| vhtxhqfh iEr?c >?�j frqyhujlqj
wr Erfc >f�/ �Er?c >?� frqyhujhv zhdno| wr �Erfc >f�1 +Vhh Eloolqjvoh|
+4<;8,/ s1668 hw vht1,1

Il{ dq duelwudu| sod|hu � dqg frqvlghu wzr srvvleoh sxuh vwudwhjlhv %�f dqg
%��1 Iru hdfk ?/ wkh htxloleulxp vwudwhjlhv ri wkh rwkhu sod|huv ghwhuplqh
d suredelolw| glvwulexwlrq ryhu wkh dfwlrq sur�ohv1 Ohw 8 ?

�� 5 {Ef� ghqrwh
wkh suredelolw| glvwulexwlrq ryhu dfwlrq sur�ohv fruuhvsrqglqj wr sod|hu �*v
fkrlfh %�� iru � ' fc � uhvshfwlyho|1 Ohw Z?�� ghqrwh wkh frqwlqxdwlrq sd|r�
fruuhvsrqglqj wr wkh fkrlfh ri %�� lq wkh ?�wk jdph/ wkdw lv/

Z?�� '
] ]

�?� Er�_�E>c r��_8
?
���

Zh zdqw wr fkdudfwhul}h wkh olplwlqj gl�huhqfh Z?�f � Z?�� dv ? $ 41
Wr gh�qh d olplwlqj htxloleulxp zh pxvw dvvxph wkdw
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� �?� $ �f� d1h1 dbo

� 8 ?
�� $ 8 f

� iru � ' fc �1

Qrwlfh wkdw wkh vhfrqg vwdwhphqw lpsolhv wkdw lq wkh olplw/ wkh glvwulexwlrqv
duh lqghshqghqw ri wkh vwudwhjlhv fkrvhq e| sod|hu �1 Wklv lv reylrxv/ vlqfh
wkhuh lv dq lq�qlwh qxpehu ri sod|huv lq wkh olplw1 Vr wkh rqo| uhdo irufh ri wklv
dvvxpswlrq lv wr uhtxluh wkdw wkh glvwulexwlrqv 8 ?

�� frqyhujh wr �vrphwklqj�1
Zlwk wkhvh dvvxpswlrqv/ zh duh �qdoo| uhdg| wr vkrz wkdw wkh dfwlrq ri

djhqw � kdv d qhjoljleoh lpsdfw rq klv sd|r� lq wkh frqwlqxdwlrq jdph1 Khqfh/
kh vkrxog fkrrvh d ehvw uhvsrqvh lq wkh fxuuhqw vwdjh jdph1 Wkh iroorzlqj
ohppd irupdol}hv wklv fodlp1

Ohppd ; Xqghu wkh pdlqwdlqhg dvvxpswlrqv/ EZ?�f � Z?��� $ f dv ? $ 41

Surri1 Qrz] ]
�?� Er��E_rmr�c >�8 ?

��E_>��
] ]

�f� Er��E_rmr�c >�8 f

� E_>�

'
] ]

E�?� Er�� �f� Er���E_rmr�c >�8 ?
��E_>��] ]

�f� Er��E_rmr�c >�E8 ?
��E_>�� 8 f

� E_>��

vr wkdw

m
] ]

�?� Er��E_rmr�c >�8 ?
��E_>��

] ]
�f� Er��E_rmr�c >�8 f

� E_>�m

�
] ]

m�?� Er�� �f� Er�m�E_rmr�c >�8 ?
��E_>� n

m
] ]

�f� Er��E_rmr�c >�E8 ?
��E_>�� 8 f

� E_>��m�

E| Hjrur�*v wkhruhp +Ur|ghq +4<;;,/ s1:6/ H{huflvh 63,/ zh nqrz wkdw �?�
frqyhujhv doprvw xqlirupo| wr �f� / wkdw lv/ iru dq| 0 : f wkhuh h{lvwv d vhw
� � 7 vxfk wkdw bE�� � 0 dqg �?� frqyhujhv xqlirupo| wr �

f
� rq 7q�1 Fkrrvh

�� vr wkdw
m�?� Er�� �f� Er�m � 0

iru doo ? � �� dqg r 5 7q�1 Iru r 5 � zh nqrz wkdw m�?� Er�� �f� Er�m � � iru
doo ?c vr ] ]

m�?� Er�� �f� Er�m�E_rmr�c >�8 ?
��E_>� � 0n�g0
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iru ? � ��1 E| Oxvlq*v Wkhruhp +Kdoprv +4<:7,/ s1575,/ �f� lv doprvw frq0
wlqxrxv/ wkdw lv/ wkhuh h{lvwv d frpsdfw vhw � � 7 vxfk wkdw bE7q�� � 0 dqg
�f� lv frqwlqxrxv rq �1 Wkhuhiruh/ iurp wkh gh�qlwlrq ri zhdn frqyhujhqfh
dqg iurp wkh idfw wkdw 8 ?

�� frqyhujhv zhdno| wr 8 f
� / wkhuh h{lvwv d qxpehu

�2 vxfk wkdw

m
] ]

�f� Er��E_rmr�c >�E8 ?
��E_>�� 8 f

� E_>��m
� m

] ]
�
�f� Er��E_rmr�c >�E8 ?

��E_>�� 8 f

� E_>��mn

m
] ]

7.�
�f� Er��E_rmr�c >�E8 ?

��E_>�� 8 f

� E_>��m
� 0n�g0

iru doo ? � �21 Sxwwlqj wkh wzr lqhtxdolwlhv wrjhwkhu/ zh kdyh

m
] ]

�?� Er��E_rmr�c >�8 ?
��E_>��

] ]
�f� Er��E_rmr�c >�8 f

� E_>�m � 2E0n�g0�

iru ? � � ' 4@ i��c �2j1 Vlqfh 0 lv duelwudu|/ lw iroorzv wkdw Z?�� $ Zf� �U U
�f� Er��E_rmr�c >�8 f

� E_>� dv ? $ 4 iru erwk � ' fc �1

Wkh surri ri Ohppd ; lv lqwhqghg wr eh khxulvwlf udwkhu wkdq h!flhqw1 Lq
sduwlfxodu/ lw lv lqwhuhvwlqj wr vhh krz wzr ri wkh wkuhh sulqflsohv ri ixqfwlrqdo
dqdo|vlv/ Hjrur�*v wkhruhp dqg Oxvlq*v wkhruhp/ frph lqwr sod| lq wkh surri1
Qhhgohvv wr vd|/ wkh zkroh dujxphqw frxog eh uhsodfhg dv d vlqjoh frqwlqxlw|
dvvxpswlrq/ exw wkdw zrxog kdyh ehhq yhu| xqlooxplqdwlqj1

Vderxuldq +4<<3, vxppdul}hv klv fhqwudo whfkqlfdo surri dv iroorzv=

�Wkh surri lv edvhg rq

+d, vkrzlqj wkdw lq dq| �qlwh0sod|hu uhshdwhg jdph/ wkh pd{l0
pxp jdlq d sod|hu fdq pdnh/ lq dq| shulrg/ e| ghyldwlqj iurp dq|
Qdvk htxloleulxp sdwk ri wkh uhshdwhg jdph/ lv erxqghg deryh
e| d surgxfw whup frqvlvwlqj ri d �{hg qxpehu dqg wkh +phwulf,
glvwdqfh +zkhq wrwdo yduldwlrq qrup lv xvhg, ehwzhhq wkh glvwul0
exwlrq ri wkh udqgrp rxwfrph zkhq d ghyldwlrq wdnhv sodfh/ dqg
wkdw zkhq wkh ghyldwlrq grhv qrw wdnh sodfh>

+e, vkrzlqj wkdw dqrq|plw| dqg frqwlqxlw| lpso| wkdw wkh deryh
glvwdqfh ehwzhhq wkh wzr glvwulexwlrqv dssurdfkhv }hur dv wkh
qxpehu ri sod|huv ehfrphv odujh>
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+f, frqvwuxfwlqj d vhtxhqfh ri �qlwh sod|hu jdphv wkdw frqyhujh
wr d frqwlqxxp/ xvlqj Vnrurkrg*v hpehgglqj wkhruhp +riwhq xvhg
lq fruh wkhru|,1� +Vderxuldq +4<<3> ss1<80<9,,1

Ohppd ; fruuhvsrqgv wr sduwv +d, dqg +e, ri wklv surri vwudwhj|1 Zlwkrxw
jrlqj ixuwkhu wr fduu| rxw sduw +f,/ zh fdqqrw gh�qh d olplw jdph ru vd|
lq zkdw h{dfw vhqvh wkh Olplw Sulqflsoh krogv lq wklv iudphzrun1 Krzhyhu/
lw lv lqwxlwlyho| fohdu wkdw �lq wkh olplw� hdfk sod|hu zloo fkrrvh dq dfwlrq/
frqwlqjhqw rq dq| phpru| vwdwh r/ wkdw lv d ehvw uhvsrqvh lq wkh fxuuhqw vwdjh
jdph1 Lq wklv vhqvh/ zkdw zh vkrxog h{shfw wr revhuyh lv d sur�oh ri dfwlrqv
wkdw irupv d Qdvk htxloleulxp ri wkh vwdjh jdph dw hyhu| gdwh | dqg lq hyhu|
phpru| vwdwh r1 Wklv lpsolhv vhyhudo gl�huhqw ihdwxuhv ri wkh htxloleulxp +lq
wkh olplw, wkdw duh uhohydqw wr rxu hqtxlu|=

� Lq fkrrvlqj klv dfwlrq dw dq| gdwh | dqg lq dq| phpru| vwdwh r/ dq
djhqw grhv qrw wdnh lqwr dffrxqw wkh h�hfw wkdw klv dfwlrq pd| kdyh rq
wkh ixwxuh sod| ri wkh jdph1 Wklv lv ehfdxvh/ dv|pswrwlfdoo|/ klv dfwlrq
kdv d qhjoljleoh h�hfw rq wkh qh{w phpru| vwdwh dqg khqfh d qhjoljleoh
h�hfw rq wkh ixwxuh sod| ri wkh jdph1

� Dowkrxjk wkh htxloleulxp grhv qrw kdyh wkh Pdunry surshuw| +wkh
djhqwv* vwudwhjlhv ghshqg rq wkh hqwluh klvwru| ri sxeolf vljqdov dv zhoo/
srvvleo|/ dv wkhlu rzq dfwlrqv,/ lw grhv vkduh wkh fuxfldo ihdwxuh ri
Pdunry htxloleuld/ qdpho| wkdw sxqlvkphqw vwudwhjlhv edvhg rq dq lq0
glylgxdo sod|hu*v ghyldwlrq duh uxohg rxw1 Pdunry vwudwhjlhv uxoh rxw
sxqlvkphqw vwudwhjlhv e| suhyhqwlqj dq| ghshqghqfh rq phpru|> khuh
zh dfklhyh wkh vdph hqg e| uhvwulfwlqj wkh ghshqghqfh wr djjuhjdwh
vljqdov dqg pdnlqj vxuh wkdw wklv ghshqghqfh lv frqwlqxrxv dv dq lqgl0
ylgxdo sod|hu ehfrphv ydqlvklqjo| vpdoo1

� Wklv grhv qrw phdq/ krzhyhu/ wkdw wkh phpru| vwdwhv gr qrw pdwwhu1
Wkh phpru| vwdwhv fdq vhuyh dv d fruuhodwlrq ghylfh dqg udqgrp hyrox0
wlrq ri wkh phpru| vwdwhv/ lqghshqghqwo| ri wkh dfwlrqv ri wkh djhqwv/
fdq jhqhudwh �vxqvsrw skhqrphqd�1 Zkdw zh revhuyh ryhu wlph lv
htxlydohqw wr d fruuhodwhg htxloleulxp lq wkh vhqvh ri Dxpdqq +4<:7,1

Zkdw pljkw eh fdoohg wkh Frqwlqxlw| Sulqflsoh/ wkh surshuw| wkdw d vlqjoh
djhqw*v dfwlrq kdv d ydqlvklqjo| vpdoo h�hfw rq wkh sod| ri wkh jdph zkhq
wkh qxpehu ri djhqwv lv xqerxqghgo| odujh/ kdv ehhq mxvwl�hg e| lqwurgxflqj
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+d, d vpdoo dprxqw ri qrlvh dqg +e, d vx!flhqwo| vpdoo phpru| vsdfh1 Wkhvh
duh wkh nlqg ri dvvxpswlrqv wkdw zh qhhg iru wr mxvwli| wkh frqglwlrqv xvhg
lq Fkdswhu 41

51: Qrq0Dqrq|prxv Jdphv

Zkloh dqrq|plw| vhhpv d qdwxudo dvvxpswlrq lq wkh frqwh{w ri pdq| prghov
ri pdunhwv/ lw lv dovr uhvwulfwlyh1 Iluvw/ cdqrq|plw|* lv rqh ri wkh surshuwlhv
wkdw zh zrxog olnh wr rewdlq hqgrjhqrxvo| iurp d vwxg| ri wkh vwuxfwxuh ri wkh
pdunhw jdph/ udwkhu wkdq lpsrvlqj lw e| dvvxpswlrq rq wkh pdunhw jdph1
Vhfrqg/ dqrq|plw| dovr uhgxfhv wkh glphqvlrqdolw| ri wkh phpru| vsdfh e|
djjuhjdwlqj wkh dfwlrqv ri wkh djhqwv lqwr d glvwulexwlrq wkdw ghwhuplqhv wkh
hyroxwlrq ri wkh vwdwh ri wkh jdph1 H{sdqglqj wkh glphqvlrqdolw| ri wkh vwdwh
vsdfh pd| fkdqjh wkh uhvxowv1 D wklug uhvwulfwlrq ri wkh suhfhglqj dqdo|vlv
grhv qrw iroorz iurp dqrq|plw| shu vh/ exw lv dvvrfldwhg zlwk lw= lq rughu wr
ghulyh wkh olplw sulqflsoh zh kdyh wr dvvxph wkdw wkh wudqvlwlrq suredelolw|
lv xqlirupo| devroxwho| frqwlqxrxv1 Zkdw wklv phdqv lq pruh dffhvvleoh
whupv lv wkdw wkh qrlvh lqwurgxfhg lqwr phpru| ehfrphv odujh uhodwlyh wr wkh
vl}h ri dq lqglylgxdo djhqw*v lpsdfw rq wkh hfrqrp|1 Zkloh wklv grhv qrw
lpphgldwho| lpso| wkdw wkh lqglylgxdo djhqw*v dfwlrq lv qrw slyrwdo/ lw pljkw
eh vxvshfwhg ri kdylqj vrphwklqj wr gr zlwk lw1 Lq sduwlfxodu/ lw zrxog eh
lqwhuhvwlqj wr vhh zkhwkhu vpdoohu dprxqwv ri xqfhuwdlqw| zrxog gr wkh mre1

Lq wklv vhfwlrq/ dqrwkhu dssurdfk lv dgrswhg wr whvw wkh urexvwqhvv ri wkh
uhvxowv edvhg rq dqrq|prxv jdphv1 Wkh hvvhqwldo lghdv duh gudzq iurp d
uhodwhg sureohp lq wkh olwhudwxuh rq phfkdqlvp ghvljq dqg wkh surylvlrq ri
sxeolf jrrgv1

51:14 Frqwlqxlw| lq wkh Surylvlrq ri Sxeolf Jrrgv

Vxssrvh wkhuh duh ? lqglylgxdov � ' �c ���c ? lq d frppxqlw| zklfk kdv wr
ghflgh zkhwkhu wr xqghuwdnh d surmhfw wr surylgh d sxeolf jrrg1 Wkh surmhfw
lv lqglylvleoh/ vr zlwkrxw orvv ri jhqhudolw| zh fdq dvvxph wkdw wkh dprxqw
ri wkh sxeolf jrrg lv hlwkhu f ru �1 Suhihuhqfhv duh olqhdu lq prqh|1 Wkhq
zh fdq qrupdol}h wkh xwlolw| ixqfwlrq vr wkdw hdfk lqglylgxdo jhwv d sd|r� ri
� � R li wkh jrrg lv surylghg/ zkhuh � lv wkh ydoxh ri rqh xqlw ri wkh jrrg
dqg R lv wkh lqglylgxdo*v frqwulexwlrq wr wkh surylvlrq ri wkh sxeolf jrrg1 Li
wkh jrrg lv qrw surylghg/ hdfk lqglylgxdo uhfhlyhv d sd|r� ri f1
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Wkhuh duh wzr w|shv ri lqglylgxdov/ ghshqglqj rq wkh ydoxh dvvljqhg wr
wkh sxeolf jrrg1 Vrph jhw xwlolw| �M iurp wkh jrrg dqg vrph jhw xwlolw| �u/
zkhuh f 	 �u 	 �M 1 Lqglylgxdov duh h{ dqwh lghqwlfdo dqg kdyh lqghshqghqwo|
glvwulexwhg w|shv/ zlwk suredelolw| f 	 k 	 � wkdw wkh ydoxh ri wkh sxeolf
jrrg lv kljk1 Wkh wrwdo frvw ri wkh jrrg lv ?S/ zkhuh

�u 	 S 	 E�� k��u n k�M �

Lq rwkhu zrugv/ wkh dyhudjh frvw ri wkh sxeolf jrrg lv juhdwhu wkdq wkh orz
ydoxdwlrq/ vr dq djhqw zlwk d orz ydoxdwlrq zloo qrw zdqw wkh jrrg li kh kdv
wr sd| wkh dyhudjh frvw> exw wkh h{shfwhg ydoxh ri wkh jrrg wr d w|slfdo djhqw
lv juhdwhu wkdq wkh dyhudjh frvw/ vr h{ dqwh lw lv h!flhqw wr surylgh wkh jrg1

Zh dvvxph wkdw lqglylgxdov fdq rsw rxw ri wkh surmhfw= li wkh| duh dvnhg
wr frqwulexwh pruh wkdq wkh jrrg lv zruwk wr wkhp/ wkh| fdq uhixvh wr sdu0
wlflsdwh1

Ohw �� ghqrwh wkh ydoxdwlrq ri djhqw �/ ohw R� ghqrwh wkh frqwulexwlrq ri
djhqw �/ dqg ohw % ghqrwh wkh txdqwlw| ri wkh sxeolf jrrg surylghg1 D phfk0
dqlvp iru surylglqj wkh jrrg lv d ixqfwlrq wkdw pdsv d sur�oh ri phvvdjhv
E��c ���c �?� lqwr d ghflvlrq derxw wkh surylvlrq ri wkh jrrg % ' fc � dqg d
sur�oh ri frqwulexwlrqv ER�c ���c R?� vxfk wkdw

S?
�'� R� � %?S1 Wkh lqglylgxdo

udwlrqdolw| frqvwudlqw uhtxluhv wkdw �� � R� � f iru doo � zkhuh �� lv wkh df0
wxdo ydoxdwlrq ri djhqw �1 E| wkh Uhyhodwlrq Sulqflsoh +vhh/ h1j1/ P|huvrq
+4<<4,/ s1593, zh fdq uhvwulfw dwwhqwlrq wr wuxwk0whoolqj htxloleuld1 Wkh sure0
ohp idfhg e| wkh phfkdqlvp ghvljqhu lv wkdw/ jlyhq wkh lqglylgxdo udwlrqdolw|
frqvwudlqw/ lqglylgxdov duh olnho| wr zdqw wr plvuhsuhvhqw wkhlu suhihuhqfhv/
fodlplqj wr kdyh d orz ydoxdwlrq lq rughu wr eh dvvljqhg d orz frqwulexwlrq1
Zk| zrxog dq|rqh zrxog zdqw wr sduwlflsdwh lq wkh surylvlrq ri wkh sxeolf
jrrg li e| rswlqj rxw wkh| fdq dyrlg sd|lqj dq|wklqjB Wkh dqvzhu lv wkdw wkh
lqglylgxdo pd| uhjdug klpvhoi dv slyrwdo lq ghwhuplqlqj zkhwkhu wkh sxeolf
jrrg lv surylghg ru qrw1 Zh fdq vhh wklv srlqw wkurxjk d vlpsoh h{dpsoh1

Vxssrvh wkhuh duh rqo| wzr lqglylgxdov/ � ' �c 21 Li erwk kdyh orz ydox0
dwlrqv lw lv qrw zruwk surylglqj wkh jrrg> li erwk kdyh kljk ydoxdwlrqv lw lv
zruwk surylglqj wkh jrrg> dqg li rqh kdv d kljk ydoxdwlrq dqg rqh kdv d orz
ydoxdwlrq lw lv zruwk surylglqj wkh jrrg li

2S 	 �u n �M c

zklfk L dvvxph wr krog lq zkdw iroorzv1 Frqvlghu wkh iroorzlqj phfkdqlvp=
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� li erwk dqqrxqfh orz ydoxdwlrqv/ wkh jrrg lv qrw surylghg dqg qr frq0
wulexwlrqv duh sdlg>

� li erwk dqqrxqfh kljk ydoxdwlrqv/ wkh jrrg lv surylghg dqg erwk sd|
S 	 �M >

� li rqh dqqrxqfhv wkh kljk ydoxdwlrq dqg rqh dqqrxqfhv wkh orz ydox0
dwlrq/ wkh jrrg lv surylghg/ wkh djhqw zlwk wkh orz ydoxdwlrq sd|v �u
dqg wkh djhqw zlwk wkh kljk ydoxdwlrq sd|v 2S� �u1

E| pdnlqj wkh orz0ydoxdwlrq djhqw sd| wkh pd{lpxp frqvlvwhqw zlwk klv
lqglylgxdo udwlrqdolw| frqvwudlqw/ zh uhod{ wkh lqfhqwlyh frqvwudlqw rq wuxwk0
whoolqj dv pxfk dv srvvleoh1 Wklv phfkdqlvp lv fohduo| ihdvleoh/ lqglylgxdoo|
udwlrqdo/ dqg h!flhqw li djhqwv whoo wkh wuxwk1 Qrz frqvlghu wkh lqfhqwlyhv
iru wkh djhqwv wr whoo wkh wuxwk1

Li dq djhqw kdv wkh orz ydoxdwlrq/ lw fdqqrw eh lq klv lqwhuhvw wr uhsruw wkh
kljk ydoxdwlrq1 Dw ehvw wklv zloo udlvh klv frqwulexwlrq zlwkrxw fkdqjlqj wkh
surylvlrq ri wkh sxeolf jrrg> dw zruvw lw zloo udlvh klv frqwulexwlrq dqg fdxvh
lqh!flhqw surylvlrq ri wkh sxeolf jrrg1 Vr vxssrvh wkdw wkh djhqw kdv wkh
kljk ydoxdwlrq dqg frqvlghuv uhsruwlqj wkh orz ydoxdwlrq1 Li wkh rwkhu djhqw
dqqrxqfhv wkh kljk ydoxdwlrq/ uhsruwlqj wkh orz ydoxdwlrq grhv qrw fkdqjh
wkh surylvlrq exw uhgxfhv wkh frqwulexwlrq1 Li wkh rwkhu djhqw dqqrxqfhv wkh
orz ydoxdwlrq/ dqqrxqflqj wkh orz ydoxdwlrq hqvxuhv wkdw wkh jrrg lv qrw
surylghg/ dqg wklv uhgxfhv wkh djhqw*v sd|r�1 Vr wkhuh lv d wudghr� ehwzhhq
uhgxflqj rqh*v frqwulexwlrq dqg uhgxflqj wkh suredelolw| ri surylglqj wkh
jrrg1 Wkh djhqw nqrzv wkdw lq vrph vwdwhv kh lv slyrwdo lq ghwhuplqlqj wkh
surylvlrq ri wkh sxeolf jrrg dqg wklv glvflsolqhv klp djdlqvw plv0uhsruwlqj
klv ydoxdwlrq1

Wkh sd|r� iurp plv0uhsruwlqj zkqh wkh wuxh ydoxdwlrq lv �M lv

kE�M � �u�

dqg wkh sd|r� iurp wuxwk0whoolqj lv

�M � E�� k�E2S� �u�� kS�

Wkh lqfhqwlyh frqvwudlqw wkhq lv

kE�M � �u� � �M � E�� k�E2S� �u�� kS



67 FKDSWHU 51 FRQWLQXLW\ DQG DQRQ\PLW\

ru

E�� k��M n �u � E2� k�S�

Wklv frqvwudlqw lv vdwlv�hg li wkh vxusoxv lv kljk dqg wkh ydoxh ri k lv qrw wrr
kljk1 Iru h{dpsoh/ li k ' � wkhq wkh frqvwudlqw lv fohduo| lqfrpsdwleoh zlwk
wkh dvvxpswlrq wkdw �u 	 S1

Zkdw lv wuxh iru vpdoo qxpehuv ri djhqwv pd| qrw eh wuxh iru odujh qxp0
ehuv/ krzhyhu1 Dv wkh qxpehu ri sod|huv jhwv odujhu/ surylglqj wkh sxeolf
jrrg lv h!flhqw dv orqj dv wkh iudfwlrq ri djhqwv zlwk d kljk ydoxdwlrq lv dw
ohdvw k1 D vlqjoh djhqw*v vljqdo zloo qrw fkdqjh wkh glvwulexwlrq ri vljqdov
uhsruwhg yhu| pxfk dqg vr wkh fkdqfh ri wkh djhqw ehlqj slyrwdo vhhpv lqwx0
lwlyho| wr ehfrph vpdoo1 Zkhq wkh qxpehu ri djhqwv lv yhu| odujh/ wkh odz ri
odujh qxpehuv hqvxuhv wkdw wkh iudfwlrq ri djhqwv zlwk wkh kljk ydoxdwlrq zloo
eh yhu| forvh wr k zlwk kljk suredelolw|/ vr wkh jrrg zloo eh surgxfhg zlwk
suredelolw| forvh wr rqh li djhqwv whoo wkh wuxwk1 Wkh whpswdwlrq iru dq djhqw
zlwk d kljk ydoxdwlrq wr plv0uhsruw klv vljqdo ehfrphv yhu| vwurqj1 Lq idfw/ lw
lv hdv| wr vhh wkdw wkh sxeolf jrrg zloo qrw eh surylghg zlwk suredelolw| rqh
dv h!flhqf| uhtxluhv1 Eh|rqg wklv reylrxv vwdwhphqw/ krzhyhu/ lw lv kdug wr
vd| h{dfwo| zkdw zloo kdsshq1 Dv orqj dv dq djhqw wklqnv wkdw kh lv slyrwdo/
kh pd| kdyh dq lqfhqwlyh wr whoo wkh wuxwk1 Ixuwkhupruh/ iru dq| odujh exw
�qlwh qxpehu ?/ vrph djhqwv fdq eh slyrwdo1 Zkdw lv qrw reylrxv lv krz
pdq| djhqwv fdq eh pdgh slyrwdo dqg krz pxfk ri wkh sxeolf jrrg fdq eh
surylghg1

Wklv sureohp zdv vwxglhg e| Pdlodwk dqg Srvwohzdlwh +4<<3, zkr vkrzhg
wkdw dv wkh qxpehu ? ehfrphv xqerxqghgo| odujh/ wkh suredelolw| wkdw wkh
sxeolf jrrg lv surylghg frqyhujhv wr }hur iru dq| lqglylgxdoo| udwlrqdo dqg
lqfhqwlyh frpsdwleoh phfkdqlvp1 Wkh pdlq vwhs lq surylqj wklv uhvxow lv
d ohppd wkdw vkrzv wkdw/ dv ? jurzv xqerxqghgo| odujh/ doprvw doo djhqwv
ehfrph qrq0slyrwdo1 D sduwlfxoduo| hohjdqw surri ri wklv sulqflsoh lv frqwdlqhg
lq dq dsshqgl{ wr Pdlodwk dqg Srvwohzdlwh +4<<3, dqg lv dwwulexwhg e| wkhp
wr d uhihuhh ri wkh sdshu1 Lq zkdw iroorzv/ L dp jrlqj wr dgdsw wkh uhihuhh*v
dujxphqw wr d jdph0wkhruhwlf hqylurqphqw wr vkrz wkdw hyhq lq jdphv wkdw
duh qrw v|pphwulf +dqrq|prxv,/ wkh Frqwlqxlw| Sulqflsoh krogv iru doprvw
doo sod|huv dv wkh qxpehu ri sod|huv ehfrphv xqerxqghgo| odujh1
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51:15 Wkh Uhihuhh*v Ohppd

Vxssrvh wkdw wkhuh lv d frxqwdeoh vhtxhqfh ri sod|huv � ' �c 2c ��� dqg wkdw
hdfk sod|hu kdv d �qlwh dfwlrq vhw f�1 Iru dq| ? zh gh�qh wkh jdph K?

wr frqvlvw ri wkh �uvw ? sod|huv � ' �c ���c ?1 Zlwkrxw wkh dvvxpswlrq ri
dqrq|plw|/ wkh sd|r� ixqfwlrq ri d jlyhq sod|hu fkdqjhv dv wkh qxpehu ri
sod|huv ydulhv1 Ohw �?� eh d uhdo ydoxhg ixqfwlrq gh�qhg rqf? � f�� ����f?

dqg ohw �? � E�?� c ���c �
?
?� eh wkh sd|r� ixqfwlrq iru K?1

Dv ehiruh/ wkh sd|r� iurp wkh frqwlqxdwlrq jdph lv uhsuhvhqwhg e| wkh
sd|r� ixqfwlrqv �?� G 7 $ + iru hyhu| � � ? dqg ? ' �c 2c ���1

Wkh hyroxwlrq ri wkh vwdwh lv ghwhuplqhg e| wkh wudqvlwlrq suredelolw|
ixqfwlrq �? G f? $ {E7�/ zkhuh uhihuhqfh wr wkh lqlwldo vwdwh lv vxssuhvvhg
ehfdxvh lw lv khog �{hg lq zkdw iroorzv1 Zh dvvxph wkdw 7 lv +frqwdlqhg lq,
d Edqdfk vsdfh1 +Vhh Ur|ghq +4<;;,/ s154:,1

Iru hdfk ? wkh htxloleulxp vwudwhjlhv kdyh wkh glvwulexwlrq 8 ? 5 {Ef?�1
Qrz frqvlghu d vhtxhqfh ri jdphv dqg wkh fruuhvsrqglqj htxloleuld vdw0

lvi|lqj wkh iroorzlqj frqglwlrqv=

� �?� lv d phdvxudeoh ixqfwlrq dqg iru hdfk �/ wkh srlqwzlvh olplw *�4?<" �?� '
�f� lv d phdvxudeoh ixqfwlrq>

� iru hdfk ? wkh ixqfwlrq �? lv frqwlqxrxv zkhq {E7� lv hqgrzhg zlwk
wkh wrsrorj| ri zhdn frqyhujhqfh> ixuwkhupruh/ *�4?<" �? ' �f lq wkh
vhqvh wkdw iru dq| vhtxhqfh i%?j frqyhujlqj wr %f/ �?E%?� frqyhujhv
zhdno| wr �fE%f�>

� wkhuh h{lvwv d glvwulexwlrq 8 f rq ff ' f� � f2 � ��� vxfk wkdw wkh
pdujlqdo glvwulexwlrqv ri 8 ? frqyhujh wr wkh pdujlqdo glvwulexwlrqv ri
8 f1

Rxu lqwhuhvw lv �uvw zlwk wkh olplwlqj �htxloleulxp� uhsuhvhqwhg e| 8 f1 Wkh
lqghshqghqfh ri wkh vwudwhjlhv xvhg e| wkh sod|huv lpsolhv wkdw iru hdfk ?

8 ? ' �?
�'�8

?
�

vr lq wkh olplw zh kdyh
8 f ' �"

�'�8
f
� c

zkhuh zh fdq lqwhusuhw wkh pdujlqdo glvwulexwlrq 8 f
� dv wkh glvwulexwlrq ri

sod|hu �*v pl{hg vwudwhj|1 Ohw ElcEEl�c � � eh d suredelolw| phdvxuh vsdfh
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dqg iru hdfk � ohw %� eh d udqgrp yduldeoh gh�qhg rq ElcEEl�c � � zlwk ydoxhv
lq f� dqg zlwk pdujlqdo glvwulexwlrq 8 f

� 1 Vlploduo|/ ohw + eh wkh udqgrp
yduldeoh rq ElcEEl�c � � zlwk ydoxhv lq 7 dqg kdylqj d glvwulexwlrq jlyhq e|
�f � 8 f1 Wkhq gh�qh wkh udqgrp yduldeoh +� wr eh wkh h{shfwdwlrq ri wkh
vwdwh + frqglwlrqdo rq sod|hu �*v pl{hg vwudwhj| %�=

+� ' .d+m%�o
dqg qrupdol}h wkh udqgrp yduldeohv +� e| sxwwlqj

7+� '
+�

.dE+��2o

vr wkdw .dE7+��
2o ' � dqg .d+�o ' .d+o1 Zlwkrxw orvv ri jhqhudolw| zh fdq

qrupdol}h + vr wkdw .d+o ' f lq zkdw iroorzv vr wkdw .d+�o ' f iru hdfk �1
Qrz/ lw lv lpsruwdqw iru zkdw zh duh jrlqj wr gr wkdw hdfk ri wkh udqgrp

yduldeohv +� eh glvwlqfw1 Iru wklv wr eh wuxh/ wkh udqgrp yduldeohv pxvw eh
qrq0ghjhqhudwh1 Wkhuh duh wzr zd|v wkdw wklv pd| kdsshq1 Iluvw/ li %� lv
ghjhqhudwh wkhq/ ri frxuvh/ +� zloo eh ghjhqhudwh wrr1 Vr zh pxvw dvvxph
wkdw %� lv qrw ghjhqhudwh1 Krzhyhu/ hyhq li %� lv qrq0ghjhqhudwh lw pd| vwloo
eh wkh fdvh wkdw +� ' f li %� grhv qrw lq xhqfh +1 Krzhyhu/ vlqfh zh zdqw wr
suryh wkdw %� kdv qr lq xhqfh rq +/ wkhuh lv qr orvv ri jhqhudolw| lq dvvxplqj
wkdw wklv fdvh grhv qrw dulvh1 Htxlydohqwo|/ glvuhjdug wkh djhqwv iru zkrp
wklv lv wuxh1 Vr wkh fulwlfdo dvvxpswlrq lv wkdw %� lv qrq0ghjhqhudwh/ l1h1/ qrw
d sxuh vwudwhj|1

Lw lv hdv| wr vhh zk| sxuh vwudwhjlhv qhhg wr eh uxohg rxw1 Vxssrvh wkdw

f� ' ifc �jc;�c
7 ' ifc �jc

�fE%� ' 4@ 
�

i%�jc;% 5 f"

dqg
�f� Er� ' �r�

iru vrph odujh qxpehu� 1 Wkhq lw zloo eh hdv| wr vxssruw wkh fkrlfh ri %W� ' f
iru doo � e| fkrrvlqj � vx!flhqwo| odujh1 Dq| ghyldwlrq iurp %W� ' f e| d
vlqjoh sod|hu zloo vxemhfw wkh sod|hu wr d odujh sxqlvkphqw wkdw r�vhwv dq|
vkruw uxq jdlq1 Ghvslwh wkh idfw wkdw wkhuh lv dq xqerxqghgo| odujh qxpehu
ri sod|huv/ hdfk sod|hu uhjdugv klpvhoi dv slyrwdo dqg lw lv wklv shufhswlrq
wkdw vxssruwv wkh fkrlfh ri %W� ' f dv dq htxloleulxp1
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Qrwh wkdw hyhq d vpdoo dprxqw ri xqfhuwdlqw| zloo xsvhw wklv htxloleulxp1
Iru h{dpsoh/ vxssrvh wkdw zh dsshdo wr wkh �wuhpeolqj kdqg� dujxphqw
ri Vhowhq +4<:8, wr whvw wkh urexvwqhvv ri wklv htxloleulxp1 Zh lqwurgxfh
d vpdoo �wuhpeoh� e| uhtxlulqj hdfk djhqw wr sodfh d suredelolw| zhljkw ri
dw ohdvw 0 : f rq hdfk sxuh vwudwhj|1 Krzhyhu vpdoo 0 lv/ wkh qxpehu ri
djhqwv fkrrvlqj %� ' � zloo eh lq�qlwh zlwk suredelolw| rqh1 Wr pdnh hdfk
sod|hu slyrwdo lq wklv zd| uhtxluhv hdfk sod|hu wr eh vwdqglqj rq wkh hgjh
ri d suhflslfh vr wkdw d vpdoo dprxqw ri xqfhuwdlqw| zloo sxvk vrph ri wkhp
ryhu1 Olnhzlvh/ li sod|huv fkrrvh d pl{hg vwudwhj|/ wkhq 4@ i%�j ' � zlwk
suredelolw| rqh vr djdlq wkh dfwlrq ri dq lqglylgxdo sod|hu kdv qr h�hfw1

Qrwh dovr wkdw lq d dqrq|prxv jdph lw lv rqo| wkh glvwulexwlrq ri wkh
sod|huv* dfwlrqv wkdw frxqwv dqg wkh h�hfw ri wkh wuhpeolqj kdqg glvdsshduv lq
wkh olplw1 Wkh iudfwlrq ri djhqwv fkrrvlqj hdfk vwudwhj| zloo eh doprvw vxuho|
frqvwdqw e| wkh vwurqj odz ri odujh qxpehuv1 Vr wkh xqfhuwdlqw| lqwurgxfhg
e| wkh wuhpeolqj kdqg zrxog qrw kdyh ehhq vx!flhqw wr surgxfh wkh ghvluhg
uhvxow lq wkh suhfhglqj vhfwlrq1 Krzhyhu/ lw lv vx!flhqw lq zkdw iroorzv1 L
dvvxph wkhuhiruh wkdw iru vrph 0 : f dqg doo � wkh suredelolw| sodfhg rq hdfk
vwudwhj| e| 8 f

� lv dw ohdvw 0=

� d%� ' 1o � 0c;1 5 f��

Vlqfh wkh vwudwhj| ri sod|hu � sxwv srvlwlyh suredelolw| rq hdfk dfwlrq +sxuh
vwudwhj|,/ wkhuh lv d zhoo gh�qhg h{shfwdwlrq ri wkh vwdwh frqglwlrqdo rq dq|
fkrlfh ri dfwlrq e| sod|hu �1 Wklv doorzv xv wr vhh wkh h�hfw wkdw dq| fkrlfh
ri dfwlrq e| sod|hu � zrxog kdyh rq wkh frqwlqxdwlrq sd|r� dqg ghwhuplqh
zkhwkhu sod|hu � lv slyrwdo ru qrw1

Vlqfh wkh udqgrp yduldeohv %� duh lqghshqghqw/ wkh udqgrp yduldeohv +�
duh dovr1 Li zh dvvxph wkdw +� lv qrq0ghjhqhudwh/ l1h1/ qrw lghqwlfdoo| f/ wkhq
lw iroorzv wkdw doo wkh hohphqwv ri i7+�j duh glvwlqfw1

Frqvlghu wkh udqgrp yduldeohv i7+�j dqg + dv hohphqwv ri u2EElcEEl�c � �c 7�/
wkdw lv/ wkh olqhdu vsdfh ri vtxduh lqwhjudeoh ixqfwlrqv iurp ElcEEl�c � � wr
71 +Wkh pdwkhpdwlfdo edvlv iru wkh iroorzlqj lv irxqg lq Ur|ghq +4<<;,/
s1578 hw vht1,1 Zlwk wkh lqqhu surgxfw gh�qhg e|

% � + '
]
%+_�c

u2 lv d Kloehuw vsdfh dqg i7+�j lv dq ruwkrqrupdo v|vwhp/ wkdw lv/ wkh hohphqwv
duh ruwkrjrqdo

7+� � 7+� ' f iru doo � 9' �(
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wkh| duh glvwlqfw
+� 9' +� iru doo � 9' �(

dqg wkh| kdyh xqlw qrupv

n7+�n �
]
E7+��

2_� ' � iru doo �1

Gh�qh wkh Irxulhu frh!flhqwv i@�j e| sxwwlqj

@� ' .d+7+�o

iru hdfk �1 Wkhq Ehvvhoo*v Lqhtxdolw| +Ur|ghq +4<;3,/ s1579, whoov xv wkdw

"[
�'�

@2� � n+n ' .d+2o 	 4�

Lq rwkhu zrugv/ @� $ f dv � $ 41 Wklv phdqv wkdw iru dq| 0 : f/ m@�m 	 0
iru doo h{fhsw d �qlwh qxpehu ri sod|huv �1 Qrz @� phdvxuhv wkh lpsdfw ri %�
rq wkh phpru| vwdwh +1 Pruh suhflvho|/ @� phdvxuhv wkh fruuhodwlrq ehwzhhq
wkh vwdwh + dqg wkh frqglwlrqdo h{shfwdwlrq ri wkh vwdwh +�1 Zkhq @� lv vpdoo/
wkh dfwlrq fkrvhq e| djhqw � kdv olwwoh ydoxh lq suhglfwlqj wkh rxwfrph +1

D pruh jhqhudo wuhdwphqw ri wkh wkhvh sureohpv kdv ehhq surylghg e|
Ohkuhu dqg Qhhpdq +4<<;, dqg Do0Qdmmdu dqg Vprurglqvn| +4<<;d, lq wkh
frqwh{w ri phfkdqlvp ghvljq sureohpv1 Do0Qdmmdu dqg Vprurglqvn| +4<<;e,
kdyh h{whqghg wkh hduolhu uhvxowv ri Juhhq +4<;3, dqg Vderxuldq +4<<3, wr
doorz iru jdphv lq zklkfk wkh djjuhjdwh rxwfrph lv qrw qhfhvvdulo| dq dqrq|0
prxv ixqfwlrq ri sod|huv* dfwlrqv dqg zkhuh sod|huv vwudwhjlh pd| ghshqg
qrq0dqrq|prxvo| rq vljqdov ri rwkhu sod|huv* dfwlrqv1

51:16 Slyrwdo Sod|huv lq Jdphv

Vshdnlqj orrvho|/ wkh Uhihuhh*v Wkhruhp whoov xv wkdw doo exw d �qlwh qxpehu
ri djhqwv zloo kdyh olwwoh h�hfw rq wkh rxwfrph ri wkh jdph/ vr doprvw hyhu|
sod|hu zloo eh fkrrvlqj dq dfwlrq wkdw pd{lpl}hv klv sd|r� lq wkh vwdjh
jdph/ lqghshqghqwo| ri zkdw kdsshqv lq wkh frqwlqxdwlrq jdph1 Wklv lv d
yhu| srzhuixo dqg jhqhudo uhvxow/ exw lw lv lpsruwdqw wr vhh zkdw lw grhv dqg
grhv qrw phdq1 Wkh iroorzlqj h{dpsoh zloo eh xvhixo1

Frqvlghu wkh iroorzlqj wzr vwdjh jdph1 Wkhuh lv d odujh exw �qlwh qxpehu
ri vhoohuv 7 dqg d odujh exw �qlwh qxpehu ri ex|huv � : 71 Hyhu| vhoohu kdv
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rqh xqlw ri dq lqglylvleoh jrrg/ zkrvh ydoxh wr wkh vhoohu lv }hur/ dqg hyhu|
ex|hu zdqwv wr sxufkdvh rqh xqlw ri wkh jrrg/ zkrvh ydoxh wr wkh ex|hu lv
rqh1 Doo djhqwv kdyh txdvl0olqhdu xwlolw| ixqfwlrqv1 Lq wkh �uvw vwdjh ri wkh
jdph/ wkh ex|huv dqg vhoohuv duh udqgrpo| pdwfkhg dqg wkh vhoohu pdnhv d
sursrvdo wr wkh ex|hu +xqpdwfkhg ex|huv pxvw uhpdlq sdvvlyh,1 Wkh vhoohu
fdq r�hu rqh ri wzr sulfhv f 	 Ru 	 RM 	 �1 Wkh ex|hu dffhswv ru uhmhfwv
wkh r�hu1 Li wkh r�hu lv dffhswhg/ wkh wudgh lv fduulhg rxw dw wkh sursrvhg
sulfh> wkh ex|hu jhwv d sd|r� ri �� R dqg wkh vhoohu jhwv d sd|r� ri R1 Wkh
djhqwv zkr kdyh wudghg ohdyh wkh jdph dqg wdnh qr ixuwkhu sduw1 Wkh uhvw ri
wkh sod|huv/ zkhwkhu wkh| zhuh pdwfkhg ru qrw/ surfhhg wr wkh vhfrqg vwdjh
ri wkh jdph1 Dw wkh vhfrqg vwdjh/ wkh pdwfklqj ri wkh uhpdlqlqj ex|huv dqg
vhoohuv dqg wkh sulfhv dw zklfk wkh jrrgv duh h{fkdqjhg ehwzhhq hdfk sdlu duh
ghwhuplqhg e| dq h{rjhqrxv phfkdqlvp1 Djdlq/ li d ex|hu dqg vhoohu wudgh
wkh jrrg dw wkh sulfh R/ wkh ex|hu*v sd|r� lv �� R dqg wkh vhoohu*v sd|r� lv
R1 Djhqwv zkr gr qrw wudgh jhw f1

Wkh phfkdqlvp wkdw frphv lqwr sod| dw wkh vhfrqg vwdjh lv/ ri frxuvh/
lqwhqghg wr uhsuhvhqw wkh frqwlqxdwlrq ri wkh jdph zlwkrxw iruflqj xv wr
dqdo|}h d +srwhqwldoo|, lq�qlwh0krul}rq jdph1 E| fkrrvlqj dq dssursuldwh
phfkdqlvp dw wkh vhfrqg vwdjh/ zh fdq hdvlo| pdqlsxodwh wkh djhqwv* sd|r�v
lq dq| zd| zh olnh1 Vxssrvh/ iru h{dpsoh/ wkdw zh zdqwhg wkh jrrgv wr wudgh
dw wkh sulfh Ru1 Li d vhoohu ghpdqgv d sulfh RM wkhq wkh ex|hu uhmhfwv dqg
qh{w shulrg jhwv wkh jrrg dw d sulfh ri }hur1 Li wkh vhoohu ghpdqgv Ru dqg wkh
ex|hu uhmhfwv/ wkhq wkh ex|hu jhwv wkh jrrg lq wkh qh{w shulrg iru d sulfh ri
rqh1 Lq wkh vdph zd|/ zh frxog vxssruw dq| pl{wxuh ri kljk dqg orz sulfhv
e| dssursuldwho| sxqlvklqj lqglylgxdo ex|huv dqg vhoohuv iru wkhlu ghyldwlrqv
dw wkh �uvw vwdjh1 Lw grhv qrw pdwwhu krz pdq| djhqwv wkhuh duh lq wkh jdph/
hdfk djhqw shufhlyhv wkdw klv dfwlrqv duh jrlqj wr kdyh d pdunhg h�hfw rq wkh
ixwxuh ri wkh jdph1 Lq zkdw zd|v grhv wklv h{dpsoh ylrodwh wkh frqglwlrqv
ri wkh Uhihuhh*v WkhruhpB

Iluvw ri doo/ zh kdyh rqo| frqvlghuhg sxuh vwudwhjlhv/ zkhuhdv wkh Uhihu0
hh*v Wkhruhp uhtxluhv xv wr kdyh frpsohwho| pl{hg vwudwhjlhv1 Wkh h{dpsoh
lv hdvlo| dgdswhg wr doorz iru pl{wxuhv e| lqwurgxflqj d wuhpeolqj kdqg1
Vxssrvh wkdw zlwk suredelolw| 0 wkh sulfh r�huhg lv wkh rssrvlwh ri wkh rqh
fkrvhq e| wkh vhoohu1 Iru 0 : f vpdoo hqrxjk/ wklv zloo kdyh qr h�hfw rq wkh
htxloleulxp ghvfulehg deryh1 Li wkh wuhpeolqj kdqg irufhv wkh vhoohu wr r�hu
wkh zurqj sulfh/ kh zloo eh sxqlvkhg dw wkh vhfrqg gdwh/ exw wklv zloo qrw
dowhu klv ehvw uhvsrqvh ehfdxvh wkh suredelolw| ri sxqlvkphqw lv vpdoo dqg
h{rjhqrxv1 Vlploduo|/ li wkhuh lv d vpdoo suredelolw| wkdw wkh ex|hu zloo dffhsw
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zkhq kh vkrxog uhmhfw ru uhmhfw zkhq kh vkrxog dffhsw/ wkdw zloo qrw fkdqjh
wkh vhoohu*v ehvw uhvsrqvh li wkh suredelolw| ri wkh wuhpeoh lv vx!flhqwo| vpdoo1
Vr wkh devhqfh ri pl{hg vwudwhjlhv grhv qrw e| lwvhoi h{sodlq wkh h{lvwhqfh ri
pxowlsoh htxloleuld khuh1

Wkh vhfrqg srlqw wr qrwh lv wkdw wkh vsdfh ri rxwfrphv iurp wkh �uvw vwdjh
ri wkh jdph lqfoxghv/ iru hdfk sdlu frqvlvwlqj ri d ex|hu dqg d vhoohu/ wkh sulfh
r�huhg dqg wkh uhvsrqvh1 Wkh glphqvlrq ri wkh phpru| vsdfh uhtxluhg wr
ghvfuleh wklv rxwfrph lv sursruwlrqdo wr wkh qxpehu ri djhqwv1 Dv wkh qxpehu
ri djhqwv lqfuhdvhv/ wkh glphqvlrq ri wkh phpru| vsdfh lqfuhdvhv1 Zlwk pruh
ex|huv dqg vhoohuv/ wkhuh duh pruh jrrgv wr wudgh/ pruh sulfhv wr fkrrvh/ dqg
pruh sd|r�v wr ghwhuplqh1 Lq wkh iudphzrun xvhg wr ghvfuleh wkh Uhihuhh*v
Wkhruhp/ wkhuh lv d �{hg phpru| vsdfh1 Dv wkh qxpehu ri djhqwv lqfuhdvhv/
wkh glphqvlrq ri wkh vsdfh ri dfwlrq sur�ohv lqfuhdvhv/ exw wkh udqjh ri wkh
ixqfwlrq wkdw pdsv dfwlrq sur�ohv lqwr phpru| vwdwhv ru rxwfrphv uhpdlqv
wkh vdph1 Vr d odujhu dqg odujhu dfwlrq vsdfh lv ehlqj pdsshg lqwr d �{hg
phpru| vsdfh1 Wr gr wklv lq d uhdvrqdeo| rughuo| zd|/ rqh kdv wr ljqruh
prvw ri wkh lqirupdwlrq lq wkh odujhu vsdfh/ wkdw lv/ prvw ri wkh frpsrqhqwv
ri wkh dfwlrq sur�oh gr qrw pdwwhu yhu| pxfk lq ghwhuplqlqj wkh rxwfrph1

Lq d sxeolf jrrg surylvlrq sureohp/ wkh rxwfrph wkdw djhqwv fduh derxw/
wkh surylvlrq ri wkh sxeolf jrrg/ grhv qrw fkdqjh dv wkh qxpehu ri djhqwv
lqfuhdvhv1 Vr lw lv qdwxudo wr zrun zlwk d �{hg rxwfrph vsdfh1 Wklv lv qrw
wuxh lq d pdunhw zlwk sulydwh jrrgv/ zkhuh wkh glphqvlrq ri wkh doorfdwlrq
lqfuhdvhv zlwk wkh qxpehu ri djhqwv1 Lq wkh edujdlqlqj jdph deryh/ wzr
wklqjv duh kdsshqlqj dv wkh qxpehu ri ex|huv dqg vhoohuv lqfuhdvhv1 Iluvw/
wkh glphqvlrq ri wkh phpru| vsdfh lqfuhdvhv/ doorzlqj wkh dfwlrqv ri pruh
djhqwv wr eh uhfrughg lq wkh phpru| vwdwh1 Vhfrqgo|/ wkh sduw ri wkh phpru|
vwdwh wkdw d vlqjoh djhqw fduhv derxw lv jhwwlqj vpdoohu uhodwlyh wr wkh rxwfrph
ru phpru| vwdwh1 D w|slfdo ex|hu/ iru h{dpsoh/ grhv qrw fduh derxw wkh
hqwluh doorfdwlrq> kh rqo| fduhv derxw jhwwlqj rqh xqlw ri wkh jrrg iru klpvhoi
dqg wkh sulfh kh kdv wr sd| iru lw1 Dq lqglylgxdo djhqw*v dfwlrq kdv olwwoh
h�hfw rq wkh rxwfrph ri wkh �uvw vwdjh/ lq wkh vhqvh wkdw klv wudgh dqg wkh
fruuhvsrqglqj sulfh duh d qhjoljleoh sduw ri wkh uhvxowlqj ghvfulswlrq lq wkh
phpru| vwdwh> exw wkh djhqw*v dfwlrq kdv d elj h�hfw rq klv sd|r� lq wkh
frqwlqxdwlrq jdph1 Wklv lv zk| wkh vhoohu grhv qrw pd{lpl}h klv vkruw0whup
sd|r� lq wkh h{dpsoh1

Wr uxoh rxw wklv nlqg ri htxloleulxp/ lq zklfk d vhoohu*v �uvw0vwdjh dfwlrq
kdv d odujh h�hfw rq klv vhfrqg0vwdjh sd|r�/ lw lv qrw hqrxjk wr krog wkh
phpru| vsdfh frqvwdqw dv wkh qxpehu ri djhqwv lqfuhdvhv1 Rqh frxog dozd|v
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dfklhyh wkh vdph h�hfw e| dvvxplqj wkh phpru| vsdfh 7 lv vr odujh wkdw lw
dffrpprgdwhv d frpsohwh ghvfulswlrq ri wkh �uvw vwdjh rxwfrph iru dq| qxp0
ehu ri sod|huv1 Vr lq dgglwlrq rqh qhhgv wr dvvxph wkdw 7 lv qrw �wrr odujh�
dqg wkdw lq wxuq uhtxluhv vrph vwuxfwxuh lq whupv ri wkh frqwlqxlw| surshuwlhv
ri wkh sd|r�v �f� dqg wkh wrsrorj| rq 71 Rqh qhhgv erwk wkh dvvxpswlrq wkdw
d vlqjoh djhqw*v dfwlrq kdv d vpdoo h�hfw rq r dqg wkh dvvxpswlrq wkdw d vpdoo
fkdqjh lq r kdv d odujh h�hfw rq �f� 1 Wkh vhfrqg dvvxpswlrq lv ylrodwhg lq wkh
h{dpsoh/ ehfdxvh wkh dfwlrq ri wkh vhoohu kdv d vpdoo h�hfw rq wkh vwdwh exw d
odujh h�hfw rq �f� 1 Wr uxoh wklv rxw/ zh frxog dvvxph wkdw wkh sd|r� ixqfwlrqv
i�f� j duh lq vrph vhqvh htxl0frqwlqxrxv1 Wklv djdlq lv d irup ri dqrq|plw|/ d
uhvwulfwlrq rq wkh h{whqw wr zklfk lqglylgxdo dfwlrqv fdq eh uhphpehuhg dqg
xvhg wr frqglwlrq wkh ixwxuh sd|r�v ri lqglylgxdo djhqwv1 Lq wkh hqg zh duh
dvvxplqj wkdw dq djhqw*v ixwxuh sd|r� lv ghshqghqw rq dq djjuhjdwh vwdwh
zklfk wkh djhqw*v fxuuhqw dfwlrq fdq rqo| h�hfw pdujlqdoo|1

Zkdw wklv h{dpsoh pdnhv fohdu lv wkdw/ hyhq lq d qrq0dqrq|prxv jdph/
vrph irup ri wkh dqrq|plw| dvvxpswlrq lv uhtxluhg1



Fkdswhu 6

Erxqghg Udwlrqdolw|

Lq wkh suhylrxv fkdswhu/ zh dsshdohg wr d ydulhw| ri qrwlrqv ri erxqghg udwlr0
qdolw| dqg vlpsolflw| wr wu| wr mxvwli| wkh vshfldo dvvxpswlrqv qhhghg iru wkh
frpshwlwlyh olplw wkhruhp lq Fkdswhu 41 Wkhvh lqfoxghg wkh Pdunry Surs0
huw| ri htxloleuld xvhg wr fkdudfwhul}h wkh htxloleuld ri �qlwh hfrqrplhv dqg
wkh Frqwlqxlw| Sulqflsoh lpsrvhg rq wkh frpshwlwlyh vhtxhqfhv ri htxloleuld1

Li zh wdnh wkh lghd ri erxqghg udwlrqdolw| vhulrxvo|/ krzhyhu/ wkh frp0
soh{lw| ri wkhvh jdphv lv vwloo yhu| ghpdqglqj1 Ixuwkhupruh/ wkh dvvxpswlrq
wkdw wkh djhqwv nqrz qrw rqo| wkhlu rzq htxloleulxp vwudwhjlhv exw wkrvh ri
wkh rwkhu djhqwv/ lv yhu| ghpdqglqj1 Zkhuh gr wkh| jhw wklv lqirupdwlrqB
Vrphwlphv wkh frpprq nqrzohgjh ri htxloleulxp vwudwhjlhv lv lqwhusuhwhg dv
wkh rxwfrph ri d surfhvv ri lqwurvshfwlyh uhdvrqlqj +Elqpruh +4<<3, fdoov wklv
hgxfwlyh uhdvrqlqj,1 Vrphwlphv lw lv wuhdwhg dv wkh rxwfrph ri d surfhvv ri
ohduqlqj e| wuldo dqg huuru1 Fohduo|/ wkh hgxfwlyh dssurdfk grhv qrw uhgxfh
wkh frpsxwdwlrqdo delolw| uhtxluhg ri wkh djhqwv1 Wkh wuldo0dqg0huuru ds0
surdfk pd| gr vr1 Dgdswlyh/ uxoh0ri0wkxpe ehkdylru lv ohvv ghpdqglqj erwk
lqirupdwlrqdoo| dqg frpsxwdwlrqdoo|1 Li lw ohdgv wr htxloleulxp ehkdylru/ lw
pd| surylgh vrph vxssruw iru wkh qrwlrq wkdw erxqghgo| udwlrqdo lqglylgxdov
fdq dftxluh vwudwhjlhv wkdw duh forvh wr htxloleulxp vwudwhjlhv1

Lq wklv fkdswhu/ L suhvhqw dq h{dpsoh ri wklv nlqg ri uxoh0ri0wkxpe ru
dgdswlyh ehkdylru wkdw ohdgv qrw yhu| euljkw djhqwv wr d frpshwlwlyh htxlole0
ulxp1 Wkhuh duh pdq| h{dpsohv ri uxoh0ri0wkxpe ru dgdswlyh ehkdylru lq wkh
hfrqrplfv olwhudwxuh dqg lw lv qrw p| lqwhqwlrq wr uhylhz wkhp doo khuh> d ihz
uhohydqw sdshuv duh phqwlrqhg lq wkh qh{w vhfwlrq1 Rqh ri wkh sureohpv zlwk
wklv nlqg ri prgho ri erxqghgo| udwlrqdo ehkdylru lv wkdw wkhuh duh vr pdq|
srvvlelolwlhv dqg vr ihz dffhswhg prgholqj sulqflsohv1 Wklv lv zk| wkh fkdujh

4
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ri �dg krfhu|� lv vr riwhq dqg vr mxvwl�deo| dlphg dw wklv nlqg ri wkhrul}lqj1
Wkhuh lv qr d sulrul ghihqvh djdlqvw wkhvh fkdujhv= wkh surri ri wkh sxgglqj
lv lq wkh hdwlqj1 Li wklv dwwhpsw surylghv vrph lqvljkw ru vrph vxusulvhv/ wkhq
lw pd| qrw kdyh ehhq d zdvwh ri wlph1

614 Lplwdwlrq dqg H{shulphqwdwlrq

Wkh prgho wkdw lv wkh irfxv ri wklv fkdswhu lv edvhg rq lghdv wkdw zhuh �uvw
h{soruhg lq d sdshu L zurwh zlwk Urehuw Urvhqwkdo1 Ehiruh ghvfulelqj wkh
prgho/ L ehjlq zlwk d eulhi vxppdu| ri wkh prgho dqg uhvxowv iurp Jdoh dqg
Urvhqwkdo +4<<;,/ khuhdiwhu uhihuuhg wr dv JU1 JU vwxglhv wkh �ohduqlqj�
ehkdylru ri erxqghgo| udwlrqdo djhqwv zkr sod| d vwudwhjlf jdph uhshdwhgo|
ryhu wlph1 Wkh eurdg remhfwlyh ri wklv olqh ri uhvhdufk lv wr vhh zkhwkhu
erxqghgo| udwlrqdo djhqwv fdq ohduq wr sod| wkh htxloleulxp vwudwhjlhv ri wkh
jdph1 Wkh dqvzhu wr wklv txhvwlrq wxuqv rxw wr eh frpsoh{ dqg vxewoh1 Pxfk
ri wkh lqwhuhvw ri wkh sdshu olhv lq wkh frpsoh{ g|qdplfv wkdw duh jhqhudwhg
e| dssduhqwo| vlpsoh ehkdylrudo uxohv1

Wkh JU prgho fdq eh vhhq dv dq dssolfdwlrq ri erxqghg udwlrqdolw| wr
vrfldo ohduqlqj1 Wkh surfhvv ri ohduqlqj wr sod| wklv jdph lv �vrfldo� lq wzr
vhqvhv1 Iluvw/ ehfdxvh ri vwudwhjlf lqwhudfwlrq wkurxjk wkh jdph/ rqh djhqw*v
ohduqlqj +dgdswdwlrq, d�hfwv wkh ohduqlqj ri wkh rwkhuv1 Vhfrqgo|/ djhqwv fdq
ohduq iurp hdfk rwkhu e| lplwdwlqj wkh ehkdylru wkdw wkh| revhuyh lq wkh uhvw
ri wkh srsxodwlrq1

Wkh vrfldo dvshfw ri ohduqlqj udlvhv d qxpehu ri zhoo nqrzq h!flhqf|
lvvxhv1 Rqh ri wkhvh lv wkh iuhh0ulghu sureohp dvvrfldwhg zlwk lqirupdwlrqdo
h{whuqdolwlhv +Fkdpoh| dqg Jdoh +4<<7, dqg Fdsolq dqg Ohdk| +4<<7,,1 Lq
prghov ri dv|pphwulf lqirupdwlrq/ dq djhqw*v dfwlrqv uhyhdo klv sulydwh lqiru0
pdwlrq1 Ehfdxvh wkh djhqw lv rqo| frqfhuqhg zlwk klv rzq sd|r�/ kh ljqruhv
wkh ydoxh ri wklv lqirupdwlrq wr rwkhu djhqwv1 Wklv h{whuqdolw| w|slfdoo| ohdgv
wr lqh!flhqw ghflvlrqv= lq htxloleulxp/ hlwkhu wrr olwwoh lqirupdwlrq lv uhyhdohg
ru lw lv uhyhdohg wrr vorzo|1

Dqrwkhu dvshfw ri vrfldo ohduqlqj wkdw kdv dwwudfwhg d orw ri dwwhqwlrq lv
wkh skhqrphqrq ri khug ehkdylru1 Lq vrph prghov ri khug ehkdylru/ +h1j1/
Edqhumhh +4<<5, dqg Elnkfkdqgdql/ Kluvkohlihu dqg Zhofk +4<<5,,/ djhqwv
ljqruh wkhlu rzq lqirupdwlrq dqg edvh wkhlu ghflvlrqv rq wkh sxeolf lqirupd0
wlrq uhyhdohg e| wkh dfwlrqv ri wkhlu suhghfhvvruv1 Wklv lqirupdwlrq pd| eh
lqfruuhfw/ lq zklfk fdvh wkh ghflvlrqv edvhg rq lw zloo eh lqh!flhqw1 Pruh
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lpsruwdqwo|/ wkh djhqwv zkr ghflgh wr mrlq wkh khug duh vxssuhvvlqj wkhlu
rzq lqirupdwlrq1 Ehfdxvh wkhlu dfwlrqv duh lqghshqghqw ri wkhlu rzq lqiru0
pdwlrq/ wkh| gr qrw uhyhdo wkhlu sulydwh lqirupdwlrq1 Wkh uhvxow pd| eh
wkdw rqo| d vpdoo iudfwlrq ri wkh lqirupdwlrq dydlodeoh wr wkh djhqwv dv d
jurxs hyhu ehfrphv frpprq nqrzohgjh1 Hyhq lq prghov zkhuh djhqwv qhyhu
ljqruh wkhlu rzq lqirupdwlrq frpsohwho|/ lw fdq eh vkrzq wkdw xqghu fhu0
wdlq flufxpvwdqfhv wkhuh lv dozd|v d srvlwlyh suredelolw| wkdw djhqwv khug rq
wkh lqfruuhfw fkrlfh +Vplwk dqg Vruhqvhq +4<<9,,1 Lq prghov zlwk hqgrjh0
qrxv wlplqj +Fkdpoh| dqg Jdoh +4<<7,/ dqg Jxo dqg Oxqgkrop +4<<5,,/ wkh
lqh!flhqf| ri vrfldo ohduqlqj fdq wdnh wkh irup ri ghod| udwkhu wkdq khug
ehkdylru1

Wkh olwhudwxuh rq vrfldo ohduqlqj dqg khug ehkdylru lv �upo| lq wkh wudgl0
wlrq ri udwlrqdo/ Ed|hvldq/ pd{lpl}lqj ehkdylru +zlwk vrph h{fhswlrqv/ h1j1/
Hoolvrq dqg Ixghqehuj +4<<6/ 4<<8,,1 Lq d prgho ri erxqghg udwlrqdolw|/
wkhuh lv qr h{solflw ghflvlrq wr eh d iuhh ulghu ru wr mrlq d khug1 Wkh ehkdylru
uxohv ri wkh djhqwv duh dvvljqhg h{rjhqrxvo|1 Krzhyhu/ iuhh ulglqj dqg khug
ehkdylru gr kdyh dq dqrorjxh lq wkh lplwdwlyh ehkdylru wkdw lv fuxfldo wr wkh
g|qdplfv ri wkh JU prgho1

Wkh JUprgho irfxvhv rq wzr w|shv ri ehkdylru/ lplwdwlrq dqg h{shulphq0
wdwlrq1 Lplwlwdwruv frs| zkdw wkh| vhh rwkhu djhqwv grlqj1 H{shulphqwhuv
wu| qhz vwudwhjlhv udqgrpo| dqg shuvlvw zlwk wkh vwudwhjlhv wkdw gr ehvw1
Zkloh d vhqvleoh djhqw pljkw hqjdjh lq erwk h{shulphqwdwlrq dqg lplwdwlrq/
JU vlpsol�hv e| dvvxplqj wkdw hdfk djhqw vshfldol}hv lq h{dfwo| rqh ri wkhvh
dfwlylwlhv1 Lq d ixuwkhu vlpsol�fdwlrq/ JU dvvxphv wkdw wkhuh lv rqo| rqh
h{shulphqwhu dqg wkdw wkh uhvw ri wkh djhqwv duh lplwdwruv1

Wkhuh lv d odujh olwhudwxuh ghdolqj zlwk rswlpdo h{shulphqwdwlrq1 Vrph/
vxfk dv Edqnv dqg Vxqgdudp +4<<5, dqg Erowrq dqg Kduulv +4<<;,/ duh prg0
hov ri udwlrqdo ohduqlqj/ udwkhu wkdq uxoh0ri0wkxpe ohduqlqj/ dqg wkh| dv0
vxph wkdw wkh xqghuo|lqj hqylurqphqw lv vwdwlrqdu|1 Rwkhuv/ vxfk dv Djklrq/
Erowrq dqg Kduulv +4<<4,/ duh forvhu lq vslulw wr wkh udqgrp h{shulphqwhu lq
wkh JU prgho1 Wkh prwlydwlrq jlyhq e| JU iru dvvxplqj udqgrp vhdufk lv
wkdw djhqwv kdyh yhu| olwwoh lqirupdwlrq derxw wkh hqylurqphqw lq zklfk wkh|
duh rshudwlqj dqg kdyh yhu| olplwhg delolw| wr surfhvv wkh lqirupdwlrq wkh| gr
kdyh1 Lq wkdw vlwxdwlrq/ wkh ohdvw ghpdqglqj vwudwhj| lv wr vhdufk udqgrpo|1
Wkh idfw wkdw vhdufk lv udqgrp wxuqv rxw wr kdyh lpsruwdqw lpsolfdwlrqv iru
wkh g|qdplfv ri wkh prgho/ dv zh vkdoo vhh1

Dqrwkhu lpsruwdqw ihdwxuh ri wkh prgho lv wkdw wkh vhdufk iru d ehwwhu
vwudwhj| jrhv rq lqgh�qlwho|1 Lq prvw prghov ri ohduqlqj/ wkhuh lv d vlqjoh
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�{hg sdudphwhu wkdw djhqwv wu| wr hvwlpdwh1 Dv wlph sdvvhv/ wkh djhqwv*
eholhiv frqyhujh wr wkh wuxh ydoxh ri wklv sdudphwhu/ wkhlu hvwlpdwhv ehfrph
lqvhqvlwlyh wr qhz lqirupdwlrq/ dqg h{shulphqwdwlrq glhv rxw1 Wklv lv wuxh ri
wkh olwhudwxuh rq ohduqlqj lq jdphv/ iru h{dpsoh/ lqfoxglqj prghov ri �fwlwlrxv
sod| dqg Ed|hvldq ohduqlqj +Ixghqehuj dqg Nuhsv +4<<6,/ Mrugdq +4<<6,/
Ndodl dqg Ohkuhu +4<<6d/e,/ Nulvkqd dqg Vmrvwurp +4<<8,/ Pdulprq +4<<8,/
dqg Ehqdlp dqg Kluvfk +4<<9,,1 Wkh JU prgho/ e| frqwudvw/ dvvxphv wkdw
h{shulphqwdwlrq frqwlqxhv lqgh�qlwho|1

Wkh lqwhuhvw lq wkh fdvh ri shupdqhqw h{shulphqwdwlrq frphv iurp wkh
revhuydwlrq wkdw zh olyh lq d qrq0vwdwlrqdu| hqylurqphqw1 Zkhq wkh hq0
ylurqphqw lv frqvwdqwo| fkdqjlqj/ rqh fdq qhyhu dvvxph wkdw rqh lv forvh
wr wkh htxloleulxp ru wkdw h{shulphqwdwlrq fdq vwrs1 Prghov ri �fwlwlrxv
sod|/ Ed|hvldq ohduqlqj/ dqg dgdswlyh ohduqlqj dvvxph erwk d vwdwlrqdu| hq0
ylurqphqw dqg wkdw djhqwv sodfh ohvv dqg ohvv zhljkw rq uhfhqw h{shulhqfh dv
wlph sdvvhv1 Vxfk lqfuhdvlqj lqhuwld lv hvvhqwldo wr jxdudqwhh frqyhujhqfh1 Lw
pdnhv vhqvh lq d vwdwlrqdu| hqylurqphqw/ zkhuh lqglylgxdo ehkdylru fdq lq
sulqflsoh frqyhujh wr dq htxloleulxp dqg eholhiv fdq frqyhujh wr wkh wuxwk1
Lq d zruog wkdw lv frqvwdqwo| fkdqjlqj/ djhqwv kdyh qr uhdvrq wr dvvxph wkdw
wkh| kdyh uhdfkhg d shupdqhqw vwdwh ri htxloleulxp1 Frqvhtxhqwo|/ wkh| gr
kdyh uhdvrq wr frqwlqxh wr h{shulphqw dqg wr jlyh vljql�fdqw zhljkw wr uhfhqw
h{shulhqfh1 Dowkrxjk JU vwxglhv d vwdwlrqdu| hqylurqphqw lq rughu wr re0
wdlq fohdq dqg wudqvsduhqw uhvxowv/ wkh prgho lv prwlydwhg e| wkh dvvxpswlrq
wkdw djhqwv dozd|v kdyh vrphwklqj wr ohduq1

Lq hdfk shulrg/ wkh lplwdwruv revhuyh wkhlu rzq dfwlrqv dqg wkh dfwlrqv ri
wkh rwkhu djhqwv1 Wkhq wkh| dgmxvw wkhlu dfwlrqv d frqvwdqw iudfwlrq b ri wkh
glvwdqfh ehwzhhq wkhlu suhylrxv dfwlrqv dqg wkh dyhudjh dfwlrq ri wkh rwkhu
djhqwv1 Vlqfh lw lv rqo| wkh dyhudjh ri wkh lplwdwruv* dfwlrqv wkdw pdwwhuv dqg
wkhlu ghflvlrq uxoh lv olqhdu/ wkhuh lv qr orvv ri jhqhudolw| lq uhsodflqj wkhp
zlwk d uhsuhvhqwdwlyh djhqw1

Dw hdfk gdwh | ' �c 2c ��� wkh djhqwv sod| d v|pphwulf qrupdo0irup jdph1
Wkh| duh doo dvxpphg wr kdyh wkh vdph sd|r� ixqfwlrq/ exw rqo| wkh h{shul0
phqwhu pdnhv xvh ri wkh sd|r� wr xsgdwh klv dfwlrq1 Li ^ lv wkh dfwlrq fkrvhq
e| wkh h{shulphqwhu dqg 7̂ lv wkh dyhudjh dfwlrq ri wkh lplwdwruv/ wkhq wkh
h{shulphqwhu*v sd|r� lv

�E^ ��^�2c

� lv wkh vorsh ri hdfk sod|hu*v ehvw0uhvsrqvh olqh1 Zkhq � 	 f/ djhqwv*
dfwlrqv duh vwudwhjlf vxevwlwxwhv/ dv lq wkh vwdqgdug Frxuqrw prgho> zkhq
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� : f/ dfwlrqv duh vwudwhjlf frpsohphqwv1 Zkhq � 9' �c wkh jdph kdv d
xqltxh v|pphwulf htxloleulxp/ lq zklfk doo djhqwv fkrrvh ^ ' f1

Fohduo|/ li wkh lplwdwruv fkrrvh 7̂/ wkh ehvw uhvsrqvh lv � 7̂1 Ehfdxvh ri
wkh txdgudwlf irup ri wkh sd|r� ixqfwlrq/ d vwudwhj| lv ehwwhu iru wkh h{shu0
lphqwhu li dqg rqo| li lw lv forvhu wr wkh ehvw uhvsrqvh � 7̂ wkdq klv fxuuhqw
vwudwhj| ^1 Wkh h{shulphqwhu vhdufkhv udqgrpo| iru d ehwwhu vwudwhj|1 Li wkh
h{shulphqwhu fkrvh d vwudwhj| ^|3� odvw shulrg/ wkhq kh �whvwv� d qhz vwudwhj|
wkdw lv xqlirupo| glvwulexwhg rq wkh lqwhuydo d^|3���c ^|3�n�o1 Qrwh wkdw wklv
lqwhuydo lv fhqwhuhg rq odvw shulrg*v dfwlrq dqg wkdw lwv vl}h grhv qrw fkdqjh
ryhu wlph1 Li wkh udqgrpo| gudzq vwudwhj| idoov lq wkh ehwwhu0uhvsrqvh vhw
wkhq kh dgrswv lw dv ^|1 Rwkhuzlvh/ kh sxwv ^| ' ^|3�1

Ghqrwh e| f| wkh h{shulphqwhu*v dfwlrq dw | dqg e| t| wkh dyhudjh ri
wkh lplwdwruv* dfwlrqv dw |1 Wkhq/ xqghu wkh ehkdylrudo uxohv vshfl�hg deryh/
iru dq| lqlwldo frqglwlrq E%fc +f� wkhvh ehkdylrudo uxohv gh�qh d Pdunry fkdlq
iEf|c t|�j kdylqj vwdwh vsdfh +21

Wklv prgho kdv d qxpehu ri lqwhuhvwlqj g|qdplf surshuwlhv1

� Iluvw/ dvvxplqj � 	 �/ lw lv vwdeoh lq wkh odujh1 Wklv phdqv wkdw iurp
dq| lqlwldo vwdwh E%fc +f� wkh fkdlq frqyhujhv zlwk suredelolw| rqh wr d
frpsdfw qhljkerukrrg ri wkh ruljlq1

� Vhfrqgo|/ iru wkh fdvh ri vwudwhjlf vxevwlwxwhv +� qhjdwlyh dqg vx!0
flhqwo| odujh lq devroxwh ydoxh, wkh v|pphwulf htxloleulxp lv xqvwdeoh
lq wkh vpdoo1 Wklv phdqv wkdw iru dq| vx!flhqwo| vpdoo qhljkerukrrg
ri wkh ruljlq dqg dq| lqlwldo frqglwlrq E%fc +f� lq wkdw qhljkerukrrg
+%f 9' f,/ wkh fkdlq ohdyhv wkh qhljkerukrrg zlwk suredelolw| rqh1

� Ilqdoo|/ iru wkh fdvh ri vwudwhjlf vxevwlwxwhv +� qhjdwlyh dqg vx!flhqwo|
odujh lq devroxwh ydoxh,/ lw lv qrw wrr xqvwdeoh1 Wklv phdqv wkdw/ iru dq|
qhljkerukrrg ri wkh htxloleulxp/ krzhyhu vpdoo/ wkh suredelolw| ri wkh
fkdlq ehlqj lq wkh jlyhq qhljkerukrrg dw gdwh | frqyhujhv wr rqh dv |
dssurdfkhv 41

Dw wkh pdfurvfrslf ohyho/ vwdelolw| lq wkh odujh whoov xv wkdw wkhvh dgdswlyh
uxohv gr zrun/ e| eulqjlqj wkh djhqwv* dfwlrqv wr d frpsdfw qhljkerukrrg ri
wkh htxloleulxp zkhuh wkh| duh dssur{lpdwho| rswlpdo1 Rq wkh rwkhu kdqg/ dw
wkh plfurvfrslf ohyho/ lqvwdelolw| lq wkh vpdoo whoov xv wkdw wkh djhqwv fdq qhyhu
ohduq wkh htxloleulxp vwudwhjlhv h{dfwo|1 Wkhlu dfwlrqv  xfwxdwh shupdqhqwo|
durxqg wkh htxloleulxp ohyhov1 Krz odujh wkhvh  xfwxdwlrqv duh ghshqgv rq
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wkh sdudphwhuv b dqg � dqg wkh vl}h ri wkh vhdufk zlqgrz +khuh qrupdol}hg
wr wzr,1

Wkh wklug uhvxow lv sx}}olqj/ vlqfh lw dsshduv wr frqwudglfw wkh vhfrqg1
Wkh wzr uhvxowv fdq eh uhfrqflohg/ exw wkh h{sodqdwlrq ghshqgv rq dqrwkhu
ihdwxuh ri wkh prgho/ qdpho|/ wkdw wkh fkdlq iEf|c t|�j lv qxoo uhfxuuhqw1
Dowkrxjk wkh fkdlq ohdyhv vx!flhqwo| vpdoo qhljkerukrrgv ri wkh ruljlq zlwk
suredelolw| rqh/ wkh h{shfwhg wlph wklv wdnhv lv lq�qlwh1 Wkh uhdvrq lv wkdw iru
vwdwhv E%c +� yhu| forvh wr wkh ruljlq wkh ehwwhu0uhvsrqvh vhw lv yhu| vpdoo1 Lw lv
kdug wr �qg d ehwwhu uhvsrqvh dqg/ dv d uhvxow/ wkh fkdlq fkdqjhv yhu| vorzo|1
Li dq hfrqrphwulfldq orrnhg dw wkh furvv0vhfwlrqdo iuhtxhqf| glvwulexwlrq ri
d vhw ri vdpsoh sdwkv/ kh pljkw frqfoxgh wkdw wkh surfhvv zdv frqyhujlqj1
Wklv lv d uhvxow ri wkh idfw wkdw doprvw hyhu| sdwk rffdvlrqdoo| frphv forvh wr
wkh ruljlq dqg wkhq wdnhv d yhu| orqj wlph wr jhw dzd|1 Li wkh vdph revhuyhu
orrnhg dw d vlqjoh vdpsoh sdwk/ kh pljkw frph wr d yhu| gl�huhqw frqfoxvlrq1

Qxoo uhfxuuhqfh lv d vwudqjh surshuw|= lw vhhpv wr olh ehwzhhq frqyhujhqfh
dqg lqvwdelolw|1 Lw ghshqgv rq wkh idfw wkdw forvh wr wkh htxloleulxp qrwklqj
pxfk kdsshqv prvw ri wkh wlph/ dowkrxjk zkhq vrphwklqj grhv kdsshq wkh
uhvxow lv �xqvwdeoh�1 Wr whvw wkh urexvwqhvv ri wkh qxoo uhfxuuhqfh uhvxow/ JU
vwxglhv d yhuvlrq ri wkh jdph zlwk vpdoo udqgrp shuwxuedwlrqv wr wkh sd|r�v1
Wkh sd|r� ixqfwlrq ri wkh h{shulphqwhu lq wkh shuwxuehg jdph lv

�E^| ��^| � 0|�
2

iru hyhu| |c zkhuh i0|j lv dq l1l1g1 vhtxhqfh wkdw wdnhv wkh ydoxhv 0 dqg
�0 zlwk suredelolw| �*2 hdfk1 Wkh vkrfn 0| vlpso| vkliwv wkh ehvw uhvsrqvh
ixqfwlrq xs ru grzq e| d vpdoo dprxqw1 Iru vpdoo ydoxhv ri 0 wkh ehkdylru
ri wkh uhvxowlqj fkdlq lv vlplodu wr wkdw ri wkh xqshuwxuehg fkdlq1 Vwdelolw|
lq wkh odujh dqg lqvwdelolw| lq wkh vpdoo frqwlqxh wr krog lq wkh shuwxuehg
prgho/ exw wkh qrw0wrr0xqvwdeoh uhvxow fkdqjhv1 Wkh orqj0uxq ehkdylru ri
wkh fkdlq lv ghvfulehg e| d qrq0ghjhqhudwh lqyduldqw suredelolw| phdvxuh
dqg wkh suredelolw| glvwulexwlrq ri vwdwhv dw gdwh | frqyhujhv wr wkh lqyduldqw
glvwulexwlrq dv | $ 41

Wzr surshuwlhv ri wkh prgho duh fuxfldo iru wkhvh uhvxowv= wkh suhvhqfh ri
vwudwhjlf vxevwlwxwhv dqg wkh qrq0ydqlvklqj vl}h ri wkh vhdufk zlqgrz1 Wr jhw
d ehwwhu vhqvh ri wkh lpsruwdqfh ri vwudwhjlf vxevwlwxwhv/ JU dovr vwxglhv wkh
+xqshuwxuehg, prgho xqghu wkh dvvxpswlrq wkdw wkh jdph h{klelwv vwudwhjlf
frpsohphqwv1 Pruh suhflvho|/ wkh| dvvxph wkdw f 	 � 	 �/ vr wkh vwudwhjlf
frpsohphqwv duh �qrw wrr vwurqj1� Xqghu wklv dvvxpswlrq wkh v|pphwulf
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htxloleulxp lv vkrzq wr eh vwdeoh lq d vwurqj vhqvh= iru dq| lqlwldo frqglwlrq
E%fc +f� wkh fkdlq frqyhujhv wr wkh ruljlq zlwk suredelolw| rqh1

Wr h{dplqh wkh uroh ri wkh qrq0ydqlvklqj zlqgrz vl}h/ JU h{whqg wkh
edvh0fdvh prgho wr doorz iru h{rjhqrxvo| vkulqnlqj vhdufk zlqgrzv1 Irupdoo|/
wkh| dvvxph wkdw wkh h{shulphqwhu fkrrvhv d vwudwhj| udqgrpo| iurp wkh
lqwhuydo d%|3� � _|c %|3� n _|o/ zkhuh _| : f/ iru hyhu| |1 Khuh djdlq wkh| �qg
wkdw wkh htxloleulxp lv vwdeoh lq wkh vdph vwurqj vhqvh zkhq wkh vl}h ri wkh
vhdufk zlqgrz frqyhujhv wr f dv orqj dv lw grhv qrw frqyhujh wrr idvw1 Pruh
suhflvho|/ li

*�4
|<"

_| ' f dqg *�4
A<"

"[
|'�

_| ' 4

wkhq iru dq| lqlwldo frqglwlrq E%fc +f� wkh fkdlq frqyhujhv wr f zlwk suredelolw|
rqh1 Wklv uhvxow krogv zkhqhyhu � 	 �1

Zkdw kdyh zh ohduqhg iurp wkhvh h{huflvhvB

� Wkh �uvw ohvvrq lv wkdw wkh lqwhudfwlrq ri wzr vlpsoh w|shv ri ehkdylrudo
dgdswdwlrq fdq surgxfh hqgrjhqrxv f|fohv1 Wklv pd| wxuq rxw wr eh d
xvhixo zd| ri orrnlqj dw fhuwdlq nlqgv ri pdfurhfrqrplf  xfwxdwlrqv1

� D vhfrqg ohvvrq frqfhuqv wkh urohv ri vwudwhjlf frpsohphqwv dqg vxe0
vwlwxwhv1 Wkhuh kdv ehhq d orw ri lqwhuhvw lq xvlqj prghov zlwk vwudwhjlf
frpsohphqwv wr h{sodlq wkh vhyhulw| ri pdfurhfrqrplf  xfwxdwlrqv1 Lq
vxfk prghov li lqglylgxdo dfwlylw| ohyhov duh vwudwhjlf frpsohphqwv/ hdfk
djhqw*v ehvw uhvsrqvh lv dq lqfuhdvlqj ixqfwlrq ri wkh dfwlylw| ohyhov ri
wkh rwkhuv1 Li dq djhqw lqfuhdvhv klv dfwlylw| ehfdxvh ri dq h{rjhqrxv
vkrfn/ wkh rwkhuv zloo lqfuhdvh wkhlu dfwlrqv wrr1 Lq wklv zd|/ vwudwhjlf
frpsohphqwdulw| pdjql�hv wkh h�hfw ri wkh lqlwdo vkrfn wr wkh hfrqrp|1
Rqh ri wkh lqwhuhvwlqj ihdwxuhv ri rxu prgho lv wkdw vwudwhjlf vxevwlwxwhv
duh qhfhvvdu| iru orfdo lqvwdelolw|/ zkhuhdv zlwk vwudwhjlf frpsohphqwv
wkh prgho lv yhu| vwdeoh1

� D wklug ohvvrq lv wkdw wkh f|fohv lq wkh prghov zlwk vwudwhjlf vxevwlwxwhv
kdyh d kljko| vwuxfwxuhg frpsoh{lw| wkdw grhv qrw dsshdu lq rwkhu
prghov lq wkh olwhudwxuh1 Iru h{dpsoh/ lq vlpxodwlrqv zh �qg wkdw
wkh dpsolwxgh ri wkhvh f|fohv ydulhv ryhu wlph/ vrphwlphv ehlqj yhu|
gdpshg dqg wkhq jurzlqj djdlq> exw wkhvh yduldwlrqv duh uhjxodu lq
wkh vhqvh wkdw wkh dyhudjh dpsolwxgh ri vxffhvvlyh f|fohv lv srvlwlyho|
fruuhodwhg1
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� D irxuwk ohvvrq frqfhuqv wkh uroh ri h{shulphqwdwlrq1 Wkh udqgrpqhvv
lq wkh h{shulphqwhu*v ehkdylru lv hvvhqwldo wr jhqhudwh wkh fkdqjlqj uho0
dwlyh udwhv ri dgdswdwlrq +ehwzhhq h{shulphqwhuv dqg lplwdwruv, wkdw
gulyh wkh g|qdplfv1 Zkhq wkh fkdlq lv forvh wr wkh htxloleulxp/ wkh
h{shulphqwhu uduho| �qgv d ehwwhu vwudwhj| wkdq wkh rqh wkdw kh lv fxu0
uhqwo| xvlqj1 Zkhq wkh fkdlq lv idu iurp wkh htxloleulxp/ kh �qgv d ehw0
whu vwudwhj| uhodwlyho| iuhtxhqwo|1 Wkxv/ dgdswdwlrq lv idvwhu ru vorzhu
iru wkh h{shulphqwhu ghshqglqj rq wkh ghjuhh ri glvhtxloleulxp lq wkh
v|vwhp1 Wkh lplwdwruv/ rq wkh rwkhu kdqg/ duh frqvwdqwo| dgmxvwlqj
wkhlu dfwlrqv wrzdug wkh dyhudjh dfwlrq +khqfh/ rq dyhudjh/ wrzdug wkh
h{shulphqwhu*v dfwlrq, dw d frqvwdqw sursruwlrqdwh udwh1 Wklv phdqv
wkdw wkh uhodwlyh vshhgv ri dgmxvwphqw iru h{shulphqwhu dqg lplwdwruv
ydu|/ ghshqglqj rq wkh glvwdqfh iurp htxloleulxp> dqg wkdw h{sodlqv
krz wkh prgho fdq eh vwdeoh lq wkh odujh exw xqvwdeoh lq wkh vpdoo1 Lw
dovr dffrxqwv iru wkh idfw wkdw wkh v|vwhp fdq vshqg orqj shulrgv forvh
wr wkh htxloleulxp/ wkhq f|foh dzd| lq dq lqfuhdvlqj ruelw iru d orqj
shulrg/ dqg wkhq dssurdfk wkh htxloleulxp djdlq1

Lq wkh uhvw ri wklv fkdswhu/ L suhvhqw d vlpsoh prgho ri erxqghgo| udwlrqdo
ehkdylru lq wkh frqwh{w ri d pdunhw iru d vlqjoh jrrg1 Wkh hvvhqwldo lghd
lv wr dvvxph wkdw djhqwv vhdufk dw udqgrp iru d ehwwhu vwudwhj|/ zkhuh d
vwudwhj| lv d olplw sulfh dw zklfk wkh djhqw lv zloolqj wr wudgh wkh jrrg1 Wkh
prwlydwlrq iru udqgrp vhdufk lv wkh vdph dv lq wkh JU sdshu= lq wkh �uvw
sodfh/ li djhqwv nqhz h{dfwo| zkhuh wr orrn iru d ehwwhu vwudwhj|/ wkh| zrxog
qrw eh ohduqlqj dw doo> vhfrqgo|/ erxqghgo| udwlrqdo djhqwv fdqqrw pdvwhu
wkh frpsxwdwlrqdo frpsoh{lw| ri Ed|hvldq ohduqlqj1 Vr/ zh duh ohiw zlwk wkh
dvvxpswlrq wkdw wkh| vhdufk udqgrpo| iru ehwwhu vwudwhjlhv1 Lq wklv yhuvlrq ri
wkh prgho/ wkhuh lv qr uroh iru lplwdwlyh ehkdylru/ wkrxjk lplwdwlyh ehkdylru
fdq hdvlo| eh lqwurgxfhg1

615 D Ehkdylrudo Prgho ri Frpshwlwlrq

61514 Wkh Pdunhw

Wkhuh lv d vlqjoh lqglylvleoh frpprglw|/ fdoohg �wkh jrrg�/ wkdw fdq eh h{0
fkdqjhg lq lqwhjhu dprxqwv dqg wkhuh lv d glylvleoh qxphudluh frpprglw|/
fdoohg �prqh|�1 Wudghuv duh glylghg lqwr ex|huv dqg vhoohuv1 Wkhuh duh �
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vhoohuv lqgh{hg e| � ' �c ���c � dqg � ex|huv lqgh{hg e| � ' �c ���c � 1 Wkhuh
lv qr orvv ri jhqhudolw| lq dvvxplqj htxdo qxpehuv ri ex|huv dqg vhoohuv/ vlqfh
dq djhqw zlwk dq h{wuhph ydoxdwlrq lv h�hfwlyho| qrw d sduwlflsdqw lq wkh
pdunhw1

Suhihuhqfhv duh txdvl0olqhdu dqg hdfk djhqw zdqwv wr ex| ru vhoo dw prvw
rqh xqlw ri wkh jrrg1 Wklv phdqv wkdw hdfk djhqwv* suhihuhqfhv fdq eh sdud0
phwhul}hg lq whupv ri wkhlu ydoxdwlrq ri rqh xqlw ri wkh jrrg1 Wkh ydoxdwlrq
ri vhoohu � lv ghqrwhg e| �� dqg wkh ydoxdwlrq ri ex|hu � lv ghqrwhg e| ��1 Li
d vhoohu � kdv %� xqlwv ri wkh jrrg dqg 6� xqlwv ri prqh|/ klv xwlolw| lv

L�E%�c 6�� ' ��%� n6��

Vlploduo|/ wkh xwlolw| ri d ex|hu zlwk +� ri wkh jrrg dqg 6� xqlwv ri prqh| lv

L�E+�c6�� ' ��+� n6��

Lq sudfwlfh/ wkh txdvl0olqhdulw| ri wkh xwlolw| ixqfwlrq doorzv xv wr qrupdol}h
lqlwldo kroglqjv ri wkh jrrg dqg prqh| wr }hur dqg khqfhiruwk frqgxfw wkh
dqdo|vlv lq whupv ri vxusoxv ru �jdlqv iurp wudgh�1 +Iru dqdo|wlfdo vlpsolf0
lw| zh ljqruh wkh qrq0qhjdwlylw| frqvwudlqwv rq txdqwlwlhv ri wkh jrrg dqg
prqh|,1 Li vhoohu � h{fkdqjhv rqh xqlw ri wkh jrrg iru R xqlwv ri prqh|/ klv
vxusoxv lv R���1 Vlploduo|/ li ex|hu � rewdlqv rqh xqlw ri wkh jrrg iru R xqlwv
ri prqh|/ klv jdlq iurp wudgh lv �� � R1 Lq wklv qrwdwlrq/ zh fdq sxw

L�E�%�c R� ' ER� ���%�

dqg
L�E+�c�R� ' E�� � R�+�c

zkhuh %�c +� 5 ifc �j1
Wkh sulplwlyh gdwd ri wkh pdunhw/ wkhq/ duh wkh vl}h ri wkh pdunhw/ � /

dqg wkh ydoxdwlrqv � ' E��c ���c ��� dqg � ' E��c ���c ��� ri wkh vhoohuv dqg
ex|huv/ uhvshfwlyho|1 Wkh djhqwv duh rughuhg vr wkdw f 	 �� 	 �2 	 ��� 	 ��
dqg �� : �2 : ��� : �� : f1 Zh dovr dvvxph wkdw qr ex|hu dqg qr vhoohu
kdyh wkh vdph ydoxdwlrq=

�� 9' ��c ;�c � ' �c ���c ��

Wkh dvvxpswlrq wkdw qr wzr djhqwv kdyh wkh vdph ydoxdwlrq vlpso| uxohv rxw
lqfrqyhqlhqw wlhv1 Wkh dvvxpswlrq lv vdwlv�hg jhqhulfdoo| lq wkh vhqvh wkdw li
wkh pdunhw gdwd E�c �c �� zhuh fkrvhq dw udqgrp/ wkh suredelolw| ri ylrodwlqj
wkhvh dvvxpswlrqv zrxog eh }hur1
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61515 Pdunhw0Fohdulqj Sulfhv

Iru dq| pdunhw gdwd/ E�c �c ��/ zh kdyh wr glvwlqjxlvk irxu srvvleoh frq�j0
xudwlrqv ri ydoxdwlrqv1 Wkh pdujlqdo vhoohu +uhvs1 pdujlqdo ex|hu, lv wkh
kljkhvw ydoxdwlrq vhoohu +uhvs1 orzhvw ydoxdwlrq ex|hu, zkr jhwv wr wudgh lq
d frpshwlwlyh htxloleulxp1 Wkh lqgh{ ri wkh pdujlqdo djhqw/ zklfk lv wkh
vdph iru vhoohuv dqg iru ex|huv/ ri frxuvh/ lv ghqrwhg e| 6 dqg gh�qhg e|
wkh frqglwlrqv wkdw

�6 	 �6 dqg �6n� : �6n��

Wkh vhoohuv � ' �c ���c 6 +uhvs1 ex|huv � ' �c ���c 6, zkr wudgh lq d frpshwlwlyh
htxloleulxp duh fdoohg lqiud0pdujlqdo1

Ehfdxvh ri wkh glvfuhwhqhvv ri ghpdqg dqg vxsso| +hdfk djhqw zdqwv wr
wudgh }hur ru rqh xqlwv,/ wkhuh h{lvwv d qrq0ghjhqhudwh lqwhuydo ri pdunhw0
fohdulqj sulfhv wkdw htxdwh ghpdqg dqg vxsso|1 Iru dq|pdunhw gdwd E�c �c ��/
h{dfwo| rqh ri wkh iroorzlqj irxu frq�jxudwlrqv lv +jhqhulfdoo|, srvvleoh=

E���� �6 	 �6n� 	 �6n� 	 �6
E�� ���� �6n� 	 �6 	 �6 	 �6n�

E�� ��� �6n� 	 �6 	 �6n� 	 �6
E��� �� �6 	 �6n� 	 �6 	 �6n��

Lq hdfk fdvh/ wkhuh lv d gl�huhqw vhw ri pdunhw0fohdulqj sulfhv1 Rqo| wkh �uvw
6 djhqwv rq hdfk vlgh ri wkh pdunhw fdq wudgh vr wkh sulfh pxvw eh ohvv wkdq
ru htxdo wr �6n� wr h{foxgh vhoohu 6n� dqg juhdwhu wkdq ru htxdo wr �6n� wr
h{foxgh ex|hu 6n�1 Lq Fdvh E����/ iru dq| sulfh lq wklv lqwhuydo/ suhflvho|
wkh �uvw 6 djhqwv rq hdfk vlgh ri wkh pdunhw zdqw wr wudgh/ vr wkh vhw ri
pdunhw0fohdulqj sulfhv lv wkh lqwhuydo d�6n�c �6n�o1 E| vlplodu uhdvrqlqj/ zh
fdq fdofxodwh wkh lqwhuydo ri pdunhw0fohdulqj sulfhv lq hdfk fdvh=

E���� d�6n�c �6n�o
E�� ���� d�6c �6o
E�� ��� d�6c �6n�o
E����� d�6n�c �6o�

Wkh lqwhuydo ri pdunhw0fohdulqj sulfhv fdq eh pruh frpsdfwo| ghqrwhg e|
dSfc S�o/ zkhuh Sf ' 4@ i�6c �6n�j dqg S� ' 4�?i�6n�c �6jo1 D vlwxdwlrq
lq zklfk doo lqiud0pdujlqdo djhqwv wudgh dw d vlqjoh sulfh ehorqjlqj wr wklv
lqwhuydo zloo eh uhihuuhg wr dv d shuihfwo| frpshwlwlyh rxwfrph1
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61516 Wkh Pdunhw Jdph

Wkh wudglqj surfhvv lv uhsuhvhqwhg e| d qrupdo0irup vwdjh jdph lq zklfk
djhqwv vxeplw olplw rughuv wr d sur�w0pd{lpl}lqj pdunhw pdnhu/ zkr wkhq
duudqjhv wudghv ehwzhhq sdluv ri ex|huv dqg vhoohuv1

Wkh djhqwv* vwudwhjlhv duh wkh olplw sulfhv dw zklfk wkh| duh zloolqj wr
wudgh rqh xqlw1 Hdfk vhoohu � fkrrvhv dq dvnlqj sulfh @� dqg hdfk ex|hu �
fkrrvhv d elg sulfh K�1 Wkh dvnlqj sulfh @� vljql�hv wkdw wkh vhoohu lv zloolqj
wr vxsso| d vlqjoh xqlw ri wkh jrrg dw dq| sulfh htxdo wr @� ru kljkhu1 Vlploduo|/
wkh elg sulfh K� vljql�hv wkdw wkh ex|hu lv zloolqj wr sxufkdvh rqh xqlw ri wkh
jrrg dw dq| sulfh xs wr dqg lqfoxglqj K�1

Iru vlpsolflw|/ wkh djhqwv* vwudwhjlhv duh uhvwulfwhg wr d frpsdfw lqwhuydo1
Vhoohu �*v dvnlqj sulfh @� lv uhvwulfwhg wr eh dw ohdvw dv juhdw dv klv sulydwh
ydoxdwlrq �� dqg qr juhdwhu wkdq vrph odujh �qlwh qxpehu � 1 E| uhvwulfwlqj
wkh vhoohuv* vwudwhjlhv lq wklv zd|/ zh duh dvvxplqj wkdw qr djhqw lv vr xqlq0
whooljhqw dv wr fkrrvh d grplqdwhg vwudwhj|1 Wklv vhhpv uhdvrqdeoh dqg lv qrw
sduwlfxoduo| lpsruwdqw lq zkdw iroorzv1 Ex|hu �*v elg sulfh K� lv uhvwulfwhg wr
eh qrq0qhjdwlyh dqg qr juhdwhu wkdq klv ydoxdwlrq ��1 Ohw

j ' iE@c K� 5 +�
n �+�

n m�� � @� � �c f � K� � ��c ;�c �j
ghqrwh wkh vhw ri vwudwhj| sur�ohv iru wkh ex|huv dqg vhoohuv dqg ghqrwh d
w|slfdo vwudwhj| sur�oh e| % ' E@c K� zkhuh @ ' E@�c ���c @� � dqg K ' EK�c ���c K��
duh wkh vwudwhj| sur�ohv iru vhoohuv dqg ex|huv/ uhvshfwlyho|1

Vxssrvh wkdw wkh djhqwv vxeplw wkh olplw rughuv E@c K�1 Wkh pdunhw0pdnhu
duudqjhv pdwfklqj wudghv wr pd{lpl}h klv sur�wv1 E| vxeplwwlqj olplw rughuv/
wkh djhqwv kdyh frpplwwhg wkhpvhoyhv wr wudglqj dw dq| sulfh wkdw grhv qrw
ylrodwh wkhlu olplwv1 Lq rughu wr pd{lpl}h klv sur�w/ wkh pdunhw pdnhu zloo
h{hfxwh wkh wudghv dw wkh olplw sulfhv/ wkdw lv/ kh zloo sd| vhoohu � wkh whqghuhg
dvn sulfh @� dqg fkdujh ex|hu � wkh whqghuhg elg sulfh K�1 Ghqrwh vhoohu �*v
wudgh e| 1�/ zkhuh 1� ' f phdqv wkdw � grhv qrw wudgh dqg 1� ' � phdqv wkdw
� vhoov rqh xqlw/ dqg ghqrwh ex|hu �*v wudgh e| l�/ zkhuh l� ' f phdqv wkdw
� grhv qrw wudgh dqg l� ' � phdqv wkdw � ex|v rqh xqlw1 Wkhq wkh pdunhw
pdnhu*v sur�w zloo eh

�E1c lc @c K� '

+
�[
�'�

K�l� �
�[
�'�

@�1�

,
c

zkhuh 1 ' E1�c ���c 1�� dqg l ' El�c ���c l��1 Irupdoo|/ wkh pdunhw pdnhu*v
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sureohp lv wr fkrrvh E1c l� 5 ifc �j2� wr vroyh

�WE@c K� ' 4@ 
E1cl�

�E1c lc @c K�

vxemhfw wr wkh xvxdo ihdvlelolw| frqvwudlqw

�[
�'�

l� �
�[
�'�

1��

D jhqhulf sur�oh E@c K� 5 j lv rqh lq zklfk qr wzr djhqwv/ zkhwkhu erwk
ex|huv ru erwk vhoohuv ru rqh ex|hu dqg rqh vhoohu/ fkrrvh wkh vdph olplw sulfh1
Iru dq| jhqhulf sur�oh E@c K�/ wkhuh lv d xqltxh sur�w0pd{lpl}lqj dvvljqphqw
ri wudghv E1c l� gh�qhg e| wkh frqglwlrqv wkdw

S�

�'� 1� '
S�

�'� l�/ 1�f : 1��
lpsolhv wkdw @�f 	 @��/ l�f : l�� lpsolhv wkdw K�f : K��/ dqg 1� ' l� ' �
lpsolhv wkdw @� 	 K�1 Khqfh/ iru dq| jhqhulf sur�oh E@c K� lq j/ wklv wudglqj
phfkdqlvp gh�qhv d xqltxh sd|r� Zr� E@c K� iru vhoohu � dqg ZK�E@c K� iru ex|hu
�1 +Zkhq wkh frqwh{w pdnhv lw fohdu zkhwkhu wkh wudghu lv d ex|hu ru vhoohu/
wkh vxshuvfulswv r dqg K duh glvshqvhg zlwk,1

Wr hqvxuh d xqltxh rxwfrph E1c l� iru hdfk vwudwhj| sur�oh E@c K�/ L dvvxph
wkdw zkhuh wkh pdunhw0pdnhu lv lqgl�huhqw ehwzhhq wzr r�huv/ elgv ru dvnv/
kh udqgrpl}hv ehwzhhq wkh djhqwv zlwk htxdo suredelolwlhv1 Zkhuh kh lv
lqgl�huhqw ehwzhhq h{hfxwlqj d wudgh dqg qrw h{hfxwlqj lw/ L dvvxph wkdw
kh h{hfxwhv lw1 Wkhvh dvvxpswlrqv vlpso| vhuyh wr gh�qh d xqltxh wudglqj
phfkdqlvp dqg duh qrw fuxfldo lq zkdw iroorzv1

Lq zkdw iroorzv/ wkhuh lv qr orvv ri jhqhudolw| lq uhvwulfwlqj wkh glvfxvvlrq
wr jhqhulf sur�ohv1 Wkh uhdvrq lv wkdw ex|huv dqg vhoohuv fkrrvh wkhlu vwudwh0
jlhv udqgrpo|/ vr wkh suredelolw| ri revhuylqj d qrq0jhqhulf sur�oh lv }hur1
Wklv frpsohwhv wkh gh�qlwlrq ri wkh qrupdo0irup jdph K ' E�cjc Z�1

Vhyhudo dvshfwv ri wklv pdwfklqj dqg wudglqj surfhgxuh duh qrwhzruwk|=

� Wkh pdunhw0pdnhu h{hfxwhv wkh wudghv dw wkh elg dqg dvn sulfhv/ nhhs0
lqj wkh gl�huhqfh dv klv sur�w1

� Wkh surfhgxuh pd{lpl}hv wkh yroxph ri wudgh/ vxemhfw wr wkh frqvwudlqw
wkdw hdfk wudgh eh yroxqwdu|1

� Wkh surfhgxuh lv h!flhqw lq wkh vhqvh wkdw wudghv jr wr wkh ex|huv zkr
r�hu wkh prvw dqg wkh vhoohuv zkr ghpdqg wkh ohdvw1
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Wkh idfw wkdw wkhuh lv d pd{lpl}lqj djhqw dw wkh fhqwhu ri wkh pdunhw lv vlj0
ql�fdqw1 Iru h{dpsoh/ li zh kdg dgrswhg dq dowhuqdwlyh dssurdfk/ pdwfklqj
sdluv ri ex|huv dqg vhoohuv lq hdfk shulrg dqg ohwwlqj wkhp edujdlq ryhu wkh
whupv ri wudgh/ qrqh ri wkh wkuhh ihdwxuhv deryh zrxog qhfhvvdulo| krog1 Wkh
xvh ri d pdunhw0pdnhu wkxv lqwurgxfhv e| ghvljq dq hohphqw ri h!flhqf| wkdw
lv qrw fkdudfwhulvwlf ri doo wudglqj phfkdqlvpv1

Wkh vhfrqg dqg wklug surshuwlhv duh lpsolfdwlrqv ri wkh pdunhw pdnhu*v
pd{lpl}lqj ehkdylru1 Vlqfh wkh pdunhw pdnhu fdq fkrrvh wkh sulfh dw zklfk
wr h{hfxwh d wudgh/ vxemhfw wr wkh olplwv ri wkh wudghuv* rughuv/ kh zloo zdqw
wr duudqjh dv pdq| wudghv dv srvvleoh dv orqj dv kh pdnhv d qrq0qhjdwlyh
sur�w rq hdfk rqh1 Vlploduo|/ sur�w pd{lpl}dwlrq lpsolhv wkdw wkh ex|huv
zlwk wkh kljkhvw elgv dqg wkh vhoohuv zlwk wkh orzhvw dvnv zloo jhw wr wudgh1
D pruh ghfhqwudol}hg surfhgxuh/ vxfk dv udqgrp pdwfklqj dqg edujdlqlqj/
zrxog qrw qhfhvvdulo| kdyh wkhvh yhu| xvhixo surshuwlhv1

61517 Ehkdylrudo Uxohv

Lq wklv vhfwlrq/ L ghvfuleh wkh ehkdylru ri wkh lqglylgxdo wudghuv1 Udwkhu wkdq
dvvljqlqj eholhiv wr djhqwv dqg dvvxplqj wkdw hdfk djhqw pd{lpl}hv klv orqj0
uxq sd|r� uhodwlyh wr wkhvh eholhiv/ L gh�qh ehkdylrudo uxohv gluhfwo| iru wkh
djhqwv1 Wkh prwlydwlrq iru wklv dssurdfk lv wkh uhdol}dwlrq wkdw pd{lpl}dwlrq
lv wrr ghpdqglqj lq pdq| frqwh{wv1 Lw lv lqwhuhvwlqj wr vhh zkhwkhu �vlpsohu�
ehkdylrudo uxohv fdq ohdg djhqwv wr xvh htxloleulxp vwudwhjlhv1 Ri frxuvh/ wkh
hqylurqphqw zh duh vwxg|lqj lv lwvhoi yhu| vlpsoh/ d uh hfwlrq ri rxu rzq
erxqghg udwlrqdolw|1 Vr lq rughu wr fdswxuh wkh qrwlrq wkdw djhqwv kdyh
olplwhg delolw| wr xqghuvwdqg frpsoh{ v|vwhpv�wkdw lv/ djhqwv duh vlpsoh
uhodwlyh wr wkhlu hqylurqphqw�zh vkdoo kdyh wr dvvxph wkdw wkh| duh yhu|
vwxslg lqghhg1

Wkhuh duh pdq| zd|v ri vshfli|lqj erxqghgo| udwlrqdo ehkdylru�dv zdv
srlqwhg rxw lq Vhfwlrq 614/ wklv lv rqh ri wkh zhdnqhvvhv ri wkh dssurdfk�
dqg wkh ehkdylrudo uxohv vshfl�hg khuh duh qrw wkh rqo| rqhv wkdw pljkw
uhfrpphqg wkhpvhoyhv iru vwxg|1 Exw wkh| duh vlpsoh dqg surylgh d yhklfoh
iru glvfxvvlqj d qxpehu ri lqwhuhvwlqj lvvxhv1 Wkh edvlf lghd lv wkdw djhqwv
ri yhu| olplwhg lqwhooljhqfh vhdfk dw udqgrp iru jrrg vwudwhjlhv dqg dedqgrq
wkhlu fxuuhqw vwudwhjlhv zkhq wkh| hqfrxqwhu d ehwwhu rqh1 Udqgrp vhdufk
suhvxphv qr nqrzohgjh ri wkh hqylurqphqw +wkh vwuxfwxuh ri wkh prgho, dsduw
iurp wkh dssursuldwh vwudwhj| vhw1 Lw uhtxluhv qr phpru| dsduw iurp wkh
nqrzohgjh ri wkh djhqw*v fxuuhqw vwudwhj|1 Dqg lw uhtxluhv qr iruhvljkw/ lq
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idfw/ lw dvvxphv frpsohwh p|rsld rq wkh sduw ri wkh djhqwv1 Wklv lv derxw
wkh vlpsohvw nlqg ri ehkdylru rqh frxog lpdjlqh dqg iru wkdw uhdvrq lw lv d
qdwxudo sodfh wr vwduw1

Ehiruh jhwwlqj grzq wr wkh ghwdlov ri wkh vhdufk surfhgxuh/ rqh dvshfw
ghvhuyhv vrph glvfxvvlrq1 Wkh lghd ri udqgrp vhdufk hpsor|hg khuh lqyroyhv
fkrlfh +ehwzhhq wkh fxuuhqw vwudwhj| dqg d udqgrpo| vhohfwhg dowhuqdwlyh, dqg
wkdw lpsolhv wkdw wkh djhqw �nqrzv� wkh sd|r� iurp erwk vwudwhjlhv1 Krz
grhv wkh djhqw ohduq wkh sd|r�vB Wkh hgxfwlyh dssurdfk dvvxphv wkdw wkh
djhqw nqrzv wkh sd|r� ixqfwlrqv/ vr wkdw kh fdq fdofxodwh wkh sd|r�v iurp
dq| vwudwhj|> exw wkhq wkhuh lv qrwklqj wr vwrs klp iurp fdofxodwlqj wkh ehvw
uhvsrqvh udwkhu wkdq vhdufklqj dw udqgrp1 L gr qrw zdqw wr dvvxph wkdw wkh
djhqw nqrzv wkh sd|r� ixqfwlrq ehfdxvh lw dvvxphv d ghjuhh ri vrsklvwlfdwlrq
dqg �frpsxwlqj srzhu� wkdw lv lqfrpsdwleoh zlwk udqgrp vhdufk1

D ohvv ghpdqglqj lqwhusuhwdwlrq lv wkdw wkh djhqw ohduqv wkh sd|r� e|
h{shulphqwlqj zlwk gl�huhqw vwudwhjlhv1 Lpdjlqh wkdw hyhu| vr riwhq d vlqjoh
djhqw jhwv d fkdqfh wr vhdufk iru d ehwwhu vwudwhj|1 Wklv lqyroyhv vhohfwlqj
d vwudwhj| dw udqgrp/ wu|lqj lw iru d vkruw shulrg ri wlph/ qrwlqj wkh sd|r�
 rz/ frpsdulqj wkdw  rz wr wkh  rz iurp wkh suhylrxv vwudwhj| dqg wkhq
fkrrvlqj ehwzhhq wkh qhz dqg wkh suhylrxv vwudwhj| edvhg rq wkh sd|r�
frpsdulvrq1 Zkloh doo wklv lv jrlqj rq/ wkh rwkhu djhqwv frqwlqxh wr xvh wkh
vdph vwudwhj|1 Wklv surfhgxuh grhv qrw ghpdqg wrr pxfk �eudlq srzhu� rq
wkh sduw ri wkh djhqw/ exw lw lv udwkhu fxpehuvrph wr ghvfuleh dqg pdnhv wkh
g|qdplfv udwkhu frpsolfdwhg1 Vr lqvwhdg L dvvxph wkdw djhqwv fdq frqgxfw
�yluwxdo h{shulphqwv�/ lq zklfk wkh| glvfryhu wkh sd|r� wr d qhz vwudwhj|
lqvwdqwdqhrxvo| dqg dgrsw lw rqo| li wkh sd|r� lv juhdwhu wkdq ru htxdo wr
wkdw ri wkhlu fxuuhqw vwudwhjlhv1 Wklv lv dq dssur{lpdwlrq wr d uhdo h{shulphqw
zlwk d qhz vwudwhj|/ zklfk odvwv iru d vkruw exw �qlwh lqwhuydo1 Qrwklqj ri
lpsruwdqfh vhhpv wr kdqj rq wklv vlpsol�fdwlrq1

Dqrwkhu srlqw wr qrwh derxw wkh vhdufk surfhgxuh lv wkdw rqo| rqh djhqw
dw d wlph lv doorzhg wr vhdufk1 Li wzr ru pruh djhqwv zhuh h{shulphqwlqj dw
wkh vdph wlph/ wkh uhvxow ri wkhlu h{shulphqwv zlwk qhz vwudwhjlhv pljkw eh
plvohdglqj1 Iru h{dpsoh/ d vwudwhj| wkdw dsshduhg wr eh ehwwhu iru vhoohu �
zkhq ex|hu � zdv h{shulphqwlqj zlwk d qhz vwudwhj| pljkw dfwxdoo| wxuq rxw
wr eh zruvh zkhq ex|hu � ghflghv wr uhwxuq wr klv suhylrxv vwudwhj|1 Wkhvh
nlqgv ri huuruv duh uxohg rxw e| dvvxplqj wkdw rqo| rqh djhqw dw d wlph fdq
h{shulphqw zlwk d qhz vwudwhj|1 Li vhdufk lv d frvwo| dqg khqfh glvfuhwh hyhqw/
wkh suredelolw| ri wzr djhqwv vhdufklqj dw wkh vdph wlph lv olnho| wr eh vpdoo1
Khuh zh wdnh wkh suredelolw| wr wkh olplw dqg dvvxph lw lv }hur1 Wklv grhv qrw
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phdq wkdw vhdufk lv vorz/ vlqfh wkh wlph vfdoh lv duelwudu|1 Krzhyhu/ lw grhv
phdq wkdw wkhuh lv dq hohphqw ri lqhuwld lq wkh v|vwhp1 D uhodwhg dvvxpswlrq
ri lqhuwld lv irxqg lq wkh hyroxwlrqdu| jdph olwhudwxuh/ zkhuh lw lv vrphwlphv
dvvxphg wkdw rqo| d iudfwlrq ri d srsxodwlrq lv doorzhg wr fkdqjh vwudwhjlhv
lq dq| shulrg +h1j1/ Ndqgrul/ Pdlodwk dqg Ure +4<<6, dqg \rxqj +4<<6,,1

Wudgh wdnhv sodfh dw d vhtxhqfh ri gdwhv | ' �c 2c ���1 Dw hdfk gdwh/ rqh ri
wkh 2� djhqwv lv fkrvhq dw udqgrp wr dowhu klv vwudwhj|1 Li vhoohu � lv fkrvhq/
kh udqgrpo| fkrrvhv d qhz vwudwhj| iurp klv vwudwhj| vhw f�1 Li wklv sulfh
jlyhv d +zhdno|, kljkhu sd|r� wkdq klv fxuuhqw dvn sulfh/ kh dgrswv wkh qhz
sulfh dv klv vwudwhj|1 Li qrw/ kh uhwdlqv klv suhylrxv vwudwhj|1 Vlploduo|/ li d
ex|hu � lv fkrvhq kh udqgrpo| fkrrvhv d qhz vwudwhj| iurp klv vwudwhj| vhw
f�1 Li wklv sulfh jlyhv d +zhdno|, kljkhu sd|r�/ kh dgrswv wkh qhz elg sulfh
dv klv vwudwhj|1 Rwkhuzlvh/ kh uhwdlqv wkh h{lvwlqj vwudwhj|1

Wkhvh vlpsoh uxohv gh�qh d vwrfkdvwlf surfhvv1 Wkh vwdwh yhfwru dw dq|
gdwh lv wkh fxuuhqw sur�oh ri olplw rughu vwudwhjlhv1 Vxssrvh wkdw % ' E@c K�
lv wkh vwdwh dw gdwh | � � dqg %� ' E@�c K�� lv wkh vwdwh dw wkh qh{w gdwh |1 Li
vhoohu � lv fkrvhq wr pryh dw gdwh |/ d qhz dvn sulfh /� lv fkrvhq dffruglqj wr
wkh xqlirup glvwulexwlrq rq d��c� o1 Wkhq K� ' K dqg

@� '

�
E/�c @3�� li Z�EE/�c @3��c K� � Z�E@c K�
@ li Z�EE/�c @3��c K� 	 Z�E@c K��

Vlploduo|/ li ex|hu � lv fkrvhq wr pryh dw gdwh |/ wkhq /� lv gudzq iurp d
xqlirup glvwulexwlrq rq dfc ��o dqg wkh qhz vwdwh vdwlv�hv @� ' @ dqg

K� '

�
E/�c K3�� li Z�E@c E/�c K3��� � Z�E@c K�
K li Z�E@c E/�c K3��� 	 Z�E@c K��

Qrwh wkdw lq wkh hyhqw wkdw djhqwv duh lqgl�huhqw ehwzhhq wkh qhz vwudwhj|
dqg wkh h{lvwlqj vwudwhj|/ wkh| vzlwfk wr wkh qhz1 Lq sduwlfxodu/ li wkh lqlwldo
vwdwh % ' E@c K� lv rqh lq zklfk vhoohu � fdqqrw wudgh/ vr wkdw Z�E@c K� ' f/ wkhq
dq| sulfh lq f� lv zhdno| suhihudeoh dqg vr wkh qhz sulfh lv gudzq udqgrpo|
iurpf�1 Wklv dvvxpswlrq lv lpsruwdqw ehfdxvh lw holplqdwhv wkh srvvlelolw| ri
jhwwlqj vwxfn lq vlwxdwlrqv zkhuh qr wudgh lv srvvleoh1 Iru h{dpsoh/ vxssrvh
wkdw @� ' � iru hyhu| vhoohu � dqg K� ' f iru hyhu| ex|hu �1 Wklv lv d srvvleoh
vwdwh dqg rqh lq zklfk qr wudgh lv srvvleoh1 Pruhryhu/ qr ghyldwlrq e| dq|
vlqjoh ex|hu ru vhoohu zloo pdnh wudgh srvvleoh1 Vr li djhqwv rqo| vzlwfk wr
vwulfwo| ehwwhu vwudwhjlhv/ wkh ruljlqdo srvlwlrq zloo eh d uhvw srlqw iru wkh
v|vwhp dqg wkhuh lv qr srvvlelolw| ri frqyhujhqfh wr d frpshwlwlyh rxwfrph1
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Iru wklv uhdvrq/ lw lv hvvhqwldo wr doorz djhqwv wr vzlwfk wr zhdno| ehwwhu
vwudwhjlhv1

61518 Wkh Pdunry Fkdlq ifwj
^Wkh pdwhuldo lq wklv vxevhfwlrq lv udwkhu whfkqlfdo dqg wkh uhdghu zkr lv qrw
lqwhuhvwhg lq wklv ghwdlo pd| zlvk wr vnls dkhdg wr Vhfwlrq 616/ qrwlqj rqo|
Ohppd 4 dqg lwv fruroodu|/ zklfk duh xvhg lq wkh vhtxho1`

D vwrfkdvwlf surfhvv lv d idplo| if|j ri udqgrp hohphqwv/ gh�qhg rq dq
xqghuo|lqj suredelolw| vsdfh ElcI c � �1 DPdunry fkdlq if|j lv d sduwlfxodu
w|sh ri vwrfkdvwlf surfhvv/ zlwk d frxqwdeoh sdudphwhu vhw A ' i�c 2c ���j/ d
vhtxhqfh ri udqgrp hohphqwv f| wdnlqj ydoxhv lq wkh vwdwh vsdfh j/ dqg d
suredelolw| glvwulexwlrq �% wkdw vdwlv�hv=

�%Ef| 5 �mf|� ' %|�c ���cf|& ' %|&� ' �%Ef| 5 �mf|& ' %|&�

iru dq| lqlwldo vwdwh % dqg iru dq| wlphv |� 	 ��� 	 |& 	 |1
Wkh ehkdylrudo uxohv ghvfulehg lq wkh suhfhglqj vhfwlrq gh�qh d Pdunry

fkdlq1 Lq idfw/ wkh hyroxwlrq ri wkh vwrfkdvwlf surfhvv fdq eh uhsuhvhqwhg e| d
+wlph0lqyduldqw, wudqvlwlrq suredelolw| � E%c�� zklfk whoov xv/ iru dq| fxuuhqw
vwdwh %/ wkh suredelolw| wkdw wkh vwdwh ri wkh v|vwhp dw wkh qh{w gdwh ehorqjv
wr wkh vhw �1 Wkh sxusrvh ri wklv vhfwlrq lv wr wudqvodwh wkh ehkdylrudo uxohv
gh�qhg deryh lqwr d irupdo gh�qlwlrq ri wkh wudqvlwlrq suredelow| � E%c��1

Wkh vhw ri dgplvvleoh vwudwhj| sur�ohv j lv hqgrzhg zlwk wkh Eruho j0
�hog EEj� ri phdvxudeoh vhwv +wkh j0�hog jhqhudwhg e| wkh rshq vhwv ri j,1
Xvlqj wkh uxohv rxwolqhg deryh/ iru dq| jlyhq lqlwldo srvlwlrq/ % ' E@c K� dqg
dq| phdvxudeoh vhw � 5 EEj�/ zh fdq gh�qh d Pdunry wudqvlwlrq suredelolw|
� E%c��1 Iru dq| djhqw & dqg dq| vwdwh %/ ohw �&E%� ghqrwh wkh ehwwhu wkdq
vhw/ wkdw lv/

�&E%� ' i%�&mZ&E%�&c %3&� � Z&E%�j�
Vlqfh wkh djhqw vhdufkhv udqgrpo| iru d ehwwhu vwudwhj|/ li kh �qgv d ehwwhu
vwudwhj| lw zloo eh xqlirupo| glvwulexwhg rq wkh ehwwhu wkdq vhw1 Wkhq ohw
L&E%c �� ghqrwh d suredelolw| glvwulexwlrq rq j vxfk wkdw wkh vxssruw ri
L&E%c �� lv d�&E%�� i%3&jo dqg wkh uhvwulfwlrq ri L&E%c �� wr wkh vhw d�&E%��
i%3&jo lv wkh xqlirup glvwulexwlrq1 Iru sudfwlfdo sxusrvhv zh fdq wklqn ri
L&E%c �� dv wkh xqlirup glvwulexwlrq rq d�&E%� � i%3&jo exw lw lv lpsruwdqw
wr uhphpehu wkdw lw lv gh�qhg iru hyhu| phdvxudeoh vxevhw ri j1 Ohw (E%c ��
ghqrwh wkh Gludf glvwulexwlrq frqfhqwudwhg rq % dqg ohw B&E%� ghqrwh wkh
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udwlr ri wkh gldphwhu ri wkh ehwwhu uhvsrqvh vhw wr wkh vwudwhj| vhw ri djhqw
&=

B&E%� '

�
gldp�&E%�*E� � �&� li & lv d vhoohu
gldp�&E%�*�& li & lv d ex|hu1

Wkhq/ frqglwlrqdo rq wkh fxuuhqw vwdwh % dqg djhqw & ehlqj fkrvhq wr pryh/
wkh glvwulexwlrq ri wkh qhz vwdwh lv jlyhq e|

C&E%c �� ' B&E%�L&E%c �� n E�� B&E%��(E%c ���

Zlwk suredelolw| B&E%� djhqw & �qgv d ehwwhu vwudwhj| dqg/ jlyhq wkdw kh
�qgv d ehwwhu vwudwhj|/ klv vwudwhj| lv xqlirupo| glvwulexwhg rq �&E%�> zlwk
suredelolw| � � B&E%� kh grhv qrw �qg d ehwwhu vwudwhj| dqg/ li kh grhv qrw
�qg d ehwwhu vwudwhj|/ wkh qhz vwdwh zloo eh wkh vdph dv wkh rog1 Vlqfh hdfk ri
wkh djhqwv lv fkrvhq wr pryh zlwk htxdo suredeolw|/ wkh wudqvlwlrq suredelolw|
fdq eh gh�qhg e| sxwwlqj

� E%c�� ' E2��3�
�[
�'�

C�E%c�� n E2��3�
�[
�'�

C�E%c��c

iru hdfk vwdwh % dqg phdvxudeoh vhw �1 Lq rwkhu zrugv/ zh wdnh C&E%c�� wr
eh wkh wudqvlwlrq suredelolw| frqglwlrqdo rq & ehlqj fkrvhq wr vhdufk iru d
ehwwhu vwudwhj|> dqg wkhq wkh +xqfrqglwlrqdo, wudqvlwlrq suredelolw| � E%c�� lv
mxvw wkh h{shfwhg ydoxh ri wkh frqglwlrqdo wudqvlwlrq suredelolwlhv iC&E%c��j/
zkhuh wkh zhljkwv �3� duh wkh suredelolwlhv ri fkrrvlqj hdfk djhqw dv wkh
h{shulphqwhu1

Li � G j�EEj� $ +n lv wkh wudqvlwlrq suredelolw| ixqfwlrq iru d Pdunry
fkdlq wkhq e| gh�qlwlrq lw vdwlv�hv wkh iroorzlqj wzr frqglwlrqv=
+l, iru hdfk � 5 EEj�/ � E�c �� lv d qrq0qhjdwlyh/ phdvxudeoh ixqfwlrq rq j(
+ll, iru hdfk % 5 j/ � E%c �� lv d suredelolw| phdvxuh rq EEj�1
Iurp wkh gh�qlwlrq ri wkh ixqfwlrq � lw lv fohdu wkdw surshuw| +ll, lv vdwlv�hg1
Wr vkrz wkdw surshuw| +l, lv vdwlv�hg/ zh rqo| qhhg wr qrwh wkdw iru dq|
phdvxudeoh vxevhw � � j/ wkh suredelolw| C&E�� lv d phdvxudeoh ixqfwlrq
ri %1

Iru dq| lqlwldo vwdwh %/ wkh wudqvlwlrq suredelolw| � E%c�� gh�qhv d Pdunry
fkdlq if|j rq wkh suredelolw| vsdfh ElcI c �%�1 Lq wklv fdvh/ zh wdnh wkh vhw
l wr eh j"/ wkh frxqwdeoh surgxfw ri frslhv ri j/ I wr eh wkh j0�hog
jhqhudwhg e| wkh f|olqghu vhwv ��� �����| 5 EEj�� ����EEj� dqg �% wr eh
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wkh xqltxh h{whqvlrq ri wkh vhw ixqfwlrqv gh�qhg lqgxfwlyho| rq wkh f|olqghu
vhwv �� � ���� �| e| wkh wudqvlwlrq nhuqho � =

� �
% E%c��� ' � E%c���

� 2E�� � �2� '

]
��

� E%c _+��� E+�c �2�

111

� ?E�� � ���� �|� '

]
��

� E%c _+��

]
�2

� E+�c _+2����� E+|3�c �|��

^Vhh Ph|q dqg Wzhhglh +4<<6, / Vhfwlrq 617/ iru wkh ghwdlov ri wkh surfh0
gxuh dqg d surri1` Wklv Pdunry fkdlq kdv wkh surshuw| wkdw iru dq| lqlwldo
frqglwlrq % dqg dq| f|olqghu vhw �� � �����|

�%Ef� 5 ��c ���c f| 5 �|� '

]
��

� E%c _+��

]
�2

� E+�c _+2����� E+|3�c �|��

D vwrfkdvwlf surfhvv zlwk �qlwh glphqvlrqdo glvwulexwlrqv vdwlvi|lqj wklv surs0
huw| iru hyhu| | lv fdoohg d wlph krprjhqrxv Pdunry fkdlq zlwk wudqvlwlrq
suredelolw| nhuqho � E%c�� dqg lqlwldo frqglwlrq %1

Wkhuh duh d frxsoh ri whfkqlfdo uhvxowv wkdw zloo eh xvhg uhshdwhgo| lq wkh
vhtxho dqg zklfk lw zloo eh frqyhqlhqw wr vwdwh khuh1

Iru dq| vhw � 5 EEj� dqg lqlwldo frqglwlrq %/ ohw uE%c�� ghqrwh wkh
suredelolw| wkdw wkh Pdunry fkdlq f ' if|j hqwhuv wkh vhw � dw vrph gdwh
|/ wkdw lv/

uE%c�� ' �%df 5 �oc

zkhuh df 5 �o ghqrwhv wkh hyhqw i/mf|E/� 5 �c <|j1 Ohw 'E%c�� ghqrwh wkh
suredelolw| wkdw lw hqwhuv � lq�qlwho| riwhq/ wkdw lv/

'E%c�� ' �%df 5 �c l1roc

zkhuh df 5 �c l1ro ghqrwhv wkh hyhqw i/mf|E/� 5 �c iru lq�qlwho| pdq| |j1
Zh vd| wkdw d vhw � 5 EEj� lv dffhvvleoh iurp d vhw � 5 EEj� li uE%c�� : f
iru hyhu| lqlwldo frqglwlrq % 5 � dqg zh vd| wkdw � lv xqlirupo| dffhvvleoh
iurp � li wkhuh h{lvwv d B : f vxfk wkdw

�?u
%M�

uE%c�� � B�

Li � lv xqlirupo| dffhvvleoh iurp � zh zulwh � l �1 D vhw � 5 EEj� lv
fdoohg Kduulv uhfxuuhqw li 'E%c�� ' � iru dq| % 5 �1 Wkh qh{w uhvxow whoov xv
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wkdw li � lv xqlirupo| dffhvvleoh/ wkhq wkh fkdlq ylvlwv � lq�qlwho| riwhq zlwk
suredelolw| rqh1 Lqwxlwlyho|/ li wkh suredelolw| ri jrlqj iurp �S wr � lv dw
ohdvw B wkhq wkh suredelolw| ri vwd|lqj rxw ri � iruhyhu pxvw eh E�� B�" ' f1
Wkhq vhfrqg sduw whoov xv wkdw li � lv xqlirupo| dffhvvleoh iurp � wkhq li �
lv ylvlwhg lq�qlwho| riwhq/ vr lv �1

Ohppd 4 +l, Iru dq| � 5 EEj�/ li j l � wkhq � lv Kduulv uhfxuuhqw> lq
idfw/ 'E%c�� ' � iru dq| % 5 j> +ll, Iru dq| vhwv �c� 5 EEj�/ li � l �
wkhq if 5 � l1r1j � if 5 � l1r1j d1v1

^Ph|q dqg Wzhhglh +4<<6,/ Wkhruhp <14161` D vhw � 5 EEj� lv fdoohg de0
vruelqj li � E%c�� ' � iru doo % 5 �1 Lq rwkhu zrugv/ rqfh lq � wkh v|vwhp
vwd|v wkhuh iruhyhu zlwk suredelolw| rqh1 Wkh qh{w uhvxow whoov xv wkdw li � lv
devruelqj dqg � lv xqlirupo| dffhvvleoh iurp d glvmrlqw vhw �/ wkhq wkh sure0
delolw| ri ylvlwlqj � lq�qlwho| riwhq lv }hur> ehfdxvh rqfh wkh v|vwhp hqwhuv
� lw qhyhu uhwxuqv dqg li lw ylvlwv � lq�qlwho| riwhq lw pxvw ylvlw � lq�qlwho|
riwhq/ frqwudglfwlqj wkh Ohppd1

Fruroodu| 5 Iru dq| vhwv �c� 5 EEj� vdwlvi|lqj � _ � ' >/ li � lv de0
vruelqj dqg � l � wkhq 'E%c�� ' f iru dq| %�

Surri1 Ohw .| eh wkh hyhqw if| 5 �c fr 5 �c <r : |j1 Vlqfh � lv devruelqj/
�%E.|� ' f iru doo | dqg vlqfh wkh suredelolw| phdvxuh �% lv j0dgglwlyh/
�%E^"|'�.|� ' f1 Iurp frqfoxvlrq +ll, ri wkh suhfhglqj Ohppd/if 5 �
l1r1j � if 5 � l1r1j/ vr

if 5 � l1r1j � ^"|'�.|�

Khqfh/ 'E%c�� ' �%if 5 � l1r1j ' f dv uhtxluhg1
Zh duh qrz uhdg| wr vwxg| wkh frqyhujhqfh surshuwlhv ri wkh Pdunry

fkdlq if|j1

616 Frqyhujhqfh wr Frpshwlwlyh Sulfhv

61614 Yroxph0pd{lpl}lqj wudgh

Wkh pdlq remhfwlyh lv wr vkrz wkdw/ lq vrph vhqvh/ wkh Pdunry fkdlq ghvfulehg
deryh frqyhujhv wr d frpshwlwlyh rxwfrph/ wkdw lv/ wr d vlwxdwlrq lq zklfk
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doo wudgh wdnhv sodfh dw frpshwlwlyh sulfhv1 Wkh dqdo|vlv ri frqyhujhqfh fdq
eh frqyhqlhqwo| eurnhq grzq lqwr wzr vwhsv1 Wkh �uvw vwhs lqyroyhv vkrzlqj
wkdw/ zlwk suredelolw| rqh/ wkh yroxph ri wudgh lv pd{lpl}hg lq �qlwh wlph
dqg/ iurp wkdw srlqw rqzdugv/ wkh yroxph ri wudgh uhpdlqv frqvwdqw1 Wkh
qh{w vwhs lv wr vkrz wkdw/ dv|pswrwlfdoo|/ doo wudgh wdnhv sodfh dw pdunhw0
fohdulqj sulfhv1

Wr dqdo|}h wkh yroxph ri wudgh/ zh �uvw qhhg vrph dgglwlrqdo qrwdwlrq1
Iru dq| vwdwh % 5 j dqg dq| phdvxudeoh vhw � 5 EEj�/ gh�qh � ?E%c�� wr
eh wkh suredelolw| wkdw wkh v|vwhp ehorqjv wr � h{dfwo| ? shulrgv odwhu/ jlyhq
wkdw lw vwduwhg dw %/ wkdw lv/ � ?E%c�� ' �%Ef? 5 ��1 Wkhq � ?E%c�� fdq eh
gh�qhg uhfxuvlyho| e| sxwwlqj

� ?E%c�� '

]
� E%c _+�� ?3�E+c ���

Ohw � eh wkh vhw ri +jhqhulf, vwdwhv vxfk wkdw 6 xqlwv ri wkh jrrg duh wudghg
zkhqhyhu wkh vwdwh ri wkh v|vwhp ehorqjv wr �1 Ohw �� ghqrwh wkh vxevhw ri
� lq zklfk lw lv wkh lqiud0pdujlqdo djhqwv � ' �c ���c 6 dqg & ' �c ���c6 zkr
jhw wr wudgh1 Wkhq zh vkrz wkdw �� lv dffhvvleoh iurp dq| vwdwh lq j1 Lq
pdwkhpdwlfdo qrwdwlrq wklv lv zulwwhq j l ��1 Dowkrxjk wkh surri lv udwkhu
ohqjwk|/ dffhvvlelolw| vlpso| uhtxluhv rqh wr vkrz wkdw/ iurp dq| vwduwlqj
srlqw/ wkhuh lv d srvlwlyh suredelolw| +erxqghg dzd| iurp }hur, wkdw udqgrp
vhdufk zloo ohdg wkh wudghuv wr d frq�jxudwlrq ri vwudwhjlhv +sulfhv, wkdw lv
frqvlvwhqw zlwk pd{lpdo wudgh1

Ohppd 6 j l ��1

Surri1 Lq idfw/ zh fdq vkrz wkdw iru dq| lqlwldo frqglwlrq % wkhuh h{lvwv dq
lqwhjhu ? : f dqg d qxpehu k : f vxfk wkdw � ?E%c��� � k1

Iluvw/ ohw % ' E@c K� dqg wdnh wkh lqiud0pdujlqdo vhoohuv � ' �c ���c 6 dqg
duudqjh wkhp lq ghfuhdvlqj rughu dffruglqj wr wkhlu dvnlqj sulfhv1 Wkdw lv/ ohw
i��c ���c �6j eh dq rughuhg 60wxsoh ri wkh �uvw 6 vhoohuv vxfk wkdw � � �� � 6
iru dq| � dqg

@�� : @��n�c ;� ' �c ���c 6� ��

Wkhuh lv d suredelolw| E2��36 wkdw wkh vhoohuv duh fkrvhq wr pryh lq suhflvho|
wklv vhtxhqfh lq wkh shulrgv | ' �c ���c 61

Vxssrvh wkdw wkh vhoohuv duh fkrvhq lq mxvw wklv vhtxhqfh wr fkrrvh qhz
vwudwhjlhv1 Zkhq vhoohu �� kdv d fkdqfh wr pryh/ kh gudzv d qhz sulfh dffrug0
lqj wr wkh xqlirup glvwulexwlrq iurp wkh lqwhuydo d���c� o dqg zlwk suredelolw|
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E7@� Sf�*E� � ���� wkh qhz dvnlqj sulfh @��� olhv lq wkh lqwhuydo dSfc 7@�/ zkhuh
7@ ' ESf n S��*21 Wkh suredelolw| ri wklv vhtxhqfh ri hyhqwv lv dw ohdvw

E2��36
�

E7@� Sf�

E� � ���

�6

vlqfh vhoohu � kdv wkh vpdoohvw suredelolw| ri slfnlqj d sulfh lq wkh lqwhuydo1
Dffruglqj wr rxu ehkdylrudo uxohv/ li vhoohu �� zhdno| suhihuv wkh qhz sulfh kh
kdv fkrvhq/ kh dgrswv lw1 Rwkhuzlvh/ kh vwlfnv zlwk wkh rog sulfh1

Qrwlfh wkdw rqfh zh kdyh jrqh wkurxjk wkh vhtxhqfh ri lqiud0pdujlqdo vhoo0
huv dqg ghwhuplqhg d qhz� 0wxsoh ri dvnlqj sulfhv @� ' E@��c ���c @

�

6c @6n�c ���c @� �/
lw pxvw eh wkh fdvh wkdw iru hdfk � ' �c ���c 6 hlwkhu vhoohu � fdq wudgh dw wkh
qhz sulfhv E@�c K� ru @�� 5 dSfc 7@�1 Wr vhh wklv/ qrwh wkdw @�� *5 dSfc 7@� rqo| li @� lv
zhdno| suhihuuhg wr wkh sulfhv lq dSfc 7@�/ wkdw lv/ � fdq douhdg| wudgh zkhq kh
kdv wkh rssruwxqlw| wr fkdqjh klv vwudwhj| dqg @� : 7@1 Vlqfh dvnlqj sulfhv
duh ghfuhdvlqj lq wklv vhtxhqfh/ lw iroorzv wkdw doo wkh vhoohuv lq i��n�c ���c �6j
fdq wudgh zkhq wkhlu wxuq wr pryh frphv1 Vlqfh wkhvh vhoohuv fdq douhdg|
wudgh/ d fkdqjh lq wkhlu sulfhv zloo qrw d�hfw wkh delolw| wr wudgh ri vhoohu �1

Qrz jr wkurxjk dq h{dfwo| vlplodu dujxphqw zlwk wkh ex|huv1 Duudqjh
wkh 6 lqiud0pdujlqdo ex|huv lq rughu ri lqfuhdvlqj elg sulfhv1 Wkhq wkh vhw
i��c ���c �6j vdwlv�hv � � �� � 6 iru doo � dqg

K�� 	 K��n�c ;� ' �c ���c 6� ��

Zlwk suredelolw| E2��36 wkh6 ex|huv duh fkrvhq lq suhflvho| wklv rughu dqg/
zkhq lw lv ex|hu ��*v wxuq wr pryh/ zlwk suredelolw| E7@c S�o*��� kh fkrrvhv d
qhz sulfh lq wkh lqwhuydo E7@c S�o1 Ri frxuvh/ kh slfnv wkh qhz sulfh dv klv
vwudwhj| li dqg rqo| li lw lv zhdno| suhihuuhg wr K�� / jlyhq wkh fkrlfhv ri wkh
rwkhu djhqwv1 Wkh suredelolw| ri wklv vhtxhqfh ri hyhqwv lv dw ohdvw

E2��36
�
ES� � 7@�

��

�6

vlqfh ex|hu � kdv wkh vpdoohvw suredelolw| ri fkrrvlqj d sulfh lq wkh lqwhuydo
E7@c S�o1

Rqfh zh kdyh doorzhg doo wkh lqiud0pdujlqdo ex|huv wr fkrrvh d qhz vwudw0
hj|/ zh qrwh wkdw iru hyhu| ex|hu � ' �c ���c 6 hlwkhu @�� 5 E7@c S�o ru ex|hu �
fdq wudgh dw wkh vwdwh %� ' E@�c K��1 Djdlq/ wklv iroorzv iurp wkh idfw wkdw li
K�� 5 E7@c S�o wkhq K� 	 7@ dqg ex|hu � zdv deoh wr wudgh dw K� zkhq kh kdg wkh
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rssruwxqlw| wr pryh1 Vlqfh doo wkh rwkhu ex|huv zhuh r�hulqj kljkhu sulfhv/
d fkdqjh lq wkhlu sulfhv fdqqrw h�hfw ex|hu �1

L fodlp qrz wkdw doo lqiud0pdujlqdo ex|huv dqg vhoohuv pxvw wudgh dw E@�c K��1
Wkh vhoohuv zkr zhuh deoh wr wudgh dw wkh ruljlqdo sulfhv fdq vwloo gr vr/
vlqfh fkdqjhv lq wkh ex|huv* sulfhv zloo qrw d�hfw wkh vhoohuv* delolw| wr wudgh1
Olnhzlvh/ ex|huv zkr zhuh deoh wr vhoo dw wkhlu ruljlqdo sulfhv fdq vwloo gr vr1
Wkh uhvw ri wkh lqiud0pdujlqdo vhoohuv � ' �c ���c 6 +uhvs1 ex|huv � ' �c ���c6,
duh fkdujlqj sulfhv @�� 5 dSfc 7@� +uhvs1 K�� 5 E7@c S�o,1 Lw lv fohdu wkdw doo wkh
h{wud0pdujlqdo vhoohuv � ' 6n �c ���c � +uhvs1 ex|huv � ' 6 n �c ���c �, pxvw
fkdujh sulfhv @� 	 Sf +uhvs1 K� : S�,/ vr wkh pdunhw pdnhu zloo pd{lpl}h
sur�wv e| duudqjlqj wudghv dprqj wkh uhvw ri wkh lqiud0pdujlqdo ex|huv dqg
vhoohuv1

Wkxv/ diwhu ? ' 2� shulrgv/ zlwk suredelolw| dw ohdvw

k ' E2��326
�

E7@� Sf�

E� � ���

�6�
ES� � 7@�

��

�6

c

f? 5 ��1
Vlqfh �� � �/ Ohppd 6 lpsolhv wkdw � lv dffhvvleoh iurp j1 Wkhq

Ohppd 4 lpsolhv wkdw iurp dq| lqlwldo frqglwlrq %/ wkh v|vwhp doprvw fhu0
wdlqo| uhdfkhv d vwdwh lq zklfk wkh yroxph ri wudgh lv pd{lpdo/ lq �qlwh
wlph1

Ohppd 7 Iru dq| lqlwldo vwdwh %/ f uhdfkhv � lq �qlwh wlph zlwk suredelolw|
rqh/ wkdw lv uE%c�� ' � iru dq| % 5 j1

Lq idfw/ Ohppd 4 whoov xv vrphwklqj vwurqjhu/ qdpho| wkdw 'E%c�� ' �
iru dq| %/ exw zh gr qrw qhhg wklv uhvxow vlqfh zh fdq vkrz wkdw wkh vhw � lv
devruelqj= rqfh f uhdfkhv � lw uhpdlqv wkhuh zlwk suredelolw| rqh1

Ohppd 8 Wkh vhw � lv devruelqj1

Surri1 Vxssrvh wkdw % ' E@c K� 5 � lv d jhqhulf lqlwldo vwdwh dqg ohw %�

ghqrwh wkh lpphgldwho| iroorzlqj vwdwh dorqj vrph uhdol}dwlrq1 Li wkh djhqw
zkr lv fkrvhq wr pryh dw gdwh � lv dq djhqw zkr lv douhdg| wudglqj/ wkhq wkh
vdph vhw ri djhqwv duh wudglqj lq wkh qhz vwdwh %�1 Wklv iroorzv ehfdxvh wkh
prylqj djhqw zloo qhyhu fkdqjh klv sulfh xqohvv lw lv +zhdno|, ehwwhu iru klp
wr gr vr dqg wklv uhtxluhv wkdw kh wudgh1 Wkh lghqwlwlhv ri wkh rwkhu wudglqj
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djhqwv duh xqd�hfwhg/ ehfdxvh wkh prylqj djhqw lv phuho| prylqj klv sulfh
zlwklq wkh wudglqj udqjh1

Li wkh djhqw zkr lv fkrvhq wr pryh lv d qrq0wudglqj djhqw/ wkhq hlwkhu klv
qhz fkrlfh grhv qrw idoo lq wkh wudglqj udqjh/ lq zklfk fdvh wkh vhw ri wudglqj
djhqwv lv xqfkdqjhg/ ru lw grhv idoo lqwr wkh wudglqj udqjh/ lq zklfk fdvh kh
uhsodfhv rqh ri wkh wudglqj djhqwv rq klv vlgh ri wkh pdunhw1 Krzhyhu/ wkh
wrwdo qxpehu ri wudglqj djhqwv fdqqrw eh fkdqjhg1 Vlqfh zh duh douhdg| dw
wkh pd{lpxp qxpehu ri wudghv/ wkh qxpehu ri wudghv frxog rqo| idoo dqg wklv
zloo qrw kdsshq ehfdxvh doo wkh h{lvwlqj wudghv frqwlqxh wr eh sur�wdeoh1

61615 Frqyhujhqfh wr d frpshwlwlyh rxwfrph

Qrz wkdw zh kdyh hvwdeolvkhg wkh lqhylwdelolw| ri pd{lpdo wudgh/ zh fdq
vkrz wkdw wkh fkdlq frqyhujhv doprvw vxuho| wr d frpshwlwlyh rxwfrph1 Wkh
dqdo|vlv fdq eh uhvwulfwhg wr wkh vhw � ri jhqhulf vwdwhv lq zklfk 6 xqlwv ri
wkh jrrg duh wudghg1 Djdlq/ krzhyhu/ wklv uhtxluhv xv wr h{dplqh d qxpehu
ri gl�huhqw fdvhv1 Zh fkdudfwhul}h wkhvh fdvhv lq whupv ri wkh elg0dvn vsuhdg1
Iluvw/ dw dq| vwdwh % 5 �/ gh�qh wkh pdujlqdo dvn kE%� dqg wkh pdujlqdo elg
qE%� e| sxwwlqj

kE%� ' @�6 dqg qE%� ' K�6c

zkhuh wkh vhoohuv ��c ���c �6c ���c �� duh rughuhg e| lqfuhdvlqj dvnlqj sulfhv dqg
wkh ex|huv ��c ���c �6c ���c �� duh rughuhg e| ghfuhdvlqj elg sulfhv1 Wkh pdujlqdo
dvn lv wkh kljkhvw sulfh ghpdqghg e| d vhoohu wkdw lv dffhswhg lq vwdwh %>
vlploduo|/ wkh pdujlqdo elg lv wkh orzhvw sulfh r�huhg e| d ex|hu wkdw lv
dffhswhg lq vwdwh %1 Wkhvh duh mxvw 60wk rughu vwdwlvwlfv iru wkh dvn dqg
elg sulfhv/ duudqjhg lq lqfuhdvlqj dqg ghfuhdvlqj rughu/ uhvshfwlyho|1 Fohduo|/
kE%� 	 qE%� iru dq| +jhqhulf, vwdwh % 5 �1

Iru dq| lqlwldo vwdwh % lq �/ sxw

Ek|c q|� � EkEf|�c qEf|��c ;| ' �c 2c ����

Wkh vhtxhqfhv ik|j"|'� dqg iq|j"|'� duh vwrfkdvwlf surfhvvhv wkdw kdyh vrph
xvhixo surshuwlhv1 Dv qrwhg deryh/ k| : q| iru doo | zlwk suredelolw| rqh1
Ixuwkhupruh/

k| 	 �6n� ', k| � k|n�

dqg
q| : �6n� ', q| � q|n��
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Wr vhh wklv/ frqvlghu wkh srvlwlrq ri wkh vhoohuv zkhq k| 	 �6n�1 Vlqfh wkhuh
duh 6 wudglqj vhoohuv dqg k| lv wkh kljkhvw dffhswhg dvnlqj sulfh/ wkh vhoohuv
zkr pdqdjh wr wudgh pxvw eh � ' �c ���c 61 Dw gdwh |n� hlwkhu qrqh ri wkhvh
vhoohuv fkdqjhv klv sulfh/ lq zklfk fdvh k|n� ' k|/ ru rqh ri wkhp lv fkrvhq
wr pryh dqg �qgv d ehwwhu sulfh/ zklfk pxvw eh d kljkhu rqh1 Wklv sulfh
fkdqjh hlwkhu ohdyhv wkh pdujlqdo dvn xqfkdqjhg ru udlvhv lw/ vr lq hlwkhu
fdvh k|n� � k|1 Wkh h{sodqdwlrq ri wkh vhfrqg lpsolfdwlrq lv vlplodu1 Wkhvh
prqrwrqlflw| surshuwlhv duh xvhg wr suryh wkh iroorzlqj frqyhujhqfh wkhruhp1
Ohw � ghqrwh wkh vhw ri vwdwhv vxfk wkdw erwk pdujlqdo sulfhv duh frqwdlqhg
lq wkh frpshwlwlyh lqwhuydo dSfc S�o/ wkdw lv/

� ' i% 5 �m Sf 	 kE%� 	 qE%� 	 S�j�
Wkhruhp 9 Vxssrvh wkdw wkh lqlwldo vwdwh % 5 �1 Wkhq wkhuh h{lvwv d udq0
grp yduldeoh f" vxfk wkdw

*�4
|<"

k| ' *�4
|<"

q| ' f" 5 ESfc S��c �%0d1v1

dqg/ iru dq| vhoohu � ' �c ���c 6/ f�| $ f" doprvw vxuho| +uhvs1 iru dq| ex|hu
� ' �c ���c6/ f�| $ f" doprvw vxuho|,1

Surri1 E| wkh prqrwrqlflw| surshuwlhv ri ik|j dqg iq|j/ *�4|<" k| dqg
*�4|<" q| erwk h{lvw dqg duh phdvxudeoh dqg *�4|<" k| � *�4|<" q|1 Ixu0
wkhupruh/ zh fdq vkrz wkdw iru dq| 0 : f wkhuh lv d B : f vxfk wkdw mk|�q|m :
0 lpsolhv wkdw zlwk suredelolw| dw ohdvw B/ mk|n��q|n�m 	 0*21 Wr vhh wklv/ qrwh
wkdw zlwk suredelolw|6E2��3� rqh ri wkh vhoohuv � ' �c ���c 6 lv fkrvhq wr pryh
dqg zlwk suredelolw| 0*2E� � ��� kh fkrrvhv d sulfh lq wkh lqwhuydo Ek|c q|�1
Wkhq lw lv fohdu wkdw wkh suredelolw| wkdw mk|�q|m : 0 iru doo | lv }hur/ iru dq|
�{hg exw duelwudu| 0 : f1 Khqfh/ *�4|<" k| ' *�4|<" q| ' f" 5 ESfc S�� dv
uhtxluhg1

Wr vkrz wkdw wkh sulfhv ri wkh lqglylgxdo ex|huv dqg vhoohuv dovr frqyhujh
wr S/ rqh xvhv vlplodu dujxphqwv1 Iru h{dpsoh/ li mf�| � k|m : 0 iru doo |/ iru
dq| �{hg 0 : f/ wkhq zh fdq �qg d �{hg B : f vxfk wkdw zlwk suredelolw|
B/ mf�|n� � k|n�m 	 0*21 Khqfh wkh suredelolw| wkdw mf�| � k|m : 0 iru doo |
dqg dq| �{hg 0 : f pxvw eh }hur dqg wklv/ wrjhwkhu zlwk wkh prqrwrqlflw| ri
if�|j lpsolhv wkdw f�| $ f" doprvw vxuho|1 Wkh surri iru ex|huv lv h{dfwo|
vlplodu1

Wklv frqyhujhqfh wkhruhp jlyhv xv wkh hvvhqwldo dujxphqw iru hvwdeolvklqj
wkh frpshwlwlyh rxwfrph/ iru lq wkh olplw zh kdyh doo lqiud0pdujlqdo djhqwv
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fkdujlqj wkh vdph +udqgrp, sulfh f" zklfk ehorqjv wr wkh frpshwlwlyh lq0
whuydo dSfc S�o1 Krzhyhu/ wkh dvvxpswlrq wkdw wkh lqlwldo vwdwh lv vxfk wkdw
erwk pdujlqdo sulfhv ehorqj wr wkh lqwhuydo dSfc S�o ohdyhv vrphwklqj wr eh
grqh1 Krz gr zh nqrz wkdw vxfk d vlwxdwlrq zloo hyhqwxdoo| dulvhB Lq idfw/
lq vrph fdvhv/ wkh pdujlqdo elg dqg dvn sulfhv pd| rqo| dssurdfk wkh frp0
shwlwlyh lqwhuydo dv|pswrwlfdoo|1 Iru wklv uhdvrq wkh frpshwlwlyh frqyhujhqfh
wkhruhp wdnhv wkh iroorzlqj irup1

Wkhruhp : Iru dq| lqlwldo frqglwlrq %/ zlwk suredelolw| rqh/ hlwkhu +l, f
uhdfkhv � lq �qlwh wlph/ lq zklfk fdvh Wkhruhp 9 whoov xv wkdw wkh fkdlq
frqyhujhv wr d frpshwlwlyh rxwfrph/ ru +ll, f grhv qrw uhdfk � lq �qlwh
wlph/ exw k| dqg q| frqyhujh wr d frpprq olplw ehorqjlqj wr wkh vhw iSfc S�j1

Hvwdeolvklqj sduw +ll, wxuqv rxw wr eh udwkhu whglrxv dqg lqyroyhv uxolqj
rxw d qxpehu ri rwkhu srvvleoh fdvhv1 Lq hdfk fdvh/ wkh nh| idfw lv djdlq wkh
prqrwrqlflw| ri ik|j dqg iq|j1

Fdvh 41
Wkh �uvw fdvh wr frqvlghu lv wkh srvvlelolw| wkdw wkh lqwhuydo dk|c q|o frqwdlqv
wkh frpshwlwlyh lqwhuydo lq lwv lqwhulru lq�qlwho| riwhq1 Ohw � ghqrwh wkh vhw
ri vwdwhv vxfk wkdw dSfc S�o � dkE%�c qE%�o/ wkdw lv/

� ' i% 5 �mkE%� 	 Sf 	 S� 	 qE%�j�

Wkh qh{w uhvxow vkrzv wkdw if|j ehorqjv wr � lq�qlwho| riwhq zlwk suredelolw|
f1 Wkh lghd ri wkh ohppd lv wr vkrz wkdw � lv dq devruelqj vwdwh dqg wkdw
� lv xqlirupo| dffhvvleoh iurp �1

Ohppd ; Iru dq| lqlwldo frqglwlrq %/ 'E%c�� ' f1

Surri1 Wkhruhp 9 lpsolhv wkdw � lv dq devruelqj vhw/ vr lw lv vx!flhqw
wr qrwh wkdw � l � dqg wkhq dsso| Ohppd 51 Wr vhh wkdw � lv xqlirupo|
dffhvvleoh iurp �/ qrwh wkdw zlwk suredelolw| E2��3� wkh vhoohu � ' � lv fkrvhq
dw gdwh | n � dqg zlwk suredelolw| ESf n S��*2E� � ��� kh fkrrvhv d sulfh
lq wkh lqwhuydo ESfc ESf n S��*2�> vlploduo|/ zlwk suredelolw| E2��3� wkh ex|hu
� ' � lv fkrvhq dw gdwh |n � dqg zlwk suredelolw| ESf n S��*2�� kh fkrrvhv d
sulfh lq wkh lqwhuydo EESf n S��*2c S��1

Fdvh 51
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Xvlqj wkh uhvxow iurp Fdvh 4/ zh fdq vkrz wkdw k| +uhvs1 q|, pxvw eh juhdwhu
wkdq Sf +uhvs1 ohvv wkdq S�, lq�qlwho| riwhq1 Li qrw wkhq rqh ri wkh pdujlqdo
sulfhv k| dqg q| olhv rxwvlgh wkh frpshwlwlyh lqwhuydo dSfc S�o iru doo vx!flhqwo|
odujh ydoxhv ri | dqg wkhq Ohppd ; lpsolhv wkdw wkh rwkhu sulfh pxvw olhv
lqvlgh1

Ohppd < Iru dq| lqlwldo frqglwlrq %/ zlwk suredelolw| rqh/ rqh ri wkh iro0
orzlqj pxvw rffxu=

+l, Sf 	 k| 	 q| 	 S� iru vrph |>
+ll, k| 	 Sf iru doo | vx!flhqwo| odujh>
+lll, q| : S� iru doo | vx!flhqwo| odujh1

Surri1 Vxssrvh wkdw fdvh +l, grhv qrw rffxu1 Wkhq vlqfh k| 	 q| iru doo |/
lw pxvw eh wkh fdvh wkdw k| 	 Sf lq�qlwho| riwhq ru q| : S� lq�qlwho| riwhq1
Vlqfh wkh pdujlqdo sulfhv gr qrw vwudggoh wkh frpshwlwlyh lqwhuydo lq�qlwho|
riwhq/ h{fhsw iru d �qlwh qxpehu ri gdwhv k| 	 Sf lpsolhv wkdw q| 	 S� dqg
q| : S� lpsolhv wkdw k| : Sf1 Wkhq kdylqj uxohg rxw fdvh +l,/ k| 	 Sf +uhvs1
q| : S�, lpsolhv wkdw k|n� 	 Sf +uhvs1 q|n� : S�, h{fhsw iru d �qlwh qxpehu
ri gdwhv1 Wkxv/ +ll, dqg +lll, duh wkh rqo| dowhuqdwlyhv wr +l,1

Fdvh 61
Li fdvh +l, ri Ohppd < krogv/ wkhq zh duh grqh1 Lw uhpdlqv wr vkrz wkdw fdvhv
+ll, dqg +lll, gr qrw uxoh rxw wkh frpshwlwlyh rxwfrph1 Li rqh ri wkhvh fdvhv
grhv rffxu/ wkh pdujlqdo sulfh frqyhujhv wr wkh dssursuldwh hqgsrlqw/ Sf ru
S�/ zlwkrxw hyhu hqwhulqj wkh lqwhuydo dSfc S�o1 Wkhq wkh sulfhv dw zklfk wudgh
rffxuv zloo eh frpshwlwlyh lq wkh olplw/ exw wkh pdujlqdo wudgh fdq rvfloodwh
lqgh�qlwho| ehwzhhq wkh pdujlqdo wudghu dqg dq h{wud0pdujlqdo wudghu1 Iru
h{dpsoh/ dorqj vrph uhdol}dwlrq +vdpsoh sdwk, ri wkh Pdunry fkdlq/ zh pd|
kdyh k| 	 Sf iru doo | vx!flhqwo| odujh> wkhq k| $ Sf dv | $ 41 Xqiruwx0
qdwho|/ zh fdqqrw dqdo|}h lqglylgxdo vdpsoh sdwkv ehfdxvh wkh| rffxu zlwk
suredelolw| }hur1 Lqvwhdg zh kdyh wr uhirupxodwh wkh fodlp lq whupv ri d vhw
ri vwdwhv1

Iru dq| 0 : f ohw �0 ghqrwh wkh vhw ri vwdwhv % ' E@c K� vxfk wkdw

@� � 4�?i�6c �6n�jn 0 iru � ' �c ���c 6

dqg
K� � 4@ i�6c �6n�j � 0 iru � ' �c ���c 6�
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Wkh qh{w ohppd vd|v wkdw/ vwduwlqj iurp dq| lqlwldo frqglwlrq % dqg iru dq| 0/
�0 lv xqlirupo| dffhvvleoh iurp dq| srlqw lq wkh vwdwh vsdfhj1 Xqiruwxqdwho|/
zkloh wkh surri ri wkh ohppd lv vwudljkwiruzdug/ lw lv udwkhu whglrxv1 Lw
frqvlvwv ri frqvlghulqj duelwudu| lqlwldo vwdwhv dqg vkrzlqj lqgxfwlyho| wkdw
zlwk srvlwlyh suredelolw|/ sulfh0fxwwlqj e| vhoohuv dqg sulfh0udlvlqj e| ex|huv
zloo ohdg wkh lqiud0pdujlqdo wudghuv wr fkrrvh sulfhv forvh wr wkh frpshwlwlyh
lqwhuydo1

Ohppd 43 Iru dq| 0 : f/ j l�01

Surri1 Pruh suhflvho|/ zh vkdoo vkrz wkdw iru dq| % dqg 0 : f/ wkhuh h{lvwv
dq lqwhjhu ? : f +lqghshqghqw ri 0 dqg %, dqg d qxpehu � : f vxfk wkdw
� ?E%c�0� � �1 Zh ehjlq zlwk wkh vhoohuv dqg wkhq uhshdw wkh dujxphqw iru
wkh ex|huv1 Zh qhhg wr glvwlqjxlvk wzr gl�huhqw fdvhv/ ghshqglqj rq zkhwkhu
�6 : �6n� ru �6n� : �61

Fdvh �1 �6 : �6n�1 Lq wklv fdvh/ ohw % ' E@c K� eh wkh lqlwldo frq0
glwlrq dqg frqvlghu wkh �uvw 6 n � vhoohuv/ � ' �c ���c6 n �1 Duudqjh wkhp
lq ghvfhqglqj rughu dffruglqj wr wkhlu dvnlqj sulfhv= � ' ��c ���c �6n� vr wkdw
@�� : @��n� iru � ' �c ���c 61 Qrwh wkdw zh rqo| frqvlghu jhqhulf lqlwldo vwdwhv/
lq zklfk wkhuh duh qr wlhv1 Vlqfh wlhv rffxu zlwk suredelolw| }hur/ wklv grhv
qrw hqwdlo dq| orvv ri jhqhudolw| lq zkdw iroorzv1 Qrz vxssrvh wkdw wkhvh
djhqwv duh fkrvhq wr pdnh fkdqjhv lq wkhlu vwudwhjlhv lq suhflvho| wklv rughu1
Wklv zloo kdsshq zlwk suredelolw| E2��3E6n�� : f1 Frqvlghu �uvw vhoohu ��1 Li
@�� � �6n�n0 wkhuh lv qrwklqj pruh wr suryh vr vxssrvh wkdw @�� : �6n�n01
Dw wklv sulfh/ wkh djhqw lv xqdeoh wr wudgh/ vlqfh dw prvw 6 vhoohuv fdq wudgh/
wkh pdunhw pdnhu dozd|v dvvljqv wudghv wr wkh vhoohuv zlwk wkh orzhvw dvnlqj
sulfhv/ dqg wkhuh duh 6 vhoohuv zlwk orzhu sulfhv1 Wkhuhiruh wklv vhoohu/ zkhq
jlyhq wkh fkdqfh/ zloo udqgrpl}h rq wkh lqwhuydo d���c� o dqg kdv d srvlwlyh
suredelolw| E�6n�n0�����*E������ : f ri fkrrvlqj d sulfh @�� � �6n�n01

Qrz pryh wr wkh vhfrqg vhoohu1 Li wklv vhoohu lv fkrrvlqj d sulfh @�2 �
�6n�n 0/ wkhuh lv qrwklqj pruh wr suryh1 Li @�2 : �6n�n 0 wkhq vhoohu �2 kdv
wkh kljkhvw sulfh dqg fdqqrw wudgh1 Wkhq kh zloo udqgrpl}h rq wkh lqwhuydo
d��2c� o dqg wkhuh lv d suredelolw| E�6n�n0���2�*E� ���2� : f ri fkrrvlqj
d sulfh vdwlvi|lqj @��2 � �6n� n 01

Wr frpsohwh wkh surri e| lqgxfwlrq/ vxssrvh wkdw @�� � �6n� n 0 iru
� ' ��c ���c �� dqg frqvlghu ��n�1 Li @��n� � �6n� n 0 wkhuh lv qrwklqj wr suryh
vr vxssrvh wkdw @��n� : �6n�n01 Wkhq ��n� fdqqrw wudgh dw wklv sulfh/ +vlqfh
wkhuh duh 6 orzhu sulfhv,/ vr zkhq jlyhq wkh fkdqfh vhoohu ��n� zloo udqgrpl}h
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rq wkh lqwhuydo d���n�c� o dqg zlwk suredelolw| E�6n� n 0 � ���n��*���n� wkh
qhz sulfh zloo vdwlvi| @���n� � �6n�n 01 E| lqgxfwlrq zh kdyh vkrzq wkdw iru
doo � ' ��c ���c �6n� wkhuh lv d srvlwlyh suredelolw| wkdw @� � �6n� n 0 zlwklq
h{dfwo| 6n � shulrgv1 Lq idfw/ wkh suredelolw| ri wklv kdsshqlqj lv dw ohdvw

E2��3E6n��06n�

E� � �6n��6n�

vlqfh vhoohu 6 n � kdv wkh vpdoohvw suredelolw| ri fkrrvlqj d sulfh lq wkh
dffhswdeoh lqwhuydo1

Fdvh ��1 �6n� : �61 Lq wklv fdvh/ duudqjh wkh �uvw 6 vhoohuv � ' �c ���c6
lq ghfuhdvlqj rughu dffruglqj wr wkhlu dvnlqj sulfhv= ��c ����c �6 vdwlvi| @�� :
@��n� iru � ' �c ���c6 � �1 Wkhq wkhuh lv d suredelolw| E2��36 wkdw wkhvh
vhoohuv zloo eh fkrvhq lq suhflvho| wklv rughu wr fkdqjh wkhlu dvnlqj sulfhv1 Li
@�� : �6n� kh fdqqrw wudgh vlqfh wkhuh duh 6�� vhoohuv zlwk orzhu sulfhv dqg
wkhuh duh rqo| 6� � ex|huv zkr duh zloolqj wr ex| dw sulfhv dv kljk dv @��1
Frqvhtxhqwo|/ wklv vhoohu zloo udqgrpl}h rq wkh lqwhuydo d���c� o dqg fkrrvh
d sulfh vdwlvi|lqj @��2 � �6 zlwk suredelolw| E�6 � ����*E� � ����1 Vxssrvh
wkdw doo vhoohuv � ' ��c ���c �� kdyh fkrvhq d sulfh @�� � �6 dqg wkdw @��n� : �61
Wkhq ��n� fdqqqrw wudgh dw klv fxuuhqw sulfh1 Zkhq kh jhwv d fkdqfh wr
fkdqjh klv vwudwhj| kh zloo udqgrpl}h ryhu wkh lqwhuydo d���n�c� o dqg fkrrvh
d sulfh @��n� � �6 zlwk suredelolw| E�6����n��*���n�1 E| lqgxfwlrq/ zh kdyh
vkrzq wkdw doo vhoohuv � ' �c ���c 6 zloo fkrrvh d sulfh ohvv wkdq ru htxdo wr �6
lq h{dfwo| 6 shulrgv zlwk d suredelolw| juhdwhu wkdq ru htxdo wr

E2��36E�6 � �6�
6

E� � �6n��6
�

Zh surfhhg lq dq h{dfwo| vlplodu zd| zlwk wkh ex|huv/ wklv wlph glvwlq0
jxlvklqj wkh fdvhv �6 : �6n� dqg �6 	 �6n�1

Fdvh �1 �6n� : �61 Lq wklv fdvh/ ex|hu 6 n � fdq vrphwlphv frpshwh
zlwk ex|hu 6 iru wudgh1 Wdnh wkh �uvw 6 n � ex|huv � ' �c ���c 6 n � dqg
duudqjh wkhp lq lqfuhdvlqj rughu ri elg sulfhv ��c ���c �6n� vr wkdw K�� 	 K��n�
iru doo � ' �c ���c 61 Wkhuh lv d suredelolw| E2��3E6n�� wkdw wkh ex|huv zloo
eh fkrvhq lq suhflvho| wklv rughu wr fkdqjh wkhlu vwudwhjlhv1 Frqvlghu wkh
ghflvlrq ri ex|hu ��1 Vlqfh kh lv r�hulqj wkh orzhvw sulfh ri 6 n � ex|huv/
kh fdqqrw srvvleo| wudgh1 Wkhuhiruh klv qhz vwudwhj| zloo eh d udqgrp gudz
iurp wkh lqwhuydo dfc ���o1 Zlwk suredelolw| E��� � �6n�n 0�*��� wkh qhz sulfh
zloo vdwlvi| K��� � �6n� � 01 Vxssrvh wkdw K�� � �6n� � 0 iru � ' ��c ���c ��
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dqg frqvlghu ��n�1 Li K��n� � �6n� � 0 wkhuh lv qrwklqj wr suryh vr vxssrvh
wkdw K��n� 	 �6n� � 01 Wkhq ��n� fdqqrw wudgh dw wklv sulfh/ +vlqfh wkhuh
duh 6 kljkhu sulfhv,/ vr zkhq jlyhq wkh fkdqfh ex|hu ��n� zloo udqgrpl}h rq
wkh lqwhuydo dfc ���n�o dqg zlwk suredelolw| E���n� � �6n� n 0�*���n� wkh qhz
sulfh zloo vdwlvi| K���n� � �6n� � 01 E| lqgxfwlrq zh kdyh vkrzq wkdw iru doo
� ' ��c ���c �6n� wkhuh lv d srvlwlyh suredelolw| wkdw K� � �6n��0 zlwklq 6n�
shulrgv1 Lq idfw/ wkh suredelolw| ri wklv hyhqw zloo eh dw ohdvw

E2��36n�06n�

�6n�
6n�

c

vlqfh ex|hu � ' 6n� kdv wkh vpdoohvw suredelolw| ri fkrrvlqj dq dffhswdeoh
sulfh1

Fdvh ��1 �6n� 	 �61 Duudqjh wkh �uvw 6 ex|huv lq lqfuhdvlqj rughu
dffruglqj wr wkhlu elg sulfhv= ��c ����c �6 vdwlvi| K�� 	 K��n� iru � ' �c ���c 6�
�1 Wkhq wkhuh lv d suredelolw| E2��36 wkdw wkhvh vhoohuv zloo eh fkrvhq lq
suhflvho| wklv rughu wr fkdqjh wkhlu dvnlqj sulfhv1 Li K�� 	 �6 kh fdqqrw wudgh
vlqfh wkhuh duh 6�� vhoohuv zlwk orzhu sulfhv dqg wkhuh duh rqo| 6�� vhoohuv
zkr duh zloolqj wr dffhsw d sulfh dv orz dv K��1 Frqvhtxhqwo|/ wklv vhoohu
zloo udqgrpl}h rq wkh lqwhuydo dfc ���o dqg fkrrvh d sulfh vdwlvi|lqj K��� � �6
zlwk suredelolw| E�6 � ����*���1 Vxssrvh wkdw doo ex|huv � ' ��c ���c �� kdyh
fkrvhq d sulfh K�� � �61 Wkhq ��n� fdqqqrw wudgh dw klv fxuuhqw sulfh1 Zkhq
kh jhwv d fkdqfh wr fkdqjh klv vwudwhj| kh zloo udqgrpl}h ryhu wkh lqwhuydo
dfc ���n�o dqg fkrrvh d sulfh K��n� � �6 zlwk suredelolw| E�6 � ���n��*���n�1
E| lqgxfwlrq/ zh kdyh vkrzq wkdw doo ex|huv � ' �c ���c 6 zloo fkrrvh d sulfh
K�� � �6 lq 6 shulrgv zlwk suredelolw| juhdwhu wkdq ru htxdo wr

E2��36E�6 � �6�
6

�66
�

Wkh frqfdwhqdwlrq ri wkhvh wzr dujxphqwv/ iru vhoohuv dqg ex|huv uhvshf0
wlyho|/ reylrxvo| hvwdeolvkhv wkh ghvluhg uhvxow1 Qrwh krzhyhu wkdw lq Fdvhv
� dqg �/ iru vhoohuv ru ex|huv/ wkh suredelolw| ri uhdfklqj wkh vhw �0 ghshqgv
rq wkh ydoxh ri 01 Wklv iroorzv iurp wkh idfw wkdw zh xvh wkh h{wud0pdujlqdo
vhoohu ru ex|hu 6 n � wr glvflsolqh wkh lqiud0pdujlqdo vhoohuv dqg ex|huv/ uh0
vshfwlyho|/ dqg klv fkdqfh ri fkrrvlqj dq dffhswdeoh sulfh lv sursruwlrqdo wr
01

Ehfdxvh Ohppd 43 krogv iru duelwudu| 0 : f/ zh frqfoxgh wkdw hyhq lq
fdvhv +ll, dqg +lll, wkh olplw srlqwv ri rqh ri wkh pdujlqdo sulfhv/ ik|j ru iq|j/
duh frqwdlqhg lq wkh frpshwlwlyh lqwhuydo dSfc S�o1
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Ohppd 44 Vxssrvh wkdw k| 	 Sf +uhvs1 q| : S�, iru doo | vx!flhqwo| odujh>
wkhq *�4|<" k| ' Sf +uhvs1 *�4|<" q| ' S�,1

Surri1 Ohw �? eh wkh vhw �0 zlwk 0 ' �*? dqg ohw

l? ' i/ 5 lmf| 5 �? l1r1jc
zkhuh �l1r1� phdqv iru doo exw d �qlwh qxpehu ri |1 Vlqfh �%Elql?� ' f/

�%E_"?'�l?� ' �%Elq ^"?3� Elql?��

� �� �%E^"?3�Elql?��

� ��
"[
?'�

�%Elql?� ' ��

Ohw l� ' _"?'�l? dqg ohw

l�f ' i/ 5 l�mk| 	 Sf l1r1j
dqg

l�� ' i/ 5 l�mq| : S� l1r1j�
Wkhq e| frqvwuxfwlrq zh nqrz wkdw iru dq| / 5 l�f +uhvs1 dq| / 5 l��,/
k|E/� ( Sf +uhvs1 q|E/� ) S�,/ dv uhtxluhg1

E| d vlplodu dujxphqw/ zh fdq vkrz wkdw lq erwk fdvhv +ll, dqg +lll,/ erwk
pdujlqdo sulfhv frqyhujh1

Ohppd 45 Vxssrvh wkdw k| 	 Sf +uhvs1 q| : S�, iru doo | vx!flhqwo| odujh>
wkhq *�4|<" q| ' Sf +uhvs1 *�4|<" k| ' S�, zkhuh dv xvxdo wkh olplwv krog
doprvw vxuho|1

Surri1 Iru dq| 0 : f ohw �0 ghqrwh wkh vhw ri vwdwhv vxfk wkdw kE%� 	 S�� 0
dqg qE%� : S�/ wkdw lv/

�0 ' i% 5 �m Sf 	 kE%� 	 S� � 0 	 S� 	 qE%�jc
zkhuh � lv wkh vhw ri vwdwhv frqvlvwhqw zlwk pd{lpxp wudgh1 Iru dq| vwdwh
% 5 �0 wkhuh lv d srvlwlyh suredelolw|/ erxqghg dzd| iurp }hur/ ri hqwhulqj
wkh vhw � ' i% 5 �m Sf 	 kE%� 	 qE%� 	 S�j1 Iru h{dpsoh/ zlwk suredelolw|
6*2� / dq lqiud0pdujlqdo ex|hu lv fkrvhq wr pryh dqg zlwk suredelolw| dw
ohdvw 0*�� fkrrvhv d sulfh lq wkh lqwhuydo dS� � 0c S�o1 Rqfh lq wkh vhw �/ wkh
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v|vwhp qhyhu ohdyhv/ vr zh fdq xvh d suhylrxv dujxphqw wr vkrz wkdw wkh
v|vwhp fdqqrw eh lq wkh vhw �0 lq�qlwho| riwhq= iru dq| lqlwldo vwdwh % dqg
dq| �{hg e| duelwudu| 0 : f/

�%Ef| 5 �0 l1r1� ' f�

Vlqfh zh kdyh dovr vkrzq douhdg| wkdw wkh v|vwhp fdqqrw eh lq d vwudggolqj
srvlwlrq lq�qlwho| riwhq/ lw iroorzv wkdw/ gh�qlqj��

0 ' i% 5 �mkE%� 	 S��0 	
S� 	 qE%�j/ zh kdyh

�%Ef| 5 � �

0 l1r1� ' f�

Iurp wklv lw lv lpphgldwh wkdw/ rq d vxevhw ri l kdylqj ixoo phdvxuh/ li fdvh
+lll, rffxuv wkhq k| $ S�1

E| dq h{dfwo| vlplodu dujxphqw/ vkrz wkdw lq fdvh +ll, q| $ Sf1
Vr/ lq erwk fdvhv +ll, dqg +lll,/ zh kdyh vkrzq wkdw wkh pdujlqdo sulfhv

frqyhujh wr hohphqwv ri wkh frpshwlwlyh lqwhuydo dSfc S�o1 Ehfdxvh wkh pdujlqdo
sulfhv rqo| dssurdfk wkh frpshwlwlyh lqwhuydo dv|pswrwlfdoo|/ lw lv srvvleoh
wkdw wkh h{wud0pdujlqdo djhqwv � ' 6 n � dqg � n 6 n � duh deoh wr wudgh
lq�qlwho| riwhq1 Krzhyhu/ wklv wudgh zloo eh lqiuhtxhqw ehfdxvh wkh suredelolw|
wkdw dq h{wud0pdujlqdo djhqw lv deoh wr wudgh lq dq| shulrg jrhv wr }hur dv
wkh pdujlqdo sulfhv frqyhujh wr Sf ru S�1

617 H{whqvlrqv

61714 Ilqlwh Vwudwhj| Vhwv

Dowkrxjk zh kdyh ehhq dqdo|}lqj d vlpsoh prgho/ wkh dqdo|vlv wxuqv rxw wr
eh frpsolfdwhg1 Vrph ri wkh frpsoh{lw| ri wkh dqdo|vlv lq wklv fkdswhu lv
dvvrfldwhg zlwk wkh idfw wkdw wkh vwdwh vsdfh f lv dq lq�qlwh vhw1 Lw lv qdwxudo
wr dvn li wkh dqdo|vlv frxog eh vlpsol�hg e| uhsodflqj f zlwk d �qlwh vxevhw1

Iru h{dpsoh/ li wkh djhqwv zhuh uhvwulfwhg wr fkrrvlqj iurp d �qlwh qxpehu
ri elg dqg dvn sulfhv/ wkh vhw ri dgplvvleoh vwudwhj| sur�ohv zrxog eh �qlwh1
Wkh ehkdylru ri wkh v|vwhp frxog wkhq eh uhsuhvhqwhg e| d �qlwh Pdunry
fkdlq dqg wklv zrxog holplqdwh vrph ri wkh whfkqlfdo frpsolfdwlrqv1

Wkhuh lv d fhuwdlq uhdolvp lq wkh dvvxpswlrq wkdw dgplvvleoh sulfhv pxvw
ehorqj wr d �qlwh vhw1 Lq sudfwlfh/ wkh sulfh ri dq lqglylvleoh jrrgv zloo eh dq
lqwhjudo pxowlsoh ri wkh vpdoohvw prqhwdu| xqlw +fhqwv/ oluh/ hwf1, dqg vlqfh
wkh sulfh lv qdwxudoo| erxqghg lq wklv frqwh{w/ wklv lpsolhv wkdw rqo| d �qlwh
qxpehu ri sulfhv qhhgv wr eh frqvlghuhg1
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Dvvxplqj d �qlwh qxpehu ri sulfhv vlpsol�hv wkh dqdo|vlv lq vrph zd|v
dqg pdnhv lw pruh frpsolfdwhg lq rwkhuv1 Zlwk d frqwlqxxp ri sulfhv/ wkh
suredelolw| ri wzr djhqwv txrwlqj wkh vdph sulfh lv }hur/ vr zh gr qrw kdyh
wr zruu| derxw wlhv1 Li sulfhv kdyh wr eh dq lqwhjudo qxpehu ri prqhwdu|
xqlwv/ wkhq lw lv qdwxudo wr dvvxph wkdw hdfk djhqw fdq fkrrvh iurp wkh vdph
vhw ri sulfhv dqg wklv pdnhv wlhv d suredeoh hyhqw1 Wkh wuhdwphqw ri wlhv
pd| eh lpsruwdqw iru wkh hyroxwlrq ri wkh v|vwhp1 Iru h{dpsoh/ li jrrgv
duh doorfdwhg udqgrpo| lq wkh hyhqw ri d wlh/ lw pd| pdnh lw gl!fxow iru wkh
v|vwhp wr vhwwoh grzq xqohvv rqh djhqw fdq xqghufxw wkh rwkhu1 Vxssrvh wkdw
wzr ex|huv kdyh yhu| vlplodu uhvhuydwlrq ydoxhv dqg wkdw wkhuh lv qr sulfh wkdw
olhv ehwzhhq wkh wzr ydoxhv1 Wkhq erwk frxog hqg xs r�hulqj wkh vdph sulfh
dqg wkh wudgh zrxog erxqfh ehwzhhq wkhp xqwlo rqh ri wkhp udlvhg klv elg1

Rqh zd| wr dyrlg wlhv lv wr dvvxph wkdw gl�huhqw djhqwv kdyh gl�huhqw
vhwv ri dgplvvleoh sulfhv1 Wklv vhhpv d olwwoh frqwulyhg/ jlyhq wkh prwlydwlrq
iru �qlwhqhvv lq whupv ri d plqlpdo fxuuhqf| xqlw/ exw lw zrxog zrun1 Wkh
dvvxpswlrq wkdw qr wzr djhqwv kdyh wkh vdph uhvhuydwlrq ydoxh sod|v d vlplodu
uroh lq wkh suhfhglqj prgho1

Wkhuh lv dqrwkhu sureohp wkdw dulvhv hyhq li wkh vhw ri dgplvvleoh sulfhv lv
�qh hqrxjk vr wkdw wkhuh h{lvwv dq dgplvvleoh sulfh ehwzhhq dq| wzr uhvhuyd0
wlrq ydoxhv1 Dq h{dpsoh zloo pdnh wklv fohdu1 Vxssrvh wkdw wkhuh lv d vlqjoh
ex|hu zlwk d uhvhuydwlrq sulfh ri � dqg wzr vhoohuv/ rqh zlwk d uhvhuydwlrq
sulfh ri � dqg wkh rwkhu zlwk d uhvhuydwlrq sulfh ri 21 Fdoo wkhvh djhqwv �c 2
dqg �1 Wkhq d frpshwlwlyh htxloleulxp sulfh pxvw olh lq wkh forvhg lqwhuydo
d�c 2o1 Vxssrvh wkdw wkh vpdoohvw dgplvvleoh sulfh juhdwhu wkdq 2 lv 2��1 Li
2�� ehorqjv wr wkh sulfh vhw ri vhoohu �/ wkhq vhoohu � fdq krog wkh pdujlqdo
sulfh dqg wkhuh lv qrwklqj vhoohu 2 fdq gr derxw lw1 Rq wkh rwkhu kdqg/ li
2�� ehorqjv wr wkh sulfh vhw ri vhoohu 2/ wkhq dw vrph srlqw vhoohu � zloo kdyh
wr fkrrvh dq dvn sulfh ohvv wkdq wzr lq rughu wr wudgh dqg lq wkdw fdvh wkh
pdujlqdo sulfh zloo hyhqwxdoo| jhw lqvlgh wkh frpshwlwlyh lqwhuydo1 Zkhwkhu
frqyhujhqfh rffxuv ru qrw ghshqgv rq h{dfwo| krz zh fkrrvh wkh dgplvvleoh
sulfhv1

Li wkh julg ri dgplvvleoh sulfhv zhuh vx!flhqwo| �qh/ rqh pljkw krsh wkh
rxwfrph zrxog eh dssur{lpdwho| frpshwlwlyh1 Lq rwkhu zrugv/ zh fdq suryh
d olplw wkhruhp fkdudfwhul}lqj wkh dv|pswrwlf sulfhv dv | $ 4 dqg wkhq
suryh dqrwkhu olplw wkhruhp fkdudfwhul}lqj wkhvh sulfhv dv wkh julg ehfdph
�qhu dqg �qhu xqwlo lw dssur{lpdwhg wkh frqwlqxrxv vwdwh vsdfh f1 Wkh idfw
wkdw/ iru vrph fkrlfhv ri wkh julg/ wkh dv|pswrwlf sulfhv +dv | $ 4, uhpdlq
rxwvlgh wkh frpshwlwlyh lqwhuydo hfkrhv fdvh +ll, ri Wkhruhp :1
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Wdnlqj olplwv surylghv xv zlwk dq dqrorjxh ri Wkhruhp : exw lv xqolnho|
wr eh dq| hdvlhu dqg lq vrph zd|v frxog eh pruh frpsolfdwhg wkdq ghdolqj
gluhfwo| zlwk wkh frqwlqxrxv vwdwh vsdfh f1

61715 Wudglqj Pxowlsoh Xqlwv

Rqh ri wkh lpsruwdqw vlpsol�fdwlrqv ri wkh wkhru| ghyhorshg lq wklv fkdswhu
lv wkh dvvxpswlrq wkdw hdfk djhqw zdqwv wr wudgh d vlqjoh xqlw ri wkh jrrg1
Wkhuh duh pdunhwv zkhuh wklv lv d uhdvrqdeoh vlpsol�fdwlrq +wklqn ri wkh
oderu pdunhw ru wkh pdunhw iru frqvxphu gxudeohv/ iru h{dpsoh, dqg wkhuh
duh pdq| h{dpsohv lq wkh olwhudwxuh rq hfrqrplf wkhru| zkhuh vxevwdqwldo
surjuhvv kdv ehhq pdgh zlwk wkh dlg ri wklv dvvxpswlrq1 Qrqhwkhohvv/ lw lv d
uhvwulfwlyh dvvxpswlrq dqg lw olplwv wkh dssolfdelolw| ri wkh wkhru|1

Wkhuh lv rqh sduwlfxodu ihdwxuh ri wkh dvvxpswlrq wkdw vkrxog zruu| xv
jlyhq/ rxu lqwhuhvw lq shuihfw frpshwlwlrq1 Dv orqj dv dq djhqw rqo| zdqwv wr
wudgh dw prvw rqh xqlw ri wkh jrrg/ wkhuh lv devroxwho| qr lqfhqwlyh iru wkh
djhqw wr glvwruw klv ghpdqg ru vxsso| lq rughu wr lq xhqfh wkh sulfh1 Wkh
djhqw rqo| kdv wzr dowhuqdwlyhv/ wr wudgh ru qrw wr wudgh1 Li kh grhv qrw wudgh
klv sd|r� lv }hur dqg wkh sulfh lv luuhohydqw1 Vr dq djhqw pxvw wudgh wr jhw
d srvlwlyh sd|r�1 Kh zloo wu| wr wudgh dw wkh ehvw srvvleoh sulfh exw wkhuh lv
qr xvhdeoh wudghr� ehwzhhq wkh dprxqw wudghg dqg wkh sulfh1

Wkh idfw wkdw zh jhw d frpshwlwlyh rxwfrph iru dq| �qlwh qxpehu ri
djhqwv lq wkh pdunhw lv vxusulvlqj1 Rqh pljkw vxvshfw wkdw wkh dvvxpswlrq
wkdw hdfk djhqw wudghv rqo| rqh xqlw kdv vrphwklqj wr gr zlwk lw1 Iru wklv
uhdvrq lw lv lpsruwdqw wr h{dplqh wkh fdvh ri d pdunhw lq zklfk djhqwv fdq
wudgh pxowlsoh xqlwv ri wkh jrrg1

Zkhq dq djhqw zdqwv wr wudgh pruh wkdq rqh xqlw/ kh lpphgldwho| idfhv
wkh srvvlelolw| ri d wudghr� ehwzhhq sulfh dqg txdqwlw|1 Wklv lv prvw fohduo|
dssduhqw li wkh djhqw lv irufhg wr wudgh doo xqlwv dw wkh vdph elg ru dvn sulfh1
Wkhq lq rughu wr wudgh dq h{wud xqlw d vhoohu zloo kdyh wr orzhu wkh sulfh dw
zklfk kh r�huv doo xqlwv dqg frqyhuvho| d ex|hu zloo kdyh wr udlvh wkh sulfh
kh elgv iru doo xqlwv1 Exw wklv lv qrw wkh rqo| zd| ri h{whqglqj wkh prgho
dqg/ lq idfw/ wkhuh duh pdq| zd|v wkdw rqh frxog jr derxw lw/ zlwk gl�huhqw
uhvxowv1

Shukdsv wkh vlpsohvw zd| ri h{whqglqj wkh prgho lv wr dgdsw wkh ehkdy0
lrudo uxohv xvhg lq wklv fkdswhu e| uhsuhvhqwlqj hdfk djhqw dv d froohfwlrq ri
ehkdylrudo uxohv/ rqh iru hdfk xqlw ri wkh jrrg wudghg1 Vxssrvh/ iru vlpsolflw|/
wkdw wkhuh lv d vlqjoh vhoohu dqg d vlqjoh ex|hu1 Wkh vhoohu lv dvvxphg wr kdyh
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� gl�huhqw xqlwv ri wkh jrrg dqg wkh ex|hu lv dvvxphg wr kdyh � gl�huhqw
xvhv iru wkh jrrg1 Wkhq wkh vhoohu*v suhihuhqfhv duh uhsuhvhqwhg e| d vhtxhqfh
ri ydoxdwlrqv � ' E��c ���c ���/ zkhuh f 	 �� 	 �2 	 ��� 	 �� dqg wkh ex|0
hu*v suhihuhqfhv duh uhsuhvhqwhg e| d vhtxhqfh ri ydoxdwlrqv � ' E��c ���c �� �/
zkhuh �� : �2 : ��� : �� : f1 Wkh lqwhusuhwdwlrq khuh lv wkdw �� lv wkh
ydoxdwlrq wkh vhoohu sodfhv rq xqlw � ri wkh jrrg dqg �� lv wkh ydoxdwlrq wkh
ex|hu sodfhv rq d xqlw ri wkh jrrg dssolhg wr xvh �1 Qrwlfh wkdw wkhvh duh
qrw pdujlqdo ydoxdwlrqv/ wkh ydoxh ri wkh ?0wk xqlw ri wkh jrrg erxjkw dqg
vrog1 Udwkhu wkhvh duh ydoxdwlrqv wkdw dwwdfk wr lghqwl�deoh xqlwv ri wkh jrrg
ru lghqwl�deoh xvhv ri wkh jrrgv1 Wklv uhtxluhv xv wr dvvxph wkdw wkh vhoohu
uhjdugv gl�huhqw xqlwv ri wkh jrrg dv vrphkrz glvwlqfw/ lqghshqghqwo| ri wkh
qxpehu vrog dqg wkdw wkh ex|hu uhjdugv gl�huhqw xqlwv ri wkh jrrg dv lghq0
wlfdo/ exw dssolfdeoh wr glvwlqfw xvhv lq zklfk wkh| kdyh gl�huhqw ydoxdwlrqv/
lqghshqghqwo| ri wkh qxpehu ri xqlwv sxufkdvhg1

Wkh vhoohu fkrrvhv d vhtxhqfh ri dvn sulfhv @ ' E@�c ���c @� � zkhuh @� gh0
qrwhv wkh sulfh dvnhg iru xqlw � dqg wkh ex|hu fkrrvhv d vhtxhqfh ri elg sulfhv
K ' EK�c ���c K� �/ zkhuh K� ghqrwhv wkh sulfh elg iru d xqlw wkdw zloo eh dssolhg
wr xvh �1 Wkh elgv dqg dvnv duh wkhq pdwfkhg e| wkh sur�w0pd{lpl}lqj
pdunhw pdnhu1

Wkh fuxfldo txhvwlrq lv krz wkh elgv dqg dvnv duh fkrvhq1 Ehfdxvh ri wkh
vshfldo dvvxpswlrqv zh kdyh sodfhg rq suhihuhqfhv/ lw lv srvvleoh wr dvvljq
elg dqg dvn sulfhv wr jrrgv lqghshqghqwo| ri wkh qxpehu ri jrrgv erxjkw
dqg vrog1 Wklv phdqv wkdw wkh sulfhv iru gl�huhqw xqlwv2xvhv fdq eh ydulhg
lqghshqghqwo|1 Lq idfw/ lw lv srvvleoh wr uhjdug wkh vhoohu dv d froohfwlrq ri �
vhoohuv/ hdfk zlwk d gl�huhqw ydoxdwlrq/ dqg wkh ex|hu dv d froohfwlrq ri �
ex|huv/ hdfk zlwk d gl�huhqw ydoxdwlrq1 Vr rqh zd| wr prgho wkh ehkdylru ri
d ex|hu ru vhoohu lv wr dgrsw wkh ehkdylrudo uxoh xvhg suhylrxvo| e| fkrrvlqj
hdfk sulfh wr pd{lpl}h wkh vxusoxv uhdol}hg rq wkdw xqlw ri wkh jrrg1 Wkhq
wkh suhylrxv dqdo|vlv dssolhv dqg zh jhw d frqyhujhqfh wkhruhp hyhq zlwk
wzr djhqwv lq wkh pdunhw1

Dv d wkrxjkw h{shulphqw/ wr vhh krz rqh pljkw xvh wkh uhvxowv ghyhorshg
lq wklv fkdswhu wr xqghuvwdqg wkh ehkdylru ri d pdunhw lq zklfk lqglylgxdov
wudgh pxowlsoh xqlwv/ wklv h{huflvh kdv vrph ydoxh1 Krzhyhu/ lw lv qrw hqwluho|
frqylqflqj iru d qxpehu ri uhdvrqv1

Iluvw/ dq djhqw lv qrw qhfhvvdulo| fkrrvlqj d ehwwhu vwudwhj| zkhq kh
dgmxvwv wkh dvn sulfh iru xqlw � ru wkh elg sulfh iru xqlw �1 Wkh uhdvrq lv wkdw
kh lv frpshwlqj zlwk klpvhoi dqg lqfuhdvlqj wkh vxusoxv hduqhg rq rqh xqlw
ri wkh jrrg pd| ghfuhdvh wkh vxusoxv hduqhg rq dqrwkhu1 Lq idfw/ kh pd| hqg
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xs zruvh r� dv d uhvxow ri fkdqjlqj klv vwudwhj| lq wklv zd|1
Wkhuh duh wzr srvvleoh uhvsrqvhv wr wklv fulwlflvp1 Rqh uhvsrqvh lv wkdw/

li wkh remhfw lv wr prgho erxqghg udwlrqdolw|/ lw pd| qrw eh vxfk d edg
wklqj wkdw wkh ehkdylrudo uxohv duh vrphzkdw lqfrkhuhqw1 Exloglqj lq pruh
udwlrqdolw| grhv qrw qhfhvvdulo| pdnh wkh prgho pruh uhdolvwlf1 Dqrwkhu
uhvsrqvh lv wkdw/ li wkhuh zhuh pdq| ex|huv dqg vhoohuv lq wkh pdunhw/ wkh
suredelolw| wkdw d fkdqjh lq dq djhqw*v sulfh iru rqh xqlw zrxog d�hfw klv
vxusoxv rq dqrwkhu xqlw zrxog eh vpdoo dqg khqfh pljkw sdvv xqqrwlfhg1

Dqrwkhu/ srvvleo| pruh vhulrxv/ fulwlflvp lv wkdw e| dvvxplqj djhqwv
fkrrvh wkh sulfhv iru gl�huhqw xqlwv lqghshqghqwo|/ zh duh exloglqj lqwr wkh
prgho dq xquhdolvwlf dprxqw ri frpshwlwlrq1 Wkhuh lv qr srvvlelolw| iru wkh
djhqw wr glvfryhu wkdw e| ydu|lqj wkh sulfhv ri gl�huhqw xqlwv vlpxowdqhrxvo|
kh fdq h{huw pdunhw srzhu dqg lpsuryh klv zhoiduh dv d uhvxow1 Lq idfw/ e|
xvlqj wkh vxusoxv hduqhg rq d vlqjoh xqlw dv wkh fulwhulrq iru fkdqjlqj wkh
vwudwhj|/ zh duh qrw hyhq doorzlqj wkh djhqw wr wdnh lqwr dffrxqw krz klv
remhfwlyh ixqfwlrq fkdqjhv dv d uhvxow ri d fkdqjh lq vwudwhj|1

Ilqdoo|/ wkh vshfl�fdwlrq ri wkh suhihuhqfhv lv duwl�fldo1 Lw grhv qrw doorz
iru wkh xvxdo/ qdwxudo lqwhusuhwdwlrq wkdw �� lv wkh vhoohu*v ydoxdwlrq ri wkh
�0wk xqlw vrog dqg wkdw �� lv wkh ex|hu*v ydoxdwlrq ri wkh �0wk xqlw erxjkw1 Li
xwlolw| lv d ixqfwlrq ri wkh qxpehu ri xqlwv erxjkw ru vrog/ zh fdqqrw vshfli|
d vwudwhj| iru xqlw � ru xqlw � lqghshqghqwo| ri wkh rwkhu xqlwv1

Vxssrvh wkhq wkdw zh wdnh wkh pruh qrupdo lqwhusuhwdwlrq zkhuh hdfk
dgglwlrqdo xqlw vrog kdv d kljkhu pdujlqdo glvxwlolw| +frvw, dqg hdfk dgglwlrqdo
xqlw erxjkw kdv d vpdoohu pdujlqdo xwlolw|1 Dv ehiruh/ zh fdq looxvwudwh wkh
prgho e| dvvxplqj d vlqjoh ex|hu dqg d vlqjoh vhoohu zkr fkrrvh dvn sulfhv
@ ' E@�c ���c @�� dqg elg sulfhv K ' EK�c ���c K��/ uhvshfwlyho|1 Zh pd| zdqw wr
uhvwulfw vwudwhjlhv vr wkdw reylrxvo| grplqdwhg vwudwhjlhv duh uxohg rxw/ exw
wkdw lv qrw lpsruwdqw dv orqj dv wkh vhw ri dgplvvleoh vwudwhjlhv lv erxqghg
dqg frqwdlqv wkh xvxdo vwudwhjlhv1

Wkh pdunhw0pdnhu lv/ dv xvxdo/ dvvxphg wr fkrrvh wudghv wr pd{lpl}h
sur�wv/ exw khuh klv doorfdwlrq zloo kdyh wr uhvshfw wkh ex|hu*v dqg vhoohu*v
rughulqj ri wkh elgv1 Li kh fkrrvhv wr wudgh ? xqlwv/ wkh sur�w zloo eh

?[
�'�

K� �
?[
�'�

@��

Wklv lv ehfdxvh d vhoohu fdqqrw wudgh wkh ?0wk xqlw xqohvv kh lv dovr wudglqj
wkh �uvw/ vhfrqg/ 111 dqg E?� ��0wk xqlwv dv zhoo1
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Dw hdfk gdwh/ rqh ri wkh djhqwv lv fkrvhq dw udqgrp wr fkdqjh klv vwudwhj|1
Kh udqgrpo| vhohfwv rqh iurp wkh dgplvvleoh vhw1 Li lw lv ehwwhu wkdq wkh
fxuuhqw vwudwhj|/ kh dgrswv lw> rwkhuzlvh kh vwd|v zlwk wkh fxuuhqw vwudwhj|1

Wkhuh duh ydulrxv zd|v lq zklfk vhdufk iru d ehwwhu vwudwhj| frxog eh
vwuxfwxuhg1 Dq djhqw frxog ydu| wkh sulfh ri rqh xqlw dw d wlph ru vlpxo0
wdqhrxvo| fkdqjh wkh sulfhv ri doo xqlwv1 Wkhvh prgholqj fkrlfhv kdyh lp0
sruwdqw h�hfwv rq wkh ehkdylru ri wkh v|vwhp1 Frqvlghu �uvw wkh fdvh zkhuh
djhqwv ydu| rqh sulfh dw d wlph1 Vxssrvh wkdw vwudwhjlhv duh olplwhg vr wkdw
�� � @� � � dqg f � K� � ��1 Wkhq wkh vxusoxv iurp wudgh lv dozd|v
qrq0qhjdwlyh dqg wkh djhqw zloo qhyhu zdqw wr uhvwulfw klv wudgh/ dv rssrvhg
wr fduu|lqj rq wkh vdph wudgh dw pruh idyrudeoh sulfhv1 Li djhqwv dgmxvw wkh
sulfh iru rqh xqlw dw d wlph/ wkh prgho zloo kdyh wkh surshuw| wkdw rqfh wkh
pd{lpxp yroxph ri wudgh lv dfklhyhg/ lw vwd|v wkh vdph iruhyhu1 Wkh uhdvrq
lv wkdw/ rq wkh rqh kdqg/ dq djhqw zloo qhyhu fkrrvh wr uhgxfh klv wudgh dqg/
rq wkh rwkhu/ kh fdq rqo| lqfuhdvh klv wudgh e| vwhdolqj d xqlw iurp dq djhqw
rq wkh vdph vlgh ri wkh pdunhw1 Wklv vxjjhvwv wkdw wkh dqdo|vlv ri wkh prgho
lq wklv fkdswhu frxog eh h{whqghg wr vkrz frqyhujhqfh li sulfhv duh fkdqjhg
rqh xqlw dw d wlph1

Zrxog wkh htxloleulxp sulfhv frqyhujh wr wkh frpshwlwlyh lqwhuydoB Wkdw
lv qrw vr fohdu/ exw wkh vlplodulw| wr Ehuwudqg frpshwlwlrq vxjjhvwv wkdw lw
pljkw eh srvvleoh wr suryh d frpshwlwlyh olplw wkhruhp/ hyhq zlwk d �qlwh
qxpehu ri djhqwv1

Wkh surshuw| wkdw wkh pd{lpxp yroxph ri wudgh/ rqfh dfklhyhg/ lv pdlq0
wdlqhg iruhyhu ghshqgv rq wkh dvvxpswlrq wkdw djhqwv fkdqjh rqh sulfh dw
d wlph1 Li djhqwv fdq fkdqjh vhyhudo sulfhv vlpxowdqhrxvo| wkh prgho grhv
qrw kdyh wklv surshuw|1 Iru h{dpsoh/ lw pd| zhoo eh dgydqwdjhrxv iru dq
djhqw wr uhgxfh klv wudgh li dw wkh vdph wlph kh jdlqv hqrxjk e| fkdqjlqj
wkh sulfhv ri lqiud0pdujlqdo xqlwv1 Wkh pd{lpxp yroxph surshuw| sod|hg
dq lpsruwdqw uroh lq wkh dqdo|vlv ri frqyhujhqfh lq wklv fkdswhu1 Li lw qr
orqjhu krogv zkhq pxowlsoh xqlwv duh wudghg dqg sulfhv rq gl�huhqw xqlwv duh
fkdqjhg vlpxowdqhrxvo|/ wklv vxjjhvwv wkdw wkh dqdo|vlv ri wklv fdvh zloo eh
pxfk pruh gl!fxow1

Li frqyhujhqfh wr vrphwklqj krogv/ zloo wkdw �vrphwklqj� eh shuihfwo|
frpshwlwlyhB Wkh idfw wkdw djhqwv uhfrjql}h wkh sulfh0txdqwlw| wudghr� vxj0
jhvwv wkdw vlpxowdqhrxv sulfh fkdqjlqj zloo ohdg wr lpshuihfw frpshwlwlrq1
Lq wkdw fdvh/ odujh qxpehuv ri ex|huv dqg vhoohuv zloo eh qhhghg wr dfklhyh d
shuihfwo| frpshwlwlyh rxwfrph1

Dq lpsruwdqw vshfldo fdvh ri vlpxowdqhrxv sulfh fkdqjlqj lv rqh lq zklfk
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wkh djhqwv pxvw txrwh d vlqjoh sulfh iru doo xqlwv wudghg/ srvvleo| dffrpsd0
qlhg e| d olplw rq wkh qxpehu ri xqlwv wr eh wudghg1 D olplw rq wudghv lv
qhhghg ehfdxvh rwkhuzlvh wkh djhqw uxqv wkh ulvn ri fruqhulqj wkh pdunhw dw
d glvdgydqwdjhrxv sulfh1 Wkh lqwhuhvw ri wklv fdvh lv wkdw lw pdnhv wkh olqn
ehwzhhq wkh sulfh txrwhg dqg wkh txdqwlw| wudghg txlwh wljkw dqg vr hpskd0
vl}hv wkh uroh ri lpshuihfw frpshwlwlrq1 Djdlq/ odujh qxpehuv pd| eh qhhghg
wr dfklhyh wkh shuihfwo| frpshwlwlyh rxwfrph1

61716 Pxowlsoh Jrrgv

Wkh uhvwulfwlrq ri wkh dqdo|vlv wr d vlqjoh pdunhw +l1h1/ wkh pdunhw iru d vlqjoh
jrrg, lv mxvw dv olplwlqj dv wkh uhvwulfwlrq wr wudglqj d vlqjoh xqlw ri wkh jrrg1
Li hdfk ex|hu dqg vhoohu rshudwhv lq rqo| rqh pdunhw/ wkhq wkh h{whqvlrq wr
pxowlsoh jrrgv dggv qrwklqj wr wkh vwru| ghyhorshg vr idu= dq hfrqrp| zlwk
pdq| pdunhwv lv mxvw d froohfwlrq ri vlqjoh0pdunhw hfrqrplhv wkdw gr qrw
lqwhudfw lq dq| phdqlqjixo zd|1 Vr wr pdnh wkh h{whqvlrq lqwhuhvwlqj/ rqh
zdqw djhqwv wr ex| dqg vhoo lq pruh wkdq rqh pdunhw +ex| dqg vhoo pruh wkdq
rqh jrrg,1

Lw lv qrw gl!fxow wr h{whqg wkh gh�qlwlrq ri wkh prgho wr doorz iru pruh
wkdq rqh jrrg/ hvshfldoo| li zh uhwdlq wkh dvvxpswlrq ri txdvl0olqhdu xwlolw|1
Iru vlpsolflw|/ vxssrvh wkdw djhqwv fdq wudgh dw prvw rqh xqlw ri hdfk jrrg/
exw wkhuh lv d �qlwh qxpehu ri jrrgv lqgh{hg e| � ' �c ���c � lq dgglwlrq wr
wkh qxphudluh +prqh|,1 Wkhuh lv d �qlwh qxpehu ri vhoohuv � ' �c ���c � hdfk
ri zkrp vhoov d yhfwru %� 5 ifc �j� ri jrrgv dw wkh dvn sulfhv @� 5 +�

n dqg
uhfhlyhv d sd|r� @� � %� � ��E%��/ zkhuh ���E%�� lv wkh glvxwlolw| ri jlylqj xs
%�1 Vlploduo|/ wkhuh lv d �qlwh qxpehu ri ex|huv � ' �c ���c � hdfk ri zkrp
sxufkdvhv d yhfwru ri jrrgv %� 5 ifc �j� dw wkh elg sulfhv K� 5 +�

n dqg
uhfhlyhv d sd|r� ri ��E%��� K� � %�1

Wkhuh lv qr gl!fxow| lq dgdswlqj wkh ehkdylrudo uxohv wr wkh pxowl0jrrg
fdvh/ ehfdxvh wkhuh lv d sulfh iru hdfk gl�huhqw jrrg dqg wkh pdwfklqj ri
ghpdqgv dqg vxssolhv fdq eh fduulhg rxw iru hdfk pdunhw lqghshqghqwo| ri
wkh rwkhuv1 Wkxv/ rqh frxog fkrrvh dq djhqw dw udqgrp wr fkdqjh klv vwudwhj|
dqg dvvxph wkdw kh udqgrpo| fkrrvhv d jrrg dqg udqgrpo| fkrrvhv d qhz
elg2dvn sulfh iru wkdw jrrg1 Li wkh qhz sulfh lqfuhdvhv wkh djhqw*v sd|r� lw
zrxog eh dgrswhg> rwkhuzlvh wkh fxuuhqw sulfh zrxog eh pdlqwdlqhg1 Wklv
vshfl�fdwlrq kdv wkh dgydqwdjh ri vlpsolflw| dqg doorzv xv wr h{whqg wkh
dqdo|vlv ri wkh vlqjoh0jrrg prgho lq d vwudljkwiruzdug zd|1 Krzhyhu/ lw kdv
wkh xqdwwudfwlyh ihdwxuh wkdw fhuwdlq lpsuryhphqwv wkdw fdq rqo| eh dfklhyhg
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e| fkdqjlqj wzr sulfhv dw rqfh duh uxohg rxw1
Dq h{dpsoh zloo pdnh wklv fohdu1 Vxssrvh wkhuh duh wzr jrrgv/ � dqg �/

dqg wkuhh ex|huv �c�c dqg �1 Ex|hu � olnhv jrrg �/ ex|hu � olnhv jrrg �/
dqg ex|hu � olnhv jrrgv � dqg �1 Pruh suhflvho|/ dvvxph wkdw ��Ef� ' f iru
doo � dqg wkdw

��Efc �� ' f( ��E�c f� ' ��E�c �� ' 2(

��E�c f� ' f( ��Efc �� ' ��E�c �� ' 2(

��E�c f� ' ��Efc �� ' �( ��E�c �� ' S�

Vr ex|hu � zloo sd| xs wr 2 iru rqh xqlw ri �> ex|hu � zloo sd| xs wr 2 iru
rqh xqlw ri �> dqg ex|hu � zloo sd| xs wr � iru d xqlw ri hlwkhu � ru � dqg
zloo sd| xs wr S iru d exqgoh frqvlvwlqj ri d xqlw ri erwk � dqg �1 Wkxv/ �
kdv srwhqwldoo| wkh kljkhvw ydoxdwlrq iru erwk jrrgv/ exw rqo| li kh fdq ex|
rqh xqlw ri hdfk1 Li kh fdq rqo| jhw rqh jrrg/ ex|huv � dqg � hdfk kdyh
kljkhu ydoxdwlrqv lq wkhlu uhvshfwlyh pdunhwv1

Iru vlpsolflw|/ dvvxph wkdw wkhuh lv d vlqjoh vhoohu zlwk rqh xqlw ri hdfk
jrrg wkdw kh ydoxhv dw f1

Qrz frqvlghu d vlwxdwlrq lq zklfk � dqg � duh erwk ex|lqj rqh xqlw
ri wkh jrrg dw d sulfh ri � 	 R 	 2 dqg � lv elgglqj ohvv wkdq R iru erwk
jrrgv1 Li � kdv wkh fkdqfh wr fkdqjh klv elg iru rqh ri wkh jrrgv/ kh zloo qrw
�qg lw sur�wdeoh wr elg pruh wkdq R vr wkhuh lv qr zd| wkdw kh fdq ehfrph
d sxufkdvhu1 Li wkh vhoohu lv dvnlqj R wkhq zh kdyh dq htxloleulxp1 Rq wkh
rwkhu kdqg/ li � frxog dowhu erwk elg sulfhv vlpxowdqhrxvo|/ kh frxog fdswxuh
wkh pdujlqdo elg rq erwk jrrgv iurp ex|huv � dqg �1

Wklv vxjjhvwv wkdw djhqwv vkrxog eh doorzhg wr vhdufk iru ehwwhu sulfhv
ri doo jrrgv vlpxowdqhrxvo|1 Wkh dqdo|vlv ri wklv prgho zloo qrw eh vr hdv|/
krzhyhu1 Ehfdxvh wkh pdujlqdo ydoxdwlrq ri d jrrg ghshqgv rq wkh rwkhu
jrrgv ehlqj wudghg/ dq djhqw pd| zhoo �qg klpvhoi hqjdjhg lq xquhzduglqj
wudgh1 Dv d uhvxow/ wkh surfhvv gh�qhg e| wklv uxoh grhv qrw kdyh wkh surshuw|
ri pd{lpl}lqj wkh yroxph ri wudgh1 Dq h{dpsoh zloo pdnh wklv fohdu1 Vxssrvh
wkdw � kdv wkh pdujlqdo elg iru erwk jrrgv/ vd|/ K� ' E�c ��D�1 Wkhq ex|hu �
jhwv d fkdqfh wr fkdqjh klv vwudwhj| dqg e| elgglqj ��D iru jrrg � kh wdnhv
wkh pdujlqdo elg dzd| iurp �1 Wkhq � �qgv klpvhoi sd|lqj ��D iru d xqlw
ri jrrg � zklfk lv qrw lqglylgxdoo| udwlrqdo1 Vr li � qh{w jhwv d fkdqfh wr
fkdqjh klv vwudwhj|/ kh pd| hqg xs fkrrvlqj qrw wr wudgh/ wkdw lv/ r�hulqj d
sulfh ehorz wkh pdujlqdo elg iru jrrg �1 Li wkh rwkhu ex|huv duh dovr r�hulqj
orz sulfhv iru jrrg � wkhuh pd| eh qr wudgh lq jrrg �1 Wkxv/ zlwk pxowlsoh
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jrrgv wkh yroxph ri wudgh fdq idoo/ xqolnh wkh vlqjoh0jrrg fdvh1
Wkh pxowl0jrrg prgho kdv d wudghr� ehwzhhq sulfh dqg txdqwlw|/ lq wkh

vhqvh wkdw d wudgh lq rqh pdunhw pd| lq xhqfh wkh sulfh wkdw kdv wr eh sdlg lq
rwkhu1 Lq wkh h{dpsoh deryh/ ex|hu �*v pdujlqdo zloolqjqhvv wr sd| lqfuhdvhv
zkhq kh frqvxphv d xqlw ri wkh rwkhu jrrg1 Wkh rssrvlwh frxog eh wkh fdvh1
Vxssrvh wkdw �*v suhihuhqfhv vdwlvi|=

��E�c f� ' ��Efc �� ' �( ��E�c �� ' ��D�

Wkhq � lv zloolqj wr sd| xs wr � iru d xqlw ri jrrg � li kh frqvxphv qr � exw
zrxog rqo| sd| ��D� K li kh zhuh douhdg| sxufkdvlqj rqh xqlw ri � dw d sulfh
ri K1 Li ex|huv � dqg � wudgh erwk jrrgv/ wkh| pljkw glvfryhu e| wuldo dqg
huuru wkdw e| ohwwlqj � kdyh d xqlw ri jrrg � wkh| uhgxfh klv frpshwlwlrq
iru jrrg �/ wkxv uhgxflqj wkh sulfh wkh| kdyh wr sd| iru lw1

Dq lqwhuhvwlqj txhvwlrq lv zkhwkhu wkh lqwhudfwlrq ri wkh wzr pdunhwv
ohdgv wr d nlqg ri lpshuihfw frpshwlwlrq/ dv glg wkh sulfh0txdqwlw| wudghr�
lq wkh pxowl0xqlw/ vlqjoh0jrrg fdvh1

61717 IurpSduwldo Htxloleulxp wr Jhqhudo Htxloleulxp

L kdyh ehhq zulwlqj derxw prghov zlwk pxowlsoh jrrgv dv li wkh| zhuh prghov
zlwk pxowlsoh pdunhwv> exw wkh cpdunhwv* lq wkhvh prghov duh qrw uhdoo| vhs0
dudwh dqg glvwlqfw1 Zh fdq vd| wkdw wkhuh lv d pdunhw iru hdfk jrrg/ exw wklv
lv mxvw d �jxuh ru vshhfk1 Djhqwv vlpxowdqhrxvo| wudgh dqg txrwh sulfhv iru
doo ri wkh jrrgv1 Vlqfh hyhu| djhqw lv vlpxowdqhrxvo| sduwlflsdwlqj lq hyhu|
rqh ri wkhvh cpdunhwv*/ zh frxog htxdoo| zhoo vd| wkdw wkhuh lv d vlqjoh pdunhw
lq zklfk doo wkh jrrgv duh wudghg1

Olnhzlvh/ wkh prghov glvfxvvhg lq wkh suhfhglqj fkdswhuv vrphwlphv dv0
vxph d vlqjoh jrrg +soxv prqh|, dqg vrphwlphv d �qlwh exw duelwudu| qxpehu
ri jrrgv1 Zh frxog lqwhusuhw wkh iruphu dv prghov ri d vlqjoh pdunhw +sdu0
wldo htxloleulxp prghov, dqg wkh odwwhu dv prghov ri dq hfrqrp| zlwk pdq|
pdunhwv +jhqhudo htxloleulxp prghov,/ exw wkhuh lv qr ixqgdphqwdo gl�huhqfh
ehwzhhq wkhp1 Wkh vshfl�fdwlrq ri ehkdylru dqg htxloleulxp duh hvvhqwldoo|
wkh vdph1 Wkxv/ lq wkh prgho vwxglhg lq Fkdswhu 4/ doo wkh djhqwv duh ehlqj
pdwfkhg zlwk hdfk rwkhu/ suhvxpdeo| lq d vlqjoh orfdwlrq/ dqg zkhq wkh| duh
pdwfkhg wkh| r�hu wr wudgh exqgohv ri frpprglwlhv udwkhu wkdq lqglylgxdo
frpprglwlhv1 Wkhuh lv qr vhqvh lq zklfk gl�huhqw frpprglwlhv duh ehlqj
wudghg rq gl�huhqw pdunhwv1
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Li wkh rqo| gl�huhqfh ehwzhhq d prgho ri d vlqjoh pdunhw dqg d prgho ri
dq hfrqrp| zlwk pdq| pdunhwv lv wkh glphqvlrq ri wkh frpprglw| vsdfh/
wkhq lw iroorzv wkdw htxloleulxp lq dq hfrqrp| lv dfklhyhg lq wkh vdph zd|
dv lq d vlqjoh pdunhw1 Wklv frqwudglfwv d orqj0vwdqglqj wudglwlrq lq hfrqrplf
wkrxjkw/ ehjlqqlqj zlwk Nh|qhv li qrw hduolhu/ wkdw krogv wkh ghwhuplqdwlrq ri
htxloleulxp lq dq hfrqrp| lv ixqgdphqwdoo| gl�huhqw iurp wkh ghwhuplqdwlrq
ri htxloleuxp lq d Pduvkdooldq pdunhw1

L zrxog dujxh wkdw dowkrxjk wkh wkhru| ghyhorshg khuh suhwhqgv wr eh
d wkhru| ri jhqhudo htxloleulxp/ lw grhv qrw wdnh vhulrxvo| wkh glvwlqfwlrq
ehwzhhq sduwldo dqg jhqhudo htxloleulxp1 D pruh frqylqflqj prgho ri jhqhudo
htxloleulxp pljkw gl�hu iurp wklv rqh lq pdq| zd|v1 Rqh lpsruwdqw zd| lq
zklfk lw rxjkw wr gl�hu lv lq uhfrjql}lqj wkdw pdunhwv duh glvwlqfw dqg wkdw
qrw doo lqglylgxdov sduwlflsdwh lq doo pdunhwv dw d jlyhq wlph1 Wklv lq wxuq
lpsolhv wkdw wkh sureohp ri dfklhylqj dq h!flhqw doorfdwlrq ri uhvrxufhv lv
pruh gl!fxow wkdq wkh prghov ghyhorshg khuh vxjjhvw1
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Zkhq Dgdp Vplwk zurwh derxw wkh zrunlqj ri wkh lqylvleoh kdqg/ krz lw ohg
vhoi0lqwhuhvwhg lqglylgxdov wr dfw lq d zd| wkdw ixuwkhuhg wkh h!flhqw doorfd0
wlrq ri uhvrxufhv/ kh kdg lq plqg dq hfrqrp| wkdw zdv douhdg| ghfhqwudol}hg
dqg frpsoh{1 Lq wklv hfrqrp|/ hdfk lqglylgxdo zdv d vpdoo sduw dqg kdg
olwwoh nqrzohgjh ri wkh zkroh1 Wkhvh lqglylgxdov sxuvxhg wkhlu rzq qduurz
lqwhuhvwv zlwk olwwoh wkrxjkw iru wkh uhvw ri wkh frpsoh{ surfhvv wkdw frqvwl0
wxwhg wkh olih ri wkh hfrqrp|1 Wkdw rughu frxog frph iurp wkh xqfrruglqdwhg
ghflvlrqv ri wkhvh djhqwv lv vwloo dq dpd}lqj lqvljkw1

Wkh wkhru| ri frpshwlwlyh jhqhudo htxloleulxp wkdw fxoplqdwhg lq wkh
wkh Duurz0Gheuhx0PfNhq}lh +DGP, prgho lv d ehdxwlixo irupdol}dwlrq ri
Vplwk*v lqvljkw1 Lw uhpdlqv wkh ehvw udwlrqdol}dwlrq zh kdyh ri wkh yldelolw|
ri wkh pdunhw v|vwhp1 Lw dovr surylghv dq dqdo|wlfdo prgho wkdw lv vwloo wkh
zrunkruvh ri pdq| duhdv ri hfrqrplfv1 Exw lq vslwh ri lwv vxewohw| dqg srzhu/
wkh DGP prgho kdugo| grhv mxvwlfh wr wkh ulfkqhvv ri Vplwk*v ylvlrq1 Wkh
ghflvlrq0pdnlqj iudphzrun uhsuhvhqwhg e| wkh DGP prgho/ zklfk zh wdnh
wr eh wkh sdudgljp ri shuihfw frpshwlwlrq/ uhgxfhv wkh zkroh hfrqrp| wr d
vlqjoh dxfwlrq pdunhw1 Dowkrxjk wkh DGP fdq eh lqwhusuhwhg dv d wkhru|
ri jhqhudo htxloleulxp lq d frpsohwh hfrqrp|/ lw grhv qrw wdnh vhulrxvo| wkh
glvwlqfwlrq ehwzhhq sduwldo dqg jhqhudo htxloleulxp1 Lw doorzv iru dq| qxpehu
ri frpprglwlhv/ hyhq dq lq�qlwh qxpehu/ dqg wklv lv riwhq lqwhusuhwhg dv
phdqlqj wkdw wkhuh lv d odujh qxpehu ri pdunhwv1 Lw zrxog eh pruh dffxudwh
wr vd| wkdw wkhuh lv d vlqjoh pdunhw lq zklfk dq| qxpehu ri frpprglwlhv fdq
eh vlpxowdqhrxvo| wudghg1 Lq dq| fdvh/ wkh txdolwdwlyh surshuwlhv ri wkh prgho
duh hvvhqwldoo| wkh vdph uhjdugohvv ri wkh qxpehu ri frpprglwlhv2pdunhwv/
vr wklv lv qrw d wkhru| lq zklfk wkh qxpehu ri pdunhwv pdwwhuv pxfk1

4
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Lw zdv vxjjhvwhg dw wkh hqg ri wkh odvw fkdswhu wkdw wkh prghov zh kdyh
ehhq glvfxvvlqj/ olnh wkh DGP prgho/ gr qrw wdnh vhulrxvo| wkh glvwlqfwlrq
ehwzhhq sduwldo dqg jhqhudo htxloleulxp1 Wkhuh duh pdq| zd|v lq zklfk
wkhvh prghov frxog eh pdgh pruh uhdolvwlf1 Wzr L zdqw wr hpskdvl}h duh
lqfrpsohwhqhvv ri pdunhwv dqg lqfrpsohwh sduwlflsdwlrq lq pdunhwv1

Lw kdv orqj ehhq uhfrjql}hg wkdw pdunhwv duh lqfrpsohwh1 Wkh DGP
prgho glvwlqjxlvkhv frpprglwlhv e| sk|vlfdo fkdudfwhulvwlfv/ wlph dqg sodfh
ri gholyhu|/ dqg wkh vwdwh ri qdwxuh rq zklfk gholyhu| lv frqwlqjhqw/ dqg wkhq
dvvxphv wkdw d pdunhw h{lvwv dw wkh ehjlqqlqj ri wlph lq zklfk doo wkhvh
frpprglwlhv fdq eh wudghg1 Fohduo|/ lw lv olwhudoo| lpsrvvleoh wr wudgh doo
ri wkhvh frpprglwlhv dw d vlqjoh sodfh dqg dw d vlqjoh srlqw lq wlph dqg lq
wkdw vhqvh pdunhwv duh �lqfrpsohwh�1 Prghov ri jhqhudo htxloleulxp zlwk lq0
frpsohwh pdunhwv +JHL, kdyh ehhq ghyhorshg wr ghdo zlwk wkh lqwhuwhpsrudo
lvvxhv wkdw dulvh zkhq lw lv lpsrvvleoh wr wudgh doo frpprglwlhv vlpxowdqh0
rxvo|1 Vlqfh hyhu| frpprglw| fdq eh wudghg dw vrph srlqw lq wlph/ wudgh
kdv wr frqwlqxh wkurxjk wlph1 Lqfrpsohwhqhvv ri wklv nlqg lv lpsruwdqw eh0
fdxvh lw uhvwulfwv djhqwv* delolw| wr vkduh ulvnv dqg vprrwk frqvxpswlrq dqg
surgxfwlrq  rzv h!flhqwo|1

Wkhuh duh vshfldo frqglwlrqv xqghu zklfk pdunhwv wkdw duh qrw olwhudoo|
frpsohwh/ dv lq wkh DGPprgho/ duh qrqhwkhohvv h�hfwlyho| frpsohwh ehfdxvh
wkh| doorz dq h!flhqw doorfdwlrq ri uhvrxufhv wr eh dfklhyhg wkurxjk g|qdplf
wudglqj ri d vpdoo vhw ri frpprglwlhv dqg vhfxulwlhv1 Wklv lv dq lpsruwdqw
h{whqvlrq ri wkh fodvvlfdo wkhru| dqg rqh wkdw kdv irxqg h{wuhpho| lpsruwdqw
dssolfdwlrqv lq �qdqfh/ exw wkh pruh lqwhuhvwlqj srvvlelolwlhv iurp wkh srlqw ri
ylhz ri xqghuvwdqglqj wkh hfrqrplf frruglqdwlrq sureohp dulvh zkhqpdunhwv
duh h�hfwlyho| lqfrpsohwh dqg wkh uhvxowlqj doorfdwlrq ri uhvrxufhv lv qrw
qhfhvvdulo| h!flhqw1

Dqrwkhu nlqg ri lqfrpsohwhqhvv wdnhv wkh irup ri lqfrpsohwh sduwlflsd0
wlrq1 Lq wkh fodvvlfdo wkhru|/ hyhq zlwk lqfrpsohwh pdunhwv/ hyhu| djhqw
sduwlflsdwhv lq doo wkh pdunhwv wkdw h{lvw dw dq| srlqw lq wlph1 Dv d uhvxow/
d odujh sduw ri wkh frruglqdwlrq ixqfwlrq wkdw Vplwk dvfulehg wr wkh lqylv0
leoh kdqg lv khuh uhqghuhg pruh ru ohvv dxwrpdwlf e| wkh dvvxpswlrq wkdw
doo djhqwv duh lqwhudfwlqj lq doo dfwlyh pdunhwv dw wkh vdph wlph1 D pruh
uhdolvwlf dqg pruh fkdoohqjlqj ylvlrq zrxog uhfrjql}h wkdw prvw hfrqrplf
djhqwv gr qrw wudgh prvw jrrgv dqg gr qrw wkhuhiruh sduwlflsdwh lq prvw
pdunhwv1 Ixuwkhupruh/ li zh orrn rqo| dw wkh uhvwulfwhg vhw ri pdunhwv wkdw
dq lqglylgxdo djhqw grhv sduwlflsdwh lq/ zh zrxog vhh wkdw kh lv qrw dfwlyh
lq doo ri wkrvh pdunhwv vlpxowdqhrxvo|1 Wkhvh revhuydwlrqv kdyh lpsruwdqw
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frqvhtxhqfhv iru wkh rshudwlrq ri pdunhwv1
Wkhuh duh vshfldo frqglwlrqv xqghu zklfk pdunhwv zlwk lqfrpsohwh sdu0

wlflsdwlrq zloo ehkdyh olnh pdunhwv zlwk frpsohwh sduwlflsdwlrq/ mxvw dv wkhuh
duh frqglwlrqv xqghu zklfk lqfrpsohwh pdunhwv zloo shuirup olnh frpsohwh
pdunhwv1 Iru h{dpsoh/ plggohphq dqg duelwudjhxuv fdq holplqdwh jdlqv iurp
wudgh ehwzhhq gl�huhqw pdunhwv dqg hqvxuh dq h!flhqw doorfdwlrq ri uhvrxufhv
lq wkh devhqfh ri frpsohwh sduwlflsdwlrq1 Exw wkhvh frqglwlrqv duh uhvwulfwlyh
dqg lq dq| fdvh wkdw lv qrw wkh prvw lqwhuhvwlqj xvh ri wklv wkhru|1 Wkh pruh
lqwhuhvwlqj srvvlelolw| lv wr vhh xqghu zkdw frqglwlrqv zh jhw gl�huhqw uhvxowv1

H{whqglqj wkh wkhru| wr wdnh dffrxqw ri wkhvh wzr nlqgv ri lqfrpsohwhqhvv
zloo qrw eh hdv|1 Doorzlqj iru lqfrpsohwh pdunhwv zloo qrw eh hdv| ehfdxvh lw
uhtxluhv rqh wr lqwurgxfh wlph lq d yhu| gl�huhqw zd|1 Lq wkh suhfhglqj fkds0
whuv/ wlph kdv ehhq xvhg dv dq rssruwxqlw| iru wudglqj wr uhdfk dq h!flhqw
doorfdwlrq lq d vwdwlrqdu| hqylurqphqw ru lw kdv ehhq xvhg dv dq rssruwxqlw|
iru ohduqlqj derxw ru dgdswlqj wr d vwdwlrqdu| hqylurqphqw1 Zh vwduw zlwk
dq hvvhqwldoo| vwdwlf prgho dqg vwxg| krz wkh htxloleulxp ri wkh vwdwlf prgho
lv dfklhyhg dv wkh rxwfrph ri d svhxgr0g|qdplf surfhvv1 Prghov zlwk lqfrp0
sohwh pdunhwv duh g|qdplf1 Wkh| suhvxssrvh wlph lq zklfk wklqjv kdsshq
dqg wkh zruog fkdqjhv1 Pl{lqj xs wkhvh wzr xvhv ri wlph lv qrw olnho| wr eh
hdv|1

Doorzlqj iru lqfrpsohwh sduwlflsdwlrq udlvhv gl�huhqw sureohpv1 Iluvw/
wkhuh lv qr zhoo ghyhorshg frxqwhusduw wr Zdoudvldq htxloleulxp wkhru| zlwk
lqfrpsohwh sduwlflsdwlrq/ dowkrxjk wkhuh duh vrph lqwuljxlqj h{dpsohv1 Vhf0
rqgo|/ lw lv qrw fohdu zkdw wkh uhohydqw txhvwlrqv duh1 Rqh vxjjhvwlrq lv wkdw
lqfrpsohwh sduwlflsdwlrq kdv vrphwklqj wr gr zlwk erxqghg udwlrqdolw|1 Rqh
zd| wkdw wkh hfrqrp| uhvsrqgv wr wkh frpsoh{lw| ri wkh zruog lv wkurxjk
wkh glylvlrq ri oderu1 Lqglylgxdov vshfldol}h lq gl�huhqw pdunhwv1 Lq sulqflsoh/
wklv pd| ohdg wr wkh vdph rxwfrph dv d prgho zlwk frpsohwh sduwlflsdwlrq1
Urxjko| vshdnlqj/ li duelwudjhxuv dqg plggohphq hqvxuh wkdw doo wkh orfdo
�uvw0rughu frqglwlrqv duh vdwlv�hg/ wklv pd| uhvxow lq d joredo rswlpxp +hi0
�flhqf|,1 Exw wkdw rxwfrph vhhpv rswlplvwlf li wkh djhqwv vshfldol}h lq wkh
�uvw sodfh ehfdxvh ri erxqghg udwlrqdolw|1 Krz gr zh nqrz wkdw djhqwv rs0
hudwlqj lq gl�huhqw pdunhwv zloo pdnh wkh uljkw ghflvlrqvB Grhvq*w lw uhtxluh
wrr pxfk frpprq nqrzohgjh/ wrr pxfk udwlrqdolw| lq wkhlu h{shfwdwlrqvB
Wkdw uhdoo| lv wkh txhvwlrq dqg mxvw dv wkh DGP prgho grhv qrw h{sodlq krz
zh jhw wr htxloleulxp ru xqghu zkdw flufxpvwdqfhv wkh Zdoudvldq gh�qlwlrq
ri htxloleulxp lv dssursuldwh/ vr lw vhhpv wkdw prgholqj wkh frruglqdwlrq ri
pdunhwv dv li wkh| zhuh d vlqjoh pdunhw grhv qrw txlwh gr wkh wulfn hlwkhu1



7 FKDSWHU 71 DIWHUWKRXJKWV

Exw wkdw lv dqrwkhu vwru| dqg idu eh|rqg wkh vfrsh ri wkhvh ohfwxuhv1



Uhihuhqfhv
Fkdswhu 3

Duurz/ Nhqqhwk dqg Iudqn Kdkq1 Jhqhudo frpshwlwlyh dqdo|vlv Dpvwhugdp
> Qhz \run = Qruwk0Kroodqg +4<:4,1

Dxpdqq/ Urehuw1 �Vxemhfwlylw| dqg Fruuhodwlrq lq Udqgrpl}hg Vwudwh0
jlhv/� Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 4 +4<:7, 9:0<91

Dxpdqq/ Urehuw1 �Fruuhodwhg Htxloleulxp dv dq H{suhvvlrq ri Ed|hvldq
Udwlrqdolw|/� Hfrqrphwulfd 88 +4<;:, 404;1

Dxpdqq/ Urehuw dqg Oor|g Vkdsoh|1 Ydoxhv ri qrq0dwrplf jdphv Sulqfh0
wrq/ Q1M1 = Sulqfhwrq Xqlyhuvlw| Suhvv +4<:7,1

Elqpruh/ Nhq dqg Pduld Khuuhur1 �Pdwfklqj dqg Edujdlqlqj lq G|qdplf
Pdunhwv/� Uhylhz ri Hfrqrplf Vwxglhv 88 +4<;;d, 4:0641

�1 �Vhfxulw| Htxloleulxp/� Uhylhz ri Hfrqrplf Vwxglhv 88 +4<;;e, 6607;1

Elqpruh/ Nhq/ Dulho Uxelqvwhlq/ dqg Dvkhu Zrolqvn|1 �Wkh Qdvk Edujdlq0
lqj Vroxwlrq lq Hfrqrplf Prghoolqj/� Udqg Mrxuqdo ri Hfrqrplfv 4:
+4<;9, 4:90;;1

Frxuqrw/ Dqwrlqh Dxjxvwlq1 Uhvhdufkhv lqwr wkh pdwkhpdwlfdo sulqflsohv ri
wkh wkhru| ri zhdowk +4;6;,1 Wudqvodwhg e| Qdwkdqlho W1 Edfrq1 Zlwk
dq hvvd| rq �Frxuqrw dqg pdwkhpdwlfdo hfrqrplfv� dqg d eleolrjudsk|
ri pdwkhpdwlfdo hfrqrplfv e| Luylqj Ilvkhu1 Qhz \run= D1 P1 Nhooh|
+4<93,1

Gdjdq/ Qlu/ Urehuwr Vhuudqr dqg Rvfdu Yrolm1 �Edujdlqlqj/ Frdolwlrqv dqg
Frpshwlwlrq/� Hfrqrplf Wkhru| +wr dsshdu,1

Hgjhzruwk/ Iudqflv \vlgur1 Pdwkhpdwlfdo sv|fklfv> dq hvvd| rq wkh ds0
solfdwlrq ri pdwkhpdwlfv wr wkh prudo vflhqfhv1 Orqgrq= Nhjdq Sdxo
+4;;4,1

Jdoh/ Grxjodv1 �Olplw Wkhruhpv iru Pdunhwv zlwk Vhtxhqwldo Edujdlqlqj/�
Mrxuqdo ri Hfrqrplf Wkhru| 76 +4<;:, 530871
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�1 �D Vlpsoh Fkdudfwhul}dwlrq ri Edujdlqlqj Htxloleulxp lq d Odujh Pdu0
nhw Zlwkrxw wkh Dvvxpswlrq ri Glvshuvhg Fkdudfwhulvwlfv/� Xqlyhuvlw|
ri Shqqv|oydqld Fhqwhu iru Dqdo|wlf Uhvhdufk lq Hfrqrplfv dqg wkh
Vrfldo Vflhqfhv +FDUHVV, Zrunlqj Sdshu= ;9038 +4<;9d,/ sdjhv 4<1

�1 �Edujdlqlqj dqg Frpshwlwlrq Sduw L= Fkdudfwhul}dwlrq/� Hfrqrphwulfd
87 +4<;9e,/ sdjhv :;80;391

�1 �Edujdlqlqj dqg Frpshwlwlrq Sduw LL= H{lvwhqfh/� Hfrqrphwulfd 87
+4<;9f,/ sdjhv ;3:0;4;1

Juhhq/ Hgzdug1 �Qrqfrrshudwlyh Sulfh Wdnlqj lq Odujh G|qdplf Pdunhwv/�
Mrxuqdo ri Hfrqrplf Wkhru| 55 +4<;3,/ 4880;51

�1 �Frqwlqxxp dqg Ilqlwh0Sod|hu Qrqfrrshudwlyh Prghov ri Frpshwlwlrq
Hfrqrphwulfd 85 +4<;7, <:80<61

Jrogpdq/ Vwhyhq dqg Urvv Vwduu1 �Sdluzlvh/ |0Zlvh/ dqg Sduhwr Rswlpdol0
wlhv/� Hfrqrphwulfd 83 +4<;5, 8<609391

Jxo/ Iduxn/ Kxjr Vrqqhqvfkhlq/ dqg Urehuw Zlovrq1 �Irxqgdwlrqv ri G|0
qdplf Prqrsro| dqg wkh Frdvh Frqmhfwxuh/� Mrxuqdo ri Hfrqrplf Wkh0
ru| 6< +4<;9, 4880<31

Kdkq/ Iudqn1 �Rq wkh Qrwlrq ri Htxloleulxp lq Hfrqrplfv/� Lqdxjxudo
Ohfwxuh/ Fdpeulgjh Xqlyhuvlw| +4<:7,> uhsulqwhg lq Iudqn Kdkq Htxl0
oleulxp dqg Pdfurhfrqrplfv1 Fdpeulgjh/ PD= Wkh PLW Suhvv +4<;7,1

Kd|hn/ I1D1 �Wkh Xvh ri Nqrzohgjh lq Vrflhw|/� Wkh Dphulfdq Hfrqrplf
Uhylhz 68 +4<78, 84<08631

Klfnv/ Mrkq1 Fulwlfdo Hvvd|v lq Prqhwdu| Wkhru|1 R{irug= Wkh Foduhqgrq
Suhvv +4<9:,1

Kloghqeudqg/ Zhuqhu1 Fruh dqg htxloleuld ri d odujh hfrqrp|1 Sulqfhwrq/
Q1M1/ Sulqfhwrq Xqlyhuvlw| Suhvv +4<:7,1

Ndqgrul/ Plfklklur/ Jhrujh Pdlodwk/ dqg Udidho Ure1 �Ohduqlqj/ Pxwdwlrq/
dqg Orqj Uxq Htxloleuld lq Jdphv� Hfrqrphwulfd 94 +4<<6, 5<0891

Pdnrzvnl/ Orxlv1 �Frpshwlwlyh Vwrfn Pdunhwv/� Uhylhz ri Hfrqrplf Vwxg0
lhv 83 +4<;6,/ 6380631
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Pduvkdoo/ Doiuhg1 Sulqflsohv ri Hfrqrplfv> dq lqwurgxfwru| yroxph/ ;wk hg1
Orqgrq= Pdfploodq +4<53,1

Pdv0Frohoo/ Dqguhx1 �Dq Htxlydohqfh Wkhruhp iru d Edujdlqlqj Vhw/� Mrxu0
qdo ri Pdwkhpdwlfdo Hfrqrplfv 4; +4<;<, 45<06<1

PfOhqqdq/ Dqguhz dqg Kxjr Vrqqhqvfkhlq1 �Vhtxhqwldo Edujdlqlqj dv d
Qrqfrrshudwlyh Irxqgdwlrq iru Zdoudvldq Htxloleulxp/� Hfrqrphwulfd
8< +4<<4, 46<8047571

Prxolq/ Khuyh1 Jdph wkhru| iru wkh vrfldo vflhqfhv 5qg dqg uhy1 hg1 Qhz
\run = Qhz \run Xqlyhuvlw| Suhvv +4<;9,1

Qdvk/ Mrkq1 �Qrqfrrshudwlyh Jdphv/� Dqqdov ri Pdwkhpdwlfv 87 +4<84,
5;<05<81

Qdvk/ Mrkq1 �Wzr0Shuvrq Frrshudwlyh Jdphv/� Hfrqrphwulfd 54 +4<86,
45;04731

Rveruqh/ Pduwlq dqg Dulho Uxelqvwhlq1 Edujdlqlqj dqg pdunhwv Vdq Glhjr>
Orqgrq> V|gqh| dqg Wrurqwr= Kdufrxuw Eudfh Mrydqrylfk/ Dfdghplf
Suhvv +4<<3,1

Rvwur|/ M1 �Wkh Qr0Vxusoxv Frqglwlrq dv d Fkdudfwhul}dwlrq ri Shuihfwo|
Frpshwlwlyh Htxloleulxp/� Mrxuqdo ri Hfrqrplf Wkhru| 55 +4<;3, 4;60
53:1

Uxelqvwhlq/ Dulho1 �Shuihfw Htxloleulxp lq d Edujdlqlqj Prgho/� Hfrqr0
phwulfd 83 +4<;5, <:043<1

Uxelqvwhlq/ Dulho dqg Dvkhu Zrolqvn|1 �Htxloleulxp lq d Pdunhw zlwk Vh0
txhqwldo Edujdlqlqj/� Hfrqrphwulfd 86 +4<;8, 44660831

Uxelqvwhlq/ Dulho dqg Dvkhu Zrolqvn|1 �Ghfhqwudol}hg Wudglqj/ Vwudwhjlf
Ehkdylrxu dqg wkh Zdoudvldq Rxwfrph/� Uhylhz ri Hfrqrplf Vwxglhv
8: +4<<3, 960:;1

Vfkphlgohu/ Gdylg dqg Nduo Ylqg1 �Idlu Qhw Wudghv/� Hfrqrphwulfd 73
+4<:5, 96:0751

Vkdnhg/ Dyqhu1 �Rswlqj Rxw= Ed}dduv yhuvxv cKl Whfk* Pdunhwv/� Lqyhvwl0
jdflrqhv Hfrqrplfdv 4; +4<<7, 7540651
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Vkdsoh|/ Oor|g dqg Pduwlq Vkxeln1 �Wudgh Xvlqj Rqh Frpprglw| dv d
Phdqv ri Sd|phqw/� Mrxuqdo ri Srolwlfdo Hfrqrp| ;8 +4<::, <6:09;1

Vkxeln/ Pduwlq1 �Hgjhzruwk*v Pdunhw Jdphv/� lqFrqwulexwlrqv wr wkh Wkh0
ru| ri Jdphv LY/ hglwhg e| U1G1 Oxfh dqg D1 Z1 Wxfnhu1 Sulqfhwrq/
QM= Sulqfhwrq Xqlyhuvlw| Suhvv +4<8<,1

Vkxeln/ Pduwlq1 �Frpprglw| Prqh|/ Roljrsro|/ Fuhglw dqg Edqnuxswf| lq
d Jhqhudo Htxloleulxp Prgho/� Zhvwhuq Hfrqrplf Mrxuqdo 44 +4<:6,
5706;1

Vplwk/ Dgdp1 Dq Hqtxlu| lqwr wkh Qdwxuh dqg Fdxvhv ri wkh Zhdowk ri
Qdwlrqv1 Jhqhudo hglwruv U1 K1 Fdpsehoo dqg D1 V1 Vnlqqhu> wh{wxdo
hglwru Z1 E1 Wrgg1 R{irug= Foduhqgrq Suhvv +4<:9,1

Vwdko/ L1 Edujdlqlqj Wkhru|1 Vwrfnkrop= Hfrqrplfv Uhvhdufk Lqvwlwxwh/
Vwrfnkrop Vfkrro ri Hfrqrplfv +4<:5,1

Vwrnh|/ Qdqf|/ dqg Urehuw Oxfdv/ zlwk Hgzdug F1 Suhvfrww1 Uhfxuvlyh
phwkrgv lq hfrqrplf g|qdplfv1 Fdpeulgjh/ PD= Kduydug Xqlyhuvlw|
Suhvv +4<;<,1

Yrq Qhxpdqq/ Mrkq dqg Rvndu Prujhqvwhuq1 Wkhru| ri Jdphv dqg Hfr0
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Suhvv/ +4<;3,1
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+4<87,1
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\rxqj/ Sh|wrq1 �Wkh Hyroxwlrq ri Frqyhqwlrqv/� Hfrqrphwulfd 94 +4<<6,
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Fkdswhu 4

Dxpdqq/ Urehuw1 �Vxemhfwlylw| dqg Fruuhodwlrq lq Udqgrpl}hg Vwudwh0
jlhv/� Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 4 +4<:7, 9:0<91
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Elqpruh/ Nhq/ Dulho Uxelqvwhlq/ dqg Dvkhu Zrolqvn|1 �Wkh Qdvk Edujdlq0
lqj Vroxwlrq lq Hfrqrplf Prghoolqj/� Udqg Mrxuqdo ri Hfrqrplfv 4:
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Wdndvkl Qhjlvkl1 �Wkh Vwdelolw| ri d Frpshwlwlyh Hfrqrp|= D Vxuyh| Du0
wlfoh/� Hfrqrphwulfd 63 +4<95, 968099<1

Urehuwv/ Nhylq1 �Wkh Olplw Srlqwv ri Prqrsrolvwlf Frpshwlwlrq/� Mrxuqdo
ri Hfrqrplf Wkhru| 55 +4<;3, 5890:;1
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Uxelqvwhlq/ Dulho1 �Shuihfw Htxloleulxp lq d Edujdlqlqj Prgho/� Hfrqr0
phwulfd 83 +4<;5, <:043<1

Vwdko/ L1 Edujdlqlqj Wkhru|1 Vwrfnkrop= Hfrqrplfv Uhvhdufk Lqvwlwxwh/
Vwrfnkrop Vfkrro ri Hfrqrplfv +4<:5,1

X}dzd/ Klurixpl1 �Hgjhzruwk*v Eduwhu Surfhvv dqg Zdoudv* Wdwrqqhphqw
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Fkdswhu 5
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Dxpdqq/ Urehuw1 �Vxemhfwlylw| dqg Fruuhodwlrq lq Udqgrpl}hg Vwudwh0
jlhv/� Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 4 +4<:7, 9:0<91
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Juhhq/ Hgzdug1 �Qrqfrrshudwlyh Sulfh Wdnlqj lq Odujh G|qdplf Pdunhwv/�
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Mrydqrylf/ Er|dq dqg Urehuw Urvhqwkdo1 �Dqrq|prxv Vhtxhqwldo Jdphv/�
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